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v Just as a mountaineer climbs a mountain – because it is there, so

a good mathematics student studies new material because

it is there. – JAMES B. BRISTOL v

7.1  Hkwfedk (Introduction)

vody xf.kr vodyt dh ladYiuk ij osaQfnzr gSA iQyuksa osQ
vkys[kksa osQ fy, Li'kZ js[kk,¡ ifjHkkf"kr djus dh leL;k ,oa bl
izdkj dh js[kkvksa dh izo.krk dk ifjdyu djuk vodyt osQ
fy, ewy vfHkizsj.k FkkA lekdyu xf.kr] iQyuksa osQ vkys[k ls f?kjs
{ks=k osQ {ks=kiQy dks ifjHkkf"kr djus ,oa blosQ {ks=kiQy dk
ifjdyu djus dh leL;k ls iszfjr gSA

;fn ,d iQyu  f  fdlh varjky I esa vodyuh; gS vFkkZr~
I osQ izR;sd ¯cnq ij iQyu osQ vodyt f ′ dk vfLrRo gS] rc
,d LokHkkfod iz'u mBrk gS fd ;fn I osQ izR;sd ¯cnq ij  f ′
fn;k gqvk gS rks D;k ge iQyu f  Kkr dj ldrs gSa\ os lHkh iQyu
ftuls gesa ,d iQyu muosQ vodyt osQ :i esa izkIr gqvk gS] bl
iQyu osQ izfrvodyt (iwoZx) dgykrs gSaA vxzr% og lw=k ftlls
;s lHkh izfrvodyt izkIr gksrs gSa] iQyu dk vfuf'pr lekdyu dgykrk gS vkSj izfrvodyt
Kkr djus dk ;g izØe lekdyu djuk dgykrk gSA bl izdkj dh leL;k,¡ vusd O;kogkfjd
ifjfLFkfr;ksa esa vkrh gSaA mnkgj.kr% ;fn gesa fdlh {k.k ij fdlh oLrq dk rkR{kf.kd osx Kkr gS]
rks LokHkkfod iz'u ;g mBrk gS fd D;k ge fdlh {k.k ij ml oLrq dh fLFkfr Kkr dj ldrs
gSa\ bl izdkj dh vusd O;kogkfjd ,oa lS¼kafrd ifjfLFkfr;k¡ vkrh gSa] tgk¡ lekdyu dh lafØ;k
fufgr gksrh gSA lekdyu xf.kr dk fodkl fuEufyf[kr izdkj dh leL;kvksa osQ gy djus osQ
iz;klksa dk izfriQy gSA

(a) ;fn ,d iQyu dk vodyt Kkr gks] rks ml iQyu dks Kkr djus dh leL;k]
(b) fuf'pr izfrca/ks a osQ varxZr iQyu osQ vkys[k ls f?kjs {ks=k dk {ks=kiQy Kkr djus

dh leL;kA

vè;k; 7

lekdyu Integrals

G .W. Leibnitz

(1646–1716)
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mi;qZDr nksuks leL;k,¡ lekdyuksa osQ nks :iksa dh vksj izsfjr djrh gSa] vfuf'pr lekdyu ,oa
fuf'pr lekdyuA bu nksuksa dk lfEefyr :i lekdyu xf.kr dgykrk gSA

vfuf'pr lekdyu ,oa fuf'pr lekdyu osQ eè; ,d laca/ gS ftls dyu dh vk/kjHkwr
izes; osQ :i esa tkuk tkrk gSA ;g izes; fuf'pr lekdyu dks foKku ,oa vfHk;kaf=kdh osQ fy,
,d O;kogkfjd vkS”kkj osQ :i esa rS;kj djrh gSA vFkZ'kkL=k] foÙk ,oa izkf;drk tSls fofHkUu {ks=kksa
ls vusd izdkj dh #fpdj leL;kvksa dks gy djus osQ fy, Hkh fuf'pr lekdyu dk mi;ksx
fd;k tkrk gSA

bl vè;k; esa] ge vius vkidks vfuf'pr ,oa fuf'pr lekdyuksa ,oa lekdyu dh oqQN
fof/;ksa lfgr muosQ izkjafHkd xq.k/eks± osQ vè;;u rd lhfer j[ksaxsA

7.2  lekdyu dks vodyu osQ O;qRØe izØe osQ :i esa (Integration as the

Inverse Process of Differentiation)

vodyu osQ O;qRØe izØe dks lekdyu dgrs gSaA fdlh iQyu dk vodyu Kkr djus osQ LFkku
ij gesa iQyu dk vodyt fn;k gqvk gS vkSj bldk iwoZx vFkkZr~ okLrfod iQyu Kkr djus osQ
fy, dgk x;k gSA ;g izØe lekdyu vFkok izfr&vodyu dgykrk gSA

vkb, fuEufyf[kr mnkgj.kksa ij fopkj djsa]

ge tkurs gSa fd (sin )
d

x
dx

= cos x ... (1)

d

dx

x3

3





  = x2 ... (2)

vkSj ( )
xd

e
dx

 = ex ... (3)

ge izsf{kr djrs gSa fd lehdj.k (1) esa iQyu cos x iQyu sin x dk vodyt gSA bls ge
bl izdkj Hkh dgrs gSa fd cos x  dk izfrvodyt (vFkok lekdyu) sin x gSA blh izdkj (2)

,oa (3) ls x2 vkSj ex  osQ izfrvodyt (vFkok lekdyu) Øe'k% 
3

3

x
 vkSj  ex gSA iqu% ge

uksV djrs gSa fd fdlh Hkh okLrfod la[;k C] ftls vpj iQyu ekuk tkrk gS] dk vodyt 'kwU;
gS] vkSj blfy, ge (1)] (2) vkSj (3) dks fuEufyf[kr :i esa fy[k ldrs gSa%

(sin + C) cos=
d

x x
dx

, 
3

2( + C)
3

=
d x

x
dx

vkSj ( + C) =x xd
e e

dx

bl izdkj ge ns[krs gSa fd mi;qZDr iQyuksa osQ izfrvodyt vFkok lekdyu vf¼rh;
ugha gSaA oLrqr% bu iQyuksa esa ls izR;sd iQyu osQ vifjfer izfrvodyt gSa] ftUgsa ge okLrfod
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la[;kvksa osQ leqPp; ls LosPN vpj C dks dksbZ eku iznku djosQ izkIr dj ldrs gSaA ;gh dkj.k
gS fd C dks izFkkuqlkj LosPN vpj dgrs gSaA oLrqr% C ,d izkpy gS] ftlosQ eku dks ifjofrZr
djosQ ge fn, gq, iQyu osQ fofHkUu izfrvodytksa ;k lekdyuksa dks izkIr djrs gSaA O;kidr% ;fn

,d iQyu F ,slk gS fd F ( ) = ( )
d

x f x
dx

, ∀ x ∈ I (okLrfod la[;kvksa dk varjky) rks izR;sd

LosPN vpj C, osQ fy,   [ ]F ( ) + C = ( )
d

x f x
dx

, x ∈ I

bl izdkj {F + C, C ∈ R}, f  osQ izfrvodytksa osQ ifjokj dks O;Dr djrk gS] tgk¡ C

lekdyu dk vpj dgykrk gSA

fVIi.kh leku vodyt okys iQyuksa esa ,d vpj dk varj gksrk gSA bldks n'kkZus osQ fy,] eku
yhft, g vkSj h ,sls nks iQyu gSa ftuosQ vodyt varjky I esa leku gaS

  f (x) = g (x) – h (x), ∀ x ∈ I }kjk ifjHkkf"kr iQyu  f  = g – h ij fopkj dhft,

rks
df

dx
= f′ = g′  – h′  ls  f′ (x) = g′  (x) – h′ (x) ∀ x ∈ I izkIr gSA

vFkok f′ (x) = 0, ∀ x ∈ I (ifjdYiuk ls)
vFkkZr~ I esa  x osQ lkis{k f  osQ ifjorZu dh nj 'kwU; gS vkSj blfy, f  ,d vpj gSA

mi;qZDr fVIi.kh osQ vuqlkj ;g fu"d"kZ fudkyuk U;k;laxr gS fd ifjokj {F + C, C ∈ R},

f  osQ lHkh izfrvodytksa dks iznku djrk gSA
vc ge ,d u, izrhd ls ifjfpr gksrs gSa tks fd izfrvodytksa osQ iwjs ifjokj dks fu:fir djsxkA

;g izrhd ( )f x dx∫  gS] bls x osQ lkis{k f  dk vfuf'pr lekdyu osQ :i esa i<+k tkrk gS A

izrhdr% ge ( ) = F ( ) + Cf x dx x∫  fy[krs gSaA

laosQru  fn;k gqvk gS fd ( )
dy

f x
dx

= , rks ge y = ( )f x dx∫  fy[krs gSaA

lqfo/k osQ fy, ge fuEufyf[kr izrhdksa@inksa@okD;ka'kksa dks muosQ vFkks± lfgr lkj.kh 7-1 esa
mYysf[kr djrs gaS%

lkj.kh 7.1

izrhd@in@okD;ka'k vFkZ

( )f x dx∫ f  dk x osQ lkis{k lekdyu

( )f x dx∫  esa  f (x) lekdY;
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( )f x dx∫  esa  x lekdyu dk pj

lekdyu djuk lekdyu Kkr djuk

f dk lekdyu ,d iQyu F  ftlosQ fy,
F′(x) = f (x)

lekdyu lafØ;k lekdyu Kkr djus dk izØe

lekdyu dk vpj dksbZ Hkh okLrfod la[;k ftls vpj
iQyu dgrs gaSA

ge igys ls gh cgqr ls izeq[k iQyuksa osQ vodytksa osQ lw=k tkurs gSaA bu lw=kksa osQ laxr ge
lekdyu osQ izkekf.kd lw=kksa dks rqjar fy[k ldrs gSaA bu izkekf.kd lw=kksa dh lwph fuEufyf[kr gSa
ftldk mi;ksx ge nwljs iQyuksa osQ lekdyuksa dks Kkr djus esa djsaxsA

vodyt Derivatives lekdyu (izfrvodyt)
Integrals (Antiderivatives)

(i)

1

1

n
nd x

x
dx n

+ 
= + 

1

C
1

n
n x

x dx
n

+

= +
+∫ ,  n ≠ –1

fof'k"V :i esa ge ns[krs gSa

( ) 1
d

x
dx

=       Cdx x= +∫

(ii) ( )sin cos
d

x x
dx

= cos sin Cx dx x= +∫

(iii) ( )– cos sin
d

x x
dx

= sin cos Cx dx – x= +∫

(iv) ( ) 2
tan sec

d
x x

dx
= 2

sec tan Cx dx x= +∫

(v) ( ) 2
– cot cosec

d
x x

dx
= 2

cosec cot Cx dx – x= +∫

(vi) ( )sec sec tan
d

x x x
dx

= sec tan sec Cx x dx x= +∫

(vii) ( )– cosec cosec cot
d

x x x
dx

= cosec cot – cosec Cx x dx x= +∫
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(viii) ( )– 1

2

1
sin

1

d
x

dx – x
= – 1

2
sin C

1

dx
x

– x
= +∫

(ix) ( )– 1

2

1
– cos

1

d
x

dx – x
= – 1

2
cos C

1

dx
– x

– x
= +∫

(x) ( )– 1

2

1
tan

1

d
x

dx x
=

+
– 1

2
tan C

1

dx
x

x
= +

+∫

(xi) ( )– 1

2

1
– cot

1

d
x

dx x
=

+
– 1

2
cot C

1

dx
– x

x
= +

+∫

(xii) ( )– 1

2

1
sec

1

d
x

dx x x –
= – 1

2
sec C

1

dx
x

x x –
= +∫

(xiii) ( )– 1

2

1
– cosec

1

d
x

dx x x –
= – 1

2
cosec C

1

dx
– x

x x –
= +∫

(xiv) ( )
x xd

e e
dx

= e dx ex x= +∫ C

(xv) ( ) 1
log

d
x

dx x
=

1

x
dx x= +∫ log C

(xvi)
d

dx

a

a
a

x
x

log







= a dx

a

a

x
x

= +∫ log
C

AfVIi.kh iz;ksx esa ge izk;% ml varjky dk ftØ ugha djrs ftlesa fofHkUu iQyu
ifjHkkf"kr gSa rFkkfi fdlh Hkh fof'k"V iz'u osQ lanHkZ esa bldks Hkh è;ku esa j[kuk pkfg,A

7.2.1  vfuf'pr lekdyuksa osQ oqQN xq.k/eZ (Some properties of indefinite integrals)

bl mi ifjPNsn esa ge vfuf'pr lekdyu osQ oqQN xq.k/eks± dks O;qRiUu djsaxsA
(i) fuEufyf[kr ifj.kkeksa osQ lanHkZ esa vodyu ,oa lekdyu osQ izØe ,d nwljs osQ O;qRØe gSa%

d

dx
f x dx( )∫ = f (x)

vkSj ′∫ f x dx( )  = f (x) + C, tgk¡ C ,d LosPN vpj gSA
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miifÙk  eku yhft, fd F] f dk ,d izfrvodyt gSa vFkkZr~

F( )
d

x
dx

 = f (x)

rks f x dx( )∫  = F(x) + C

blfy,
d

dx
f x dx( )∫  = ( )F ( ) + C

d
x

dx

= F ( ) = ( )
d

x f x
dx

blh izdkj ge ns[krs gSa fd

f ′(x) = ( )
d

f x
dx

vkSj blfy, ′∫ f x dx( )  = f (x) + C

tgk¡ C ,d LosPN vpj gS ftls lekdyu vpj dgrs gSaA

(ii) ,sls nks vfuf'pr lekdyu ftuosQ vodyt leku gSa oØksa osQ ,d gh ifjokj dks izsfjr
djrs gSa vkSj bl izdkj lerqY; gSaA

miifÙk eku yhft, f  ,oa g ,sls nks iQyu gSa ftuesa

d

dx
f x dx( )∫  = 

d

dx
g x dx( )∫

vFkok

vr% , tgk¡ C ,d okLrfod la[;k gSA (D;ksa\)

vFkok f x dx g x dx( ) ( ) C= +∫∫

blfy, oØksa osQ ifjokj  f x dx( ) C , C1 1+ ∈{ }∫ R

,oa g x dx( ) C , C2 2+ ∈{ }∫ R  lerqY; gSaA

bl izdkj f x dx g x dx( ) ( )vkSj ∫∫  lerqY; gSaA
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AfVIi.kh nks ifjokjksa f x dx( ) + C ,C1 1 ∈{ }∫ R  ,oa g x dx( ) + C ,C2 2 ∈{ }∫ R  dh

lerqY;rk dks izFkkuqlkj f x dx g x dx( ) = ( )∫∫ , fy[kdj O;Dr djrs gSa ftlesa izkpy dk
o.kZu ugha gSA

(iii) [ ]( ) + ( ) ( ) + ( )f x g x dx f x dx g x dx=∫ ∫ ∫
miifÙk xq.k/eZ (i) ls

[ ( ) + ( )] ( ) + ( )
d

f x g x dx f x g x
dx
  = ∫ ... (1)

vU;Fkk gesa Kkr gS fd

( ) + ( ) ( ) + ( )
d d d

f x dx g x dx f x dx g x dx
dx dx dx

  = ∫ ∫ ∫ ∫ ( ) ( )f x g x= + ... (2)

bl izdkj xq.k/eZ (ii) osQ lanHkZ esa (1) vkSj (2) ls izkIr gksrk gS fd

 ( )( ) ( ) ( ) ( )f x g x dx f x dx g x dx+ = +∫ ∫ ∫

(iv) fdlh okLrfod la[;k k, osQ fy, ( ) ( )k f x dx k f x dx=∫ ∫

miifÙk xq.k/eZ  (i) }kjk ( ) ( )
d

k f x dx k f x
dx

=∫

vkSj  ( ) ( ) = ( )
d d

k f x dx k f x dx k f x
dx dx

  = ∫ ∫

blfy, xq.k/eZ (ii) dk mi;ksx djrs gq, ge ikrs gSa fd ( ) ( )k f x dx k f x dx=∫ ∫
(v) izxq.kksa  (iii) vkSj (iv) dk  f

1
, f

2
, ..., f

n
 iQyuksa dh fuf'pr la[;k vkSj okLrfod la[;kvksa k

1
,

k
2
, ..., k

n
 osQ fy, Hkh O;kidhdj.k fd;k tk ldrk gS tSlk fd uhps fn;k x;k gS

[ ]1 1 2 2( ) ( ) ( )n nk f x k f x ... k f x dx+ + +∫
= 1 1 2 2( ) ( ) ( )n nk f x dx k f x dx ... k f x dx+ + +∫ ∫ ∫

fn, gq, iQyu dk izfrvodyt Kkr djus osQ fy, ge varKkZu ls ,sls iQyu dh [kkst djrs
gSa ftldk vodyt fn;k gqvk iQyu gSA vHkh"V iQyu dh bl izdkj dh [kkst] tks fn, gq, iQyu
osQ izfr vodyt Kkr djus osQ fy, dh tkrh gS] dks fujh{k.k }kjk lekdyu dgrs gSaA bls ge
oqQN mnkgj.kksa ls le>rs gSaA
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mnkgkj.k 1 fujh{k.k fof/ dk mi;ksx djrs gq, fuEufyf[kr iQyuksa dk izfrvodyt Kkr dhft,A

(i) cos 2x (ii) 3x2 + 4x3 (iii)
1

x
, x ≠ 0

gy
(i) ge ,d ,sls iQyu dh [kkst djuk pkgrs gSa ftldk vodyt cos 2x gS

ge tkurs gSa fd
d

dx
 (sin 2x) = 2 cos 2x

vFkok cos 2x = 
1

2

d

dx
 (sin 2x) =

1
sin 2

2

d
x

dx

 
 
 

blfy, cos 2x dk ,d izfrvodyt 
1

sin 2
2

x  gSA

(ii) ge ,d ,sls iQyu dh [kkst djuk pkgrs gSa ftldk vodyt  3x2 + 4x3  gSA

vc ( )3 4d
x x

dx
+ = 3x2 + 4x3

blfy, 3x2 + 4x3  dk izfrvodyt x3 + x4 gSA

(iii) ge tkurs gSa

1 1 1
(log ) 0 [log ( )] ( 1) 0

d d
x , x – x – , x

dx x dx – x x
= > = = <vkjS

bu nksuksa dks la?kfVr djus ij ge ikrs gSa ( ) 1
log 0

d
x , x

dx x
= ≠

blfy, 
1

logdx x
x

=∫  ] tks fd 
1

x
 osQ izfrvodytksa esa ls ,d gSA

mnkgj.k 2 fuEufyf[kr lekdyuksa dks Kkr dhft,

(i)

3

2

1x –
dx

x
∫ (ii)

2

3( 1)x dx+∫ (iii)

gy ge izkIr djrs gSa%
3

2

2

1 –x –
dx x dx – x dx

x
=∫ ∫ ∫ (xq.k/eZ v ls)

= 

1 1 2 1

1 2C C
1 1 2 1

–x x
–

–

+ +   
+ +   + +   

;  C
1
, C

2
 lekdyu vpj gSaA
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= 

2 1

1 2C C
2 1

–x x
– –

–
+

= 

2

1 2

1
+ C C

2

x
–

x
+

= 

2 1
+ C

2

x

x
+ , tgk¡ C = C

1
 – C

2
 ,d vU; lekdyu vpj gSA

AfVIi.kh   blls vkxs ge osQoy vafre mÙkj esa gh] ,d lekdyu vpj fy[ksaxsA

(ii) ;gk¡
2 2

3 3( 1)x dx x dx dx+ = +∫ ∫ ∫

=

2
1

3

C
2

1
3

x
x

+

+ +
+

 = 

5

3
3

C
5

x x+ +

(iii) ;gk¡ 
3 3

2 2
1 1

( 2 ) 2x x
x e – dx x dx e dx – dx

x x
+ = +∫ ∫ ∫ ∫

=

3
1

2

2 – log + C
3

1
2

xx
e x

+

+
+

=

5

2
2

2 – log + C
5

x
x e x+

mnkgj.k 3 fuEufyf[kr lekdyuksa dks Kkr dhft,

(i) (sin cos )x x dx+∫ (ii) cosec (cosec cot )x x x dx+∫

(iii) 2

1 sin

cos

– x
dx

x
∫
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gy
(i) ;gk¡

(sin cos ) sin cosx x dx x dx x dx+ = +∫ ∫ ∫
= – cos sin Cx x+ +

(ii) ;gk¡
2

(cosec (cosec + cot ) cosec cosec cotx x x dx x dx x x dx= +∫ ∫ ∫
= – cot cosec Cx – x +

(iii) ;gk¡

2 2 2

1 sin 1 sin

cos cos cos

– x x
dx dx – dx

x x x
=∫ ∫ ∫

=
2

sec tan secx dx – x x dx∫ ∫
= tan sec Cx – x +

mnkgj.k 4  f (x) = 4x3 – 6 }kjk ifjHkkf"kr iQyu f dk izfrvodyt F Kkr dhft, tgk¡
F(0) = 3 gS A

gy f (x) dk ,d izfr vodyt x4 – 6x gS

pw¡fd 4
( 6 )

d
x – x

dx
 = 4x3 – 6,  blfy, izfrvodyt F,

F(x) = x4 – 6x + C, }kjk ns; gS tgk¡ C vpj gS A
fn;k gqvk gS fd F(0) = 3

blls izkIr gksrk gS 3 = 0 – 6 × 0 + C

vFkok C = 3

vr% vHkh"V izfrvodyt] F (x) = x4 – 6x + 3 }kjk ifjHkkf"kr ,d vf}rh; iQyu gS A

fVIi.kh

(i) ge ns[krs gSa fd ;fn  f  dk izfrvodyt F gS rks F + C, tgk¡ C ,d vpj gS] Hkh f  dk
,d izfrvodyt gSA bl izdkj ;fn gesa iQyu f  dk ,d izfrvodyt F Kkr gS rks ge
F esa dksbZ Hkh vpj tksM+dj f  osQ vuar izfrvodyt fy[k ldrs gSa ftUgsa F (x)  + C,

C ∈ R osQ :i esa vfHkO;Dr fd;k tk ldrk gSA vuqiz;ksxksa esa lkekU;r% ,d vfrfjDr
izfrca/ dks larq"V djuk vko';d gksrk gS ftlls C dk ,d fof'k"V eku izkIr gksrk gS vkSj
ftlosQ ifj.kkeLo:i fn, gq, iQyu dk ,d vf}rh; izfrvodyt izkIr gksrk gSA
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(ii) dHkh&dHkh F dks izkjafHkd iQyuksa tSls fd cgqin] y?kqx.kdh;] pj ?kkrkadh] f=kdks.kferh;]
vkSj izfrykse f=kdks.kferh;] bR;kfn osQ :i esa vfHkO;Dr djuk vlaHko gksrk gSA blfy,

( )f x dx∫  Kkr djuk vo#¼ gks tkrk gSA mnkgj.kr% fujh{k.k fof/ ls 
2

– xe dx∫  dks Kkr

djuk vlaHko gS D;ksafd fujh{k.k ls ge ,slk iQyu Kkr ugha dj ldrs ftldk vodyt
2– x

e  gSA

(iii) ;fn lekdy dk pj x, osQ vfrfjDr vU; dksbZ gS rks lekdyu osQ lw=k rnuqlkj :ikarfjr
dj fy, tkrs gSaA mnkgj.kr%

4 1
4 51

C C
4 1 5

y
y dy y

+

= + = +
+∫

iz'ukoyh 7-1

fuEufyf[kr iQyuksa osQ izfrvodyt (lekdyu) fujh{k.k fof/ }kjk Kkr dhft,A
1. sin 2x 2. cos 3x 3. e2x

4. (ax + b)2 5. sin 2x – 4 e3x

fuEufyf[kr lekdyuksa dks Kkr dhft,%

6.
3

(4 + 1) 
x

e dx∫ 7.
2

2

1
(1 – )x dx

x
∫ 8.

2
( )ax bx c dx+ +∫

9.
2

(2 )
x

x e dx+∫ 10.

2
1

x – dx
x

 
 
 
∫ 11.

3 2

2

5 4x x –
dx

x

+
∫

12.

3
3 4x x

dx
x

+ +
∫ 13.

3 2 1

1

x x x –
dx

x –

− +
∫ 14. (1 )– x x dx∫

15.
2

( 3 2 3)x x x dx+ +∫ 16. (2 3cos )
x

x – x e dx+∫

17.
2

(2 3sin 5 )x – x x dx+∫ 18. sec (sec tan )x x x dx+∫

19.

2

2

sec

cosec

x
dx

x
∫ 20.

2

2 – 3sin

cos

x

x
∫ dx
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iz'u 21 ,oa 22 esa lgh mÙkj dk p;u dhft,%

21.
1

x
x

 + 
 

 dk izfrvodyt gS%

(A)

1 1

3 2
1

2 C
3

x x+ + (B)

2

23
2 1

C
3 2

x x+ +

(C)

3 1

2 2
2

2 C
3

x x+ + (D)

3 1

2 2
3 1

C
2 2

x x+ +

22. ;fn 
3

4

3
( ) 4

d
f x x

dx x
= −  ftlesa  f (2) = 0 rks  f (x) gS%

(A)
4

3

1 129

8
x

x
+ − (B)

3

4

1 129

8
x

x
+ +

(C)
4

3

1 129

8
x

x
+ + (D)

3

4

1 129

8
x

x
+ −

7.3  lekdyu dh fof/;k¡  (Methods of Integration)

fiNys ifjPNsn esa geus ,sls lekdyuksa dh ppkZ dh Fkh] tks oqQN iQyuksa osQ vodytksa ls
ljyrkiwoZd izkIr fd, tk ldrs gSaA ;g fujh{k.k ij vk/kfjr fof/ Fkh] blesa ,sls iQyu F dh
[kkst dh tkrh gS ftldk vodyt f  gS blls  f  osQ lekdyu dh izkfIr gksrh gSA rFkkfi fujh{k.k
ij vk/kfjr ;g fof/ vusd iQyuksa dh fLFkfr esa cgqr mfpr ugha gSA vr% lekdyuksa dks izkekf.kd
:i esa ifjofrZr djrs gq, mUgsa Kkr djus osQ fy, gesa vfrfjDr fof/;k¡ fodflr djus dh
vko';drk gSA buesa eq[; fof/;k¡ fuEufyf[kr ij vk/kfjr gSa%

1. izfrLFkkiu }kjk lekdyu
2. vkaf'kd fHkUuksa esa fo;kstu }kjk lekdyu
3. [kaM'k% lekdyu

7.3.1 izfrLFkkiu }kjk lekdyu  (Integration by substitution)

bl mi ifjPNsn esa ge izfrLFkkiu fof/ }kjk lekdyu ij fopkj djsaxsA Lora=k pj x dks t esa

ifjofrZr djus osQ fy, x = g (t) izfrLFkkfir djrs gq, fn, x, lekdyu ( )f x dx∫  dks vU;

:i esa ifjofrZr fd;k tk ldrk gSA

I = ( )f x dx∫ ij fopkj dhft,
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vc x = g(t) izfrLFkkfir dhft, rkfd 
dx

dt
 = g′(t)

ge dx = g′(t) dt fy[krs gSaA

bl izdkj I = f x dx f g t g t dt( ) { ( )} ( )∫ ∫= ′

izfrLFkkiu }kjk lekdyu osQ fy, ;g pj ifjorZu dk lw=k gekjs ikl miyC/ ,d egRoiw.kZ
lk/u gSA mi;ksxh izfrLFkkiu D;k gksxk bldk vuqeku yxkuk ges'kk egRoiw.kZ gSA lkekU;r% ge ,d
,sls iQyu osQ fy, izfrLFkkiu djrs gSa ftldk vodyt Hkh lekdY; esa lfEefyr gksa] tSlk fd
fuEufyf[kr mnkgj.kksa }kjk Li"V fd;k x;k gSA

mnkgj.k 5 fuEufyf[kr iQyuksa dk x osQ lkis{k lekdyu dhft,

(i) sin mx (ii) 2x sin (x2 + 1) (iii)
4 2

tan secx x

x

(iv)
1

2

sin (tan )

1

– x

x+

gy

(i) ge tkurs gSa fd mx dk vodyt m gSA vr% ge mx = t izfrLFkkiu djrs gSa] rkfd
mdx = dt

blfy, 
1

sin sinmx dx t dt
m

=∫ ∫  =  – 
1

m
cos t + C  = – 

1

m
cos mx + C

(ii) x2 + 1 dk vodyt 2x gSA vr% ge x2 + 1 = t osQ izfrLFkkiu dk mi;ksx djrs gSa rkfd
2x dx = dt

blfy, 
2

2 sin ( 1) sinx x dx t dt+ =∫ ∫  =  – cos t + C  = – cos (x2 + 1) + C

(iii) x dk vodyt 
1

2
1 1

2 2

–

x
x

=  gSA vr% ge

1
 

2
x t dx dt

x
= =oQs  izfrLFkkiu dk mi;kxs  djr s gSa rkfd  ftlls  dx = 2t dt

izkIr gksrk gS A

vr%  
4 2 4 2tan sec tan sec 2x x t t t dt

dx
tx

=∫ ∫  = 
4 2

2 tan sect t dt∫
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fiQj ls ge nwljk izfrLFkkiu tan t = u djrs gSa rkfd sec2 t dt = du

blfy, 
4 2 4

2 tan sec 2t t dt u du=∫ ∫  = 

5

2 C
5

u
+

=
52

tan C
5

t +  (D;ksafd u = tan t)

=
52

tan C ( )
5

x t x+ =D;ksafd

vr% 
4 2

5tan sec 2
tan C

5

x x
dx x

x
= +∫

fodYir% tan x t= izfrLFkkiu dhft,

(iv) 1
tan

–
x  dk vodyt 2

1

1 x+ gSA vr% ge tan–1 x = t izfrLFkkiu dk mi;ksx djrs gSa rkfd

2
1

dx

x+  = dt

blfy, 

1

2

sin (tan )
sin

1

– x
dx t dt

x
=

+∫ ∫  = – cos t + C = – cos (tan –1x) + C

vc ge oqQN egRoiw.kZ lekdyuksa ftuesa f=kdks.kferh; iQyuksa vkSj muosQ izkekf.kd
lekdyuksa dk mi;ksx izfrLFkkiu fof/ esa fd;k x;k gS] ij ppkZ djrs gSaA

(i) tan log sec Cx dx x= +∫

ge ikrs gSa fd
sin

tan
cos

x
x dx dx

x
=∫ ∫

cos x = t, izfrLFkkfir dhft, rkfd sin x dx = – dt

rc tan log C log cos C
dt

x dx – – t – x
t

= = + = +∫ ∫

vFkok tan log sec Cx dx x= +∫

(ii) cot log sin Cx dx x= +∫

ge ikrs gSa fd 
cos

cot
sin

x
x dx dx

x
=∫ ∫
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sin x = t izfrLFkkfir dhft, rkfd cos x dx = dt

rc cot
dt

x dx
t

=∫ ∫

= log Ct +

= log sin Cx +

(iii) sec log sec tan Cx dx x x= + +∫

gesa Kkr gS fd,
sec (sec tan )

sec
sec + tan

x x x
x dx dx

x x

+
=∫ ∫

sec x + tan x = t izfrLFkkfir djus ij  sec x (tan x + sec x) dx = dt

blfy, sec log + C = log sec tan C
dt

x dx t x x
t

= = + +∫ ∫

(iv) cosec log cosec cot Cx dx x – x= +∫

ge ikrs gSa fd, 
cosec (cosec cot )

cosec
(cosec cot )

x x x
x dx dx

x x

+
=

+∫ ∫

cosec x + cot x = t izfrLFkkfir dhft,
rkfd&& cosec x (cot x + cosec x) dx = dt

blfy, cosec – – log | | – log |cosec cot | C
dt

x dx t x x
t

= = = + +∫ ∫

= 

2 2cosec cot
– log C

cosec cot

x x

x x

−
+

−

=  log cosec cot Cx – x +

mnkgj.k 6 fuEufyf[kr lekdyuksa dks Kkr dhft,%

(i)
3 2

sin cosx x dx∫ (ii)
sin

sin ( )

x
dx

x a+∫ (iii)
1

1 tan
dx

x+∫

gy

(i) ;gk¡ 3 2 2 2
sin cos sin cos (sin )x x dx x x x dx=∫ ∫

 = 
2 2

(1 – cos ) cos (sin )x x x dx∫
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 t = cos x izfrLFkkfir dhft, rkfd dt = – sin x dx

blfy, 
2 2 2 2

sin cos (sin ) (1 – )x x x dx – t t dt=∫ ∫

= 

3 5
2 4

( – ) C
3 5

t t
– t t dt – –

 
= + 

 
∫

= 
3 51 1

cos cos C
3 5

– x x+ +

(ii) x + a = t izfrLFkkfir djus ij dx = dt

blfy, 
sin sin ( )

sin ( ) sin

x t – a
dx dt

x a t
=

+∫ ∫

= 
sin cos cos sin

sin

t a – t a
dt

t∫

= cos – sin cota dt a t dt∫ ∫

= 1(cos ) (sin ) log sin Ca t – a t + 

= 1(cos ) ( ) (sin ) log sin ( ) Ca x a – a x a + + + 

= 1cos cos (sin ) log sin ( ) C sinx a a a – a x a – a+ +

vr%
sin

sin ( )

x
dx

x a+∫  = x cos a – sin a log sin ( )x a+ + C

tgk¡ C = – C
1
 sin a + a cos a, ,d vU; LosPN vpj gSA

(iii)
cos

1 tan cos sin

dx x dx

x x x
=

+ +∫ ∫

= 
1 (cos + sin + cos – sin )

2 cos sin

x x x x dx

x x+∫

= 
1 1 cos – sin

2 2 cos sin

x x
dx dx

x x
+

+∫ ∫

= 
1C 1 cos sin

2 2 2 cos sin

x x – x
dx

x x
+ +

+∫ ... (1)
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vc cos sin
I

cos sin

x – x
dx

x x
=

+∫ ij fopkj dhft, A

vc cos x + sin x = t izfrLFkkfir dhft, rkfd (–sin x + cos x) dx = dt

blfy, 2I log C
dt

t
t

= = +∫ = 2log cos sin Cx x+ +

I dks (1) esa j[kus ij ge ikrs gSa

1 2C C1
+ + log cos sin

1 tan 2 2 2 2

dx x
x x

x
= + +

+∫

 = 
1 2C C1

+ log cos sin
2 2 2 2

x
x x+ + +

 = 
1 2C C1

+ log cos sin C C
2 2 2 2

x
x x ,

 + + = + 
 

iz'ukoyh 7-2
1 ls 37 rd osQ iz'uksa esa izR;sd iQyu dk lekdyu Kkr dhft,A

1. 2

2

1

x

x+ 2.
( )2
log x

x
3.

1

logx x x+
4. sin sin (cos )x x 5. sin ( ) cos ( )ax b ax b+ +

6. ax b+ 7. 2x x + 8. 2
1 2x x+

9. 2(4 2) 1x x x+ + + 10.
1

x – x
11.

4

x

x +
, x > 0

12.

1

3 53( 1)x – x 13.

2

3 3
(2 3 )

x

x+ 14.
1

(log )
m

x x
, x > 0, m ≠ 1

15. 2
9 4

x

– x
16. 2 3x

e
+ 17. 2x

x

e

18.

1

2
1

–tan x
e

x+ 19.

2

2

1

1

x

x

e –

e + 20.

2 2

2 2

x – x

x – x

e – e

e e+

21. tan2 (2x – 3) 22. sec2 (7 – 4x) 23.

1

2

sin

1

– x

– x
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24.
2cos 3sin

6cos 4sin

x – x

x x+
25. 2 2

1

cos (1 tan )x – x
26.

cos x

x

27. sin 2 cos 2x x 28.
cos

1 sin

x

x+
29. cot x log sin x

30.
sin

1 cos

x

x+
31.

( )2

sin

1 cos

x

x+
32.

1

1 cot x+

33.
1

1 tan– x
34.

tan

sin cos

x

x x
35.

( )2
1 log x

x

+

36.
( )2

( 1) logx x x

x

+ +
37.

( )3 1 4sin tan

1

–x x

x
8+

iz'u 38 ,oa 39 esa lgh mÙkj dk p;u dhft,%

38.

109

10

10 10 log

10

+
+∫

x
e

x

x dx

x
 cjkcj gS%

(A) 10x – x10 + C (B) 10x + x10 + C

(C) (10x – x10)–1 + C (D) log (10x + x10) + C

39.
dx

x xsin cos
2 2

cjkcj gS%∫
(A) tan x + cot x + C (B) tan x – cot x + C

(C) tan x cot x + C (D) tan x – cot 2x + C

7.3.2  f=kdks.kferh; loZ&lfedkvksa osQ mi;ksx }kjk lekdyu (Integration using

trigonometric identities)

tc lekdY; esa oqQN f=kdks.kferh; iQyu fufgr gksrs gSa] rks ge lekdyu Kkr djus osQ fy, oqQN
Kkr loZlfedkvksa dk mi;ksx djrs gSa tSlk fd fuEufyf[kr mnkgj.kksa osQ }kjk le>k;k x;k gSA

mnkgj.k 7 fuEufyf[kr dks Kkr dhft,

(i)
2

cos x dx∫ (ii) sin 2 cos 3x x dx∫ (iii)
3

sin x dx∫
gy

(i) loZlfedk cos 2x = 2 cos2 x – 1 dks Lej.k dhft, ftlls

2 1 cos 2
cos

2

x
x

+
=  izkIr gksrk gSA
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blfy, 2 1
cos (1 + cos 2 )

2
x dx x dx=∫ ∫ = 

1 1
cos 2

2 2
dx x dx+∫ ∫

 = 
1

sin 2 C
2 4

x
x+ +

(ii) loZlfedk  sin x cos y = 
1

2
[sin (x + y) + sin (x – y)] , dks Lej.k dhft,

rc

= 
1 1

cos 5 cos C
2 5

– x x
 + +  

= 
1 1

cos 5 cos C
10 2

– x x+ +

(iii) loZlfedk sin 3x = 3 sin x – 4 sin3 x ls ge ikrs gSa fd

3 3sin sin 3
sin

4

x – x
x =

blfy, 3 3 1
sin sin sin 3

4 4
x dx x dx – x dx=∫ ∫ ∫

= 
3 1

– cos cos 3 C
4 12

x x+ +

fodYir% 3 2
sin sin sinx dx x x dx=∫ ∫  = 

2
(1 – cos ) sinx x dx∫

cos x = t j[kus ij – sin x dx = dt

blfy, ( )3 2sin 1x dx – – t dt=∫ ∫  = 

3
2

C
3

t
– dt t dt – t+ = + +∫ ∫

= 
31

cos cos C
3

– x x+ +

fVIi.kh f=kdks.kferh; loZ&lfedkvksa dk mi;ksx djrs gq, ;g n'kkZ;k tk ldrk gS fd nksuksa mÙkj
lerqY; gSaA

iz'ukoyh 7-3

1 ls 22 rd osQ iz'uksa esa izR;sd iQyu dk lekdyu Kkr dhft,A
1. sin2 (2x + 5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x

4. sin3 (2x + 1) 5. sin3 x cos3 x 6. sin x sin 2x sin 3x
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7. sin 4x sin 8x 8.
1 cos

1 cos

– x

x+ 9.
cos

1 cos

x

x+

10. sin4 x 11. cos4 2x 12.

2sin

1 cos

x

x+

13.
cos 2 cos 2

cos cos

x –

x –

α
α

14.
cos sin

1 sin 2

x – x

x+ 15. tan3 2x sec 2x

16. tan4x 17.

3 3

2 2

sin cos

sin cos

x x

x x

+
18.

2

2

cos 2 2sin

cos

x x

x

+

19. 3

1

sin cosx x
20. ( )2

cos 2

cos sin

x

x x+ 21. sin – 1 (cos x)

22.
1

cos ( ) cos ( )x – a x – b

iz'u 23 ,oa 24 esa lgh mÙkj dk p;u dhft,A

23.
sin cos

sin cos

2 2

2 2

x x

x x
dx

−
∫ cjkcj gS%

(A) tan x + cot x + C (B) tan x + cosec x + C

(C) – tan x + cot x + C (D) tan x + sec x + C

24.
e x

e x
dx

x

x

( )

cos ( )

1
2

+
∫ cjkcj gS%

(A) – cot (exx) + C (B) tan (xex) + C

(C) tan (ex) + C (D) cot (ex) + C

7.4  oqQN fof'k"V iQyuksa osQ lekdyu (Integrals of Some Particular Functions)

bl ifjPNsn esa ge fuEufyf[kr egRoiw.kZ lekdyu lw=kksa dh O;k[;k djsaxs vkSj cgqr ls nwljs
lacaf/r izkekf.kd lekdyuksa dks Kkr djus esa mudk iz;ksx djsaxsA

(1) 2 2

1
log C

2

dx x – a

a x ax – a
= +

+∫ (2) 2 2

1
log

2

dx a x

a a xa – x

+
=

−∫ + C

(3)
– 1

2 2

1
tan C

dx x

a ax a
= +

+∫ (4)
2 2

2 2
log C

dx
x x – a

x – a
= + +∫
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(5)
– 1

2 2
sin C

dx x

aa – x
= +∫ (6)

2 2

2 2
log C

dx
x x a

x a
= + + +

+
∫

vc ge mi;qZDr ifj.kkeksa dks fl¼ djrs gSaA

(1) ge tkurs gSa fd  2 2

1 1

( ) ( )x – a x ax – a
=

+

= 
1 ( ) – ( ) 1 1 1

2 ( ) ( ) 2

x a x – a
–

a x – a x a a x – a x a

 +  =   + +  

blfy,  
2 2

1

2

dx dx dx
–

a x – a x ax – a

 
=  + 

∫ ∫ ∫

= 

= 
1

log C
2

x – a

a x a
+

+

(2) mi;qZDr (1) osQ vuqlkj ge ikrs gSa fd

2 2

1 1 ( ) ( )

2 ( ) ( )–

a x a x

a a x a xa x

 + + −
=  + − 

 = 
1 1 1

2a a x a x

 + − + 

blfy, 2 2

1

2–

dx dx dx

a a x a xa x

 = + − + 
∫ ∫ ∫

= 

= 
1

log C
2

a x

a a x

+
+

−

AfVIi.kh   (1) esa mi;ksx dh xbZ fof/ dh O;k[;k ifjPNsn 7-5 esa dh tk,xhA

(3) x = a tan θ j[kus ij  dx = a sec2 θ dθ

blfy,

= 
11 1 1

θ θ C tan C
– x

d
a a a a

= + = +∫



256        xf.kr

(4) eku yhft, x = a secθ rc  dx = a sec θ tan θ dθ

blfy,

= 

= 

2

12
log 1 C

x x
–

a a
+ +

= 
2 2

1log log Cx x – a a+ − +

= 
2 2

log + Cx x – a+ , tgk¡ C = C
1
 – log a

(5) eku yhft, fd x = a sin θ rc dx = a cos θ dθ

blfy,  = 
1

θ = θ + C = sin C
– x

d
a

+∫

(6) eku yhft, fd  x = a tan θ  rc dx = a sec2θ dθ

blfy,
2

2 2 2 2 2

θ θ

θ

sec

tan

dx a d

x a a a
=

+ +
∫ ∫

= 

= 

2

12
log 1 C

x x

a a
+ + +

= 
2

1log log Cx x a a
2+ + − +

= 
2log Cx x a2+ + + , tgk¡ C = C

1
 – log a

bu izkekf.kd lw=kksa osQ iz;ksx ls vc ge oqQN vkSj lw=k izkIr djrs gSa tks vuqiz;ksx dh n`f"V
ls mi;ksxh gSa vkSj nwljs lekdyuksa dk eku Kkr djus osQ fy, budk lh/k iz;ksx fd;k tk
ldrk gSA
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(7) lekdyu 2

dx

ax bx c+ +∫ , Kkr djus osQ fy, ge

ax2 + bx + c = 

2 2
2

22 4

b c b c b
a x x a x –

a a a a a

     + + = + +    
      

fy[krs gSaA

vc 
2

b
x t

a
+ = j[kus ij dx = dt ,oa 

2
2

2
4

c b
– k

a a
= ±  fy[krs gq, ge ikrs gSa fd

2

2
4

c b
–

a a

 
 
 

osQ fpÉ ij fuHkZj djrs gq, ;g lekdyu 2 2

1 dt

a t k±∫  osQ :i esa ifjofrZr

gks tkrk gS vkSj bl izdkj bldk eku Kkr fd;k tk ldrk gSA

(8)
dx

ax bx c
2 + +

∫ , osQ izdkj osQ lekdyu dks Kkr djus osQ fy, (7) dh Hkk¡fr vkxs c<+rs

gq, izkekf.kd lw=kksa dk mi;ksx djosQ lekdyu Kkr fd;k tk ldrk gSA

(9) 2

px q
dx

ax bx c

+
+ +∫ , tgk¡  p, q, a, b, c vpj gSa] osQ izdkj osQ lekdyu Kkr djus osQ fy,

ge ,slh nks okLrfod la[;k,¡ A rFkk B Kkr djrs gSa rkfd

2
+ = A ( ) + B = A (2 ) + B

d
px q ax bx c ax b

dx
+ + +

A rFkk B, Kkr djus osQ fy, ge nksuksa i{kksa ls x osQ xq.kkadksa ,oa vpjksa dks leku djrs gSaA
A rFkk B osQ Kkr gks tkus ij lekdyu Kkr izkekf.kd :i esa ifjofrZr gks tkrk gSA

(10)
2

( )px q dx

ax bx c

+

+ +
∫ , osQ izdkj osQ lekdyu dk eku Kkr djus osQ fy, ge (9) dh Hkk¡fr

vkxs c<+rs gSa vkSj lekdyu dks Kkr izkekf.kd :iksa esa ifjofrZr djrs gSaA

vkb, mi;qZDr fof/;ksa dks oqQN mnkgj.kksa dh lgk;rk ls le>rs gSaA

mnkgj.k 8 fuEufyf[kr lekdyuksa dks Kkr dhft,

(i) 2
16

dx

x −∫ (ii)
22

dx

x x−
∫



258        xf.kr

gy

(i) ;gk¡
2 2 2

16 4

dx dx

x x –
=

−∫ ∫  = 
4

log C
8 4

x –

x

1
+

+
[7.4 (1) ls]

(ii)

( )
2 22 1 1

dx dx

x x – x –

=
−∫ ∫

x – 1 = t j[kus ij dx = dt

blfy,
2 22 1

dx dt

x x – t
=

−
∫ ∫  = 

1sin ( ) C– t + [7.4 (5) ls]

= 
1sin ( – 1) C– x +

mnkgj.k 9 fuEufyf[kr lekdyuksa dks Kkr dhft,A

(i) 2
6 13

dx

x x− +∫ (ii) 2
3 13 10

dx

x x+ −∫ (iii) 25 2

dx

x x−
∫

gy

(i) ;gk¡ x2 – 6x + 13 = x2 – 6x + 32 – 32 + 13 = (x – 3)2 + 4

blfy, 
( )2 2

1

6 13 3 2

dx
dx

x x x –
2 =

− + +∫ ∫

eku yhft, x – 3 = t rc dx = dt

blfy, 
1

2 2

1
tan C

2 26 13 2

–dx dt t

x x t
2 = = +

− + +∫ ∫ [7.4 (3) ls]

= 
11 3

tan C
2 2

– x –
+

(ii) fn;k gqvk lekdyu 7-4(7) osQ :i dk gSA ge lekdY; osQ gj dks fuEufyf[kr izdkj
ls fy[krs gSa

2 2 13 10
3 13 10 3

3 3

x
x x – x –

 + = + 
 

= 

2 2
13 17

3
6 6

x –
    +    
     

(iw.kZ oxZ cukus ij)

blfy, 2 2

1

33 13 10 13 17

6 6

dx dx

x x
x

2 =
+ −    + −   

   

∫ ∫
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vc
13

6
x t+ =  j[kus ij dx = dt

blfy, 2

2

1

33 13 10 17

6

dx dt

x x
t

2 =
+ −  −  

 

∫ ∫

= 1

17
1 6log C

17 17
3 2

6 6

t –

t

+
× × +

[7.4 (i) ls]

= 1

13 17

1 6 6log C
13 1717

6 6

x –

x

+
+

+ +
 =  1

1 6 4
log C

17 6 30

x

x

−
+

+

= 1

1 3 2 1 1
log C log

17 5 17 3

x

x

−
+ +

+

=
1 3 2

log C
17 5

x

x

−
+

+ , where C = 1

1 1
C log

17 3
+

(iii) ;gk¡ 
2 25 2

5
5

dx dx

xx x
x –

2
=

 −
 
 

∫ ∫

= 
2 2

1

5 1 1

5 5

dx

x – –
   
   
   

∫  (iw.kZ oxZ cukus ij)

vc
1

5
x – t=  j[kus ij  dx = dt

blfy,
2

2

1

55 2 1

5

dx dt

x x
t –

2
=

−  
 
 

∫ ∫
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=

2

21 1
log C

55
t t –

 + + 
 

[7.4 (4) ls]

=
21 1 2

log C
5 55

x
x – x –+ +

mnkgj.k 10 fuEufyf[kr lekdyuksa dks Kkr dhft,

(i)
2

2 6 5

x
dx

x x
2

+
+ +∫ (ii) 2

3

5 4

+

− −
∫

x
dx

x x

gy

(i) lw=k 7-4(9) dk mi;ksx djrs gq, ge vfHkO;Dr djrs gSa

x + 2 = ( )2
A 2 6 5 B

d
x x

dx
+ + +  = A (4 6) Bx + +

nksuksa i{kksa ls x osQ xq.kkadksa ,oa vpjksa dks leku djus ij ge ikrs gSa%

4A = 1 rFkk 6A + B = 2   vFkok    A = 
1

4
 vkSj B = 

1

2

blfy,
2 1 4 6 1

4 22 6 5 2 6 5 2 6 5

x x dx
dx

x x x x x x
2 2 2

+ +
= +

+ + + + + +∫ ∫ ∫

= 1 2

1 1
I I

4 2
+    (eku yhft,) ... (1)

I
1
 esa] 2x2 + 6x + 5 = t, j[kus ij (4x + 6) dx = dt

blfy, 1 1I log C
dt

t
t

= = +∫ = 
2

1log | 2 6 5 | Cx x+ + +        ... (2)

vkSj 2 2
2

1
I

522 6 5 3
2

dx dx

x x x x

= =
+ + + +

∫ ∫  = 2 2

1

2 3 1

2 2

dx

x
   + +   
   

∫

vc
3

2
x t+ = , j[kus ij dx = dt, ge ikrs gSa
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2 2

2

1
I

2 1

2

dt

t

=
 +  
 

∫  = 
1

2

1
tan 2 C

1
2

2

–
t +

×
[7.4 (3) ls]

= 
1

2

3
tan 2 + C

2

–
x
 + 
 

 = ( )1
2tan 2 3 + C– x + ... (3)

(2) vkSj (3) dk mi;ksx (1) esa djus ij ge ikrs gSa

( )2 12 1 1
log 2 6 5 tan 2 3 C

4 22 6 5

–x
dx x x x

x x
2

+
= + + + + +

+ +∫ ,

tgk¡ 1 2C C
C

4 2
= +

(ii) ;g lekdyu 7-4 (10) osQ :i esa gSA vkb, 3x +  dks fuEufyf[kr :i esa vfHkO;Dr
djrs gSa

2
3 A (5 4 ) + B

d
x – x – x

dx
+ =  = A (– 4 – 2x) + B

nksuksa i{kksa ls x osQ xq.kkadksa ,oa vpjksa dks leku djus ij ge ikrs gSa
– 2A = 1 vkSj – 4 A + B = 3,

vFkkZr~ A = 
1

2
–  vkSj B = 1

blfy,
( )

2 2 2

4 23 1

25 4 5 4 5 4

– – x dxx dx
dx –

x x x x x x

+
= +

− − − − − −
∫ ∫ ∫

= 
1

2
–  I

1
 + I

2
... (1)

I
1
, esa 5 – 4x – x2 = t, j[kus ij (– 4 – 2x) dx = dt

blfy,
( )

1
2

4 2
I

5 4

– x dx dt

tx x

−
= =

− −
∫ ∫  = 12 Ct +

= 2
12 5 4 C– x – x + ... (2)

vc 2
2 2

I
5 4 9 ( 2)

dx dx

x x – x
= =

− − +
∫ ∫  ij fopkj dhft,

x + 2 = t j[kus ij dx = dt
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blfy,
1

2 2
2 2

I sin + C
33

–dt t

t
= =

−
∫ [7.4 (5) ls]

= 
1

2

2
sin C

3

– x +
+ ... (3)

lehdj.kksa (2) ,oa (3) dks (1) esa izfrLFkkfir djus ij ge

2 1

2

3 2
5 – 4 – + sin C

35 4

–x x
– x x

– x – x

+ +
= +∫  izkIr djrs gSa, tgk¡a 1

2

C
C C

2
–=

iz'ukoyh 7-4

iz'u 1 ls 23 rd osQ iQyuksa dk lekdyu dhft,A

1.

2

6

3

1

x

x +
2. 2

1

1 4x+
3. ( )2

1

2 1– x +

4. 2

1

9 25– x
5. 4

3

1 2

x

x+
6.

2

61

x

x−

7. 2

1

1

x –

x –
8.

2

6 6

x

x a+
9.

2

2

sec

tan 4

x

x +

10. 2

1

2 2x x+ +
11. 2

1

9 6 5x x+ +
12. 2

1

7 6– x – x

13. ( )( )
1

1 2x – x –
14. 2

1

8 3x – x+ 15. ( )( )
1

x – a x – b

16. 2

4 1

2 3

x

x x –

+

+ 17. 2

2

1

x

x –

+
18. 2

5 2

1 2 3

x

x x

−
+ +

19. ( )( )
6 7

5 4

x

x – x –

+
20. 2

2

4

x

x – x

+
21. 2

2

2 3

x

x x

+

+ +

22. 2

3

2 5

x

x – x

+
−

23. 2

5 3

4 10

x

x x

+

+ +
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iz'u 24 ,oa 25 esa lgh mÙkj dk p;u dhft,%

24.
dx

x x2 2 2+ +∫ cjkcj gS %

(A) x tan–1 (x + 1) + C (B) tan–1 (x + 1) + C

(C) (x + 1) tan–1x + C (D) tan–1x + C

25.
dx

x x9 4
2−

∫ cjkcj gS %

(A) –11 9 8
sin C

9 8

x −  + 
 

(B) –11 8 9
sin C

2 9

x −  + 
 

(C) –11 9 8
sin C

3 8

x −  + 
 

(D)
–11 9 8

sin C
2 9

x −  + 
 

7.5  vkaf'kd fHkUuksa }kjk lekdyu (Integration by Partial Fractions)

Lej.k dhft, fd ,d ifjes; iQyu 
P( )

Q( )

x

x
, nks cgqinksa osQ vuqikr osQ :i esa ifjHkkf"kr fd;k tkrk

gS tgk¡ P(x) ,oa Q(x), x esa cgqin gSa rFkk Q(x) ≠ 0. ;fn P(x) dh ?kkr Q(x) dh ?kkr ls de
gS] rks ifjes; iQyu mfpr ifjes; iQyu dgykrk gS vU;Fkk fo"ke ifjes; iQyu dgykrk gSA fo"ke
ifjes; iQyuksa dks yEch Hkkx fof/ }kjk mfpr ifjes; iQyu osQ :i esa ifjofrZr fd;k tk ldrk

gSA bl izdkj ;fn 
P( )

Q( )

x

x
 fo"ke ifjes; iQyu gS] rks 1P ( )P( )

T( )
Q( ) Q( )

xx
x

x x
= +  , tgk¡  T(x)  x esa

,d cgqin gS vkSj 1P ( )

Q( )

x

x
,d mfpr ifjes; iQyu gSA ge tkurs gSa fd ,d cgqin dk lekdyu

oSQls fd;k tkrk gS] vr% fdlh Hkh ifjes; iQyu dk lekdyu fdlh mfpr ifjes; iQyu osQ
lekdyu dh leL;k osQ :i esa ifjofrZr gks tkrk gSA ;gk¡ ij ge ftu ifjes; iQyuksa osQ lekdyu
ij fopkj djsaxs] muosQ gj jSf[kd vkSj f}?kkr xq.ku[kaMksa esa fo?kfVr gksus okys gksaxsA

eku yhft, fd ge
P( )

Q( )

x
dx

x∫  dk eku Kkr djuk pkgrs gSa tgk¡ 
P( )

Q( )

x

x
 ,d mfpr ifjes;

iQyu gSA ,d fof/] ftls vkaf'kd fHkUuksa esa fo;kstu osQ uke ls tkuk tkrk gS] dh lgk;rk ls fn,
gq, lekdY; dks lk/kj.k ifjes; iQyuksa osQ ;ksx osQ :i es fy[kk tkuk laHko gSA blosQ i'pkr~
iwoZ Kkr fof/;ksa dh lgk;rk ls lekdyu ljyrkiwoZd fd;k tk ldrk gSA fuEufyf[kr
lkj.kh 7-2 fufnZ"V djrh gS] fd fofHkUu izdkj osQ ifjes; iQyuksa osQ lkFk fdl izdkj osQ ljy
vkaf'kd fHkUuksa dks lac¼ fd;k tk ldrk gSA
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lkj.kh 7-2

  Øekad ifjes; iQyu dk :i vkaf'kd fHkUuksa dk :i

1.
( – ) ( – )

px q

x a x b

+
, a ≠ b

A B

x – a x – b
+

2. 2
( – )

px q

x a

+
( )2

A B

x – a x – a
+

3.

2

( – ) ( ) ( )

px qx r

x a x – b x – c

+ + A B C

x – a x – b x – c
+ +

4.
2

2
( – ) ( )

px qx r

x a x – b

+ +
2

A B C

( )x – a x – bx – a
+ +

5.

2

2
( – ) ( )

px qx r

x a x bx c

+ +
+ + 2

A B + Cx

x – a x bx c
+

+ +
,

tgk¡ x2 + bx + c dk vkSj vkxs xq.ku[kaM ugha fd;k tk ldrkA

mi;qZDr lkj.kh esa A, B ,oa C okLrfod la[;k,¡ gSa ftudks mfpr fof/ ls Kkr djrs gSaA

mnkgj.k 11 
( 1) ( 2)

dx

x x+ +∫  dk eku Kkr dhft,A

gy fn;k gqvk lekdY; ,d mfpr ifjes; iQyu gS blfy, vkaf'kd fHkUuks a osQ :i
[lkj.kh 7.2 (i)], dk mi;ksx djrs gq,] ge

1 A B

( 1) ( 2) 1 2x x x x
= +

+ + + +
, fy[krs gSa --- (1)

tgk¡  A vkSj B okLrfod la[;k,¡ gSa ftudks gesa mfpr fof/ ls Kkr djuk gSA ge ikrs gSa
1 = A (x + 2) + B (x + 1)

x osQ xq.kkadksa ,oa vpj inksa dks leku djus ij ge ikrs gSa
A + B = 0

,oa 2A + B = 1

bu lehdj.kksa dks gy djus ij gesa  A = 1 vkSj  B = – 1 izkIr gksrk gSA

bl izdkj lekdY; fuEufyf[kr :i esa izkIr gksrk gS  
1

( 1) ( 2)x x+ +
 = 

1 – 1

1 2x x
+

+ +
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blfy,
dx

x x( ) ( )+ +∫ 1 2
 =

= log 1 log 2 Cx x+ − + +  = 
1

log C
2

x

x

+
+

+

fVIi.kh mi;qZDr lehdj.k (1) ,d loZlfedk gS vFkkZr~ ,d ,slk dFku tks  x osQ lHkh Lohdk;Z
lHkh ekuksa osQ fy, lR; gSA oqQN ys[kd laosQr  ≡ dk mi;ksx ;g n'kkZus osQ fy, djrs gSa fd fn;k
gqvk dFku ,d loZlfedk gS vkSj laosQr = dk mi;ksx ;g n'kkZus osQ fy, djrs gSa fd fn;k gqvk
dFku ,d lehdj.k gS vFkkZr~ ;g n'kkZus osQ fy, fd fn;k gqvk dFku  x osQ fuf'pr ekuksa osQ fy,
lR; gSA

mnkgj.k 12  

2

2

1

5 6

x
dx

x x

+
− +∫  dk eku Kkr dhft,A

gy  ;gk¡ lekdY; 

2

2

1

5 6

x

x – x

+
+

 ,d mfpr ifjes; iQyu ugha gS blfy, ge  x2 + 1 dks

x2 – 5x + 6 ls Hkkx djrs gSa vkSj ge ikrs gSa fd
2

2 2

1 5 5 5 5
1 1

( 2) ( 3)5 6 5 6

x x – x –

x – x –x – x x – x

+
= + = +

+ +

eku yhft, fd
5 5 A B

( 2) ( 3) 2 3

x –

x – x – x – x –
= +

rkfd 5x – 5 = A (x – 3) + B (x – 2)

nksuksa i{kksa ls  x osQ xq.kkadksa ,oa vpj inksa dks leku djus ij ge ikrs gSa  A + B = 5 vkSj
3A + 2B = 5.

bu lehdj.kksa dks gy djus ij ge

A = – 5  vkSj  B = 10 izkIr djrs gSaA

vr%
2

2

1 5 10
1

2 35 6

x

x – x –x – x

+
= − +

+

blfy,
2

2

1 1
5 10

2 35 6

x dx
dx dx dx

x – x –x – x

+
= − +

+∫ ∫ ∫ ∫

= x – 5 log 2-x + 10 log 3-x + C
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mnkgj.k 13  2

3 2

( 1) ( 3)

x
dx

x x

−
+ +∫  dk eku Kkr dhft,A

gy  fn;k gqvk lekdY; lkj.kh 7-2(4) esa fn, gq, lekdY; osQ :i dk gSA vr% ge

2 2

3 2 A B C

1 3( 1) ( 3) ( 1)

x –

x xx x x
= + +

+ ++ + +  fy[krs gSa

rkfd 3x – 2 = A (x + 1) (x + 3) + B (x + 3) + C (x + 1)2

= A (x2 + 4x + 3) + B (x + 3) + C (x2 + 2x + 1 )

nksuks a i{kks a ls x2 osQ xq.kkadksa, x osQ xq.kkadksa ,o vpj inksa dh rqyuk djus ij ikrs gSa fd
A + C = 0, 4A + B + 2C = 3 vkSj  3A + 3B + C = – 2 bu lehdj.kksa dks gy djus ij ge

11 5 11
A B C

4 2 4

– –
,= = =vkSj  ikrs gSaA bl izdkj lekdY; fuEufyf[kr :i esa izkIr gksrk gSA

2

3 2

( 1) ( 3)

x

x x

−
+ +

 = 2

11 5 11

4 ( 1) 4 ( 3)2 ( 1)
– –

x xx+ ++

blfy,
3 2

1 3
2

x

x x

−
+ +∫

( ) ( )
 =

=
11 5 11

log +1 log 3 C
4 2 ( +1) 4

x x
x

+ − + +

=
11 +1 5

log + C
4 + 3 2 ( + 1)

x

x x
+

mnkgj.k 14 

2

2 2
( 1) ( 4)

x
dx

x x+ +∫  dk eku Kkr dhft,A

gy  

2

2 2( 1) ( 4)

x

x x+ +
 dks yhft, vkSj x2 = y jf[k,

rc
2

2 2 ( 1) ( 4)( 1) ( 4)

x y

y yx x
=

+ ++ +

( 1) ( 4)

y

y y+ +
 =

A B

1 4y y
+

+ +
 osQ :i esa fyf[k,

rkfd y =  A (y + 4) + B (y + 1)
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nksuksa i{kksa ls  y osQ xq.kkadksa ,oa vpj inksa dh rqyuk djus ij ge ikrs gSa A + B = 1 vkSj
4A + B = 0, ftlls izkIr gksrk gS

A =
1 4

B
3 3

– =vkjS

vr%
2

2 2
( 1) ( 4)

x

x x+ +
 = 2 2

1 4

3 ( 1) 3 ( 4)
–

x x
+

+ +

blfy,
x dx

x x

2

2 21 4( ) ( )+ +∫ =

=
1 11 4 1

tan tan C
3 3 2 2

– – x
– x + ⋅ +

=
1 11 2

tan tan C
3 3 2

– – x
– x + +

mi;qZDr mnkgj.k esa osQoy vkaf'kd fHkUu okys Hkkx osQ fy, izfrLFkkiu fd;k x;k Fkk u fd
lekdyu okys Hkkx osQ fy,A vc ge ,d ,sls mnkgj.k dh ppkZ djrs gSa ftlesa lekdyu osQ
fy, izfrLFkkiu fof/ ,oa vkaf'kd fHkUu fof/ nksuksa dks la;qDr :i ls iz;qDr fd;k x;k gSA

mnkgj.k 15  
( )

2

3 sin 2 cos

5 cos 4 sin

–
d

– –

φ φ
φ

φ φ∫  dk eku Kkr dhft,A

gy  eku yhft, y = sinφ

rc dy = cosφ dφ

blfy, =

= 2

3 2

4 4

y –
dy

y – y +∫ =           (eku yhft,)

vc ge
( )2 2

3 2 A B

2 ( 2)2

y –

y yy –
= +

− −
 fy[krs gSa [lkj.kh 7.2 (2) ls]

blfy, 3y – 2 = A (y – 2) + B

nksuksa i{kksa ls  y osQ xq.kkad ,oa vpj inksa dh rqyuk djus ij ge ikrs gSa] A = 3 ,oa
B – 2A = – 2, ftlls gesa A = 3 ,oa B = 4 izkIr gksrk gSA
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blfy, vHkh"V lekdyu fuEufyf[kr :i esa izkIr gksrk gSA

2

3 4
I [ + ]

2 ( 2)
dy

y – y –
= ∫  = 2

3 + 4
2 ( 2)

dy dy

y – y –
∫ ∫

=
1

3 log 2 4 C
2

y –
y

 
− + + − 

 = 
4

3 log sin 2 C
2 sin–

φ − + +
φ

=
4

3 log (2 sin ) + C
2 sin

− φ +
− φ

 (D;ksafd 2 – sin φ ges'kk /ukRed gS)

mnkgj.k 16 
2

2

1

( 2) ( 1)

x x dx

x x

+ +
+ +∫  dk eku Kkr dhft,A

gy  fn;k gqvk lekdY; ,d mfpr ifjes; iQyu gSA ifjes; iQyu dks vkaf'kd fHkUuksa esa
fo?kfVr djrs gSa [lkj.kh 2.2(5)]A

2

2

1

( 1) ( 2)

x x

x x

+ +
+ +

 = 2

A B + C

2 ( 1)

x

x x
+

+ +

blfy, x2 + x + 1 = A (x2 + 1) + (Bx + C) (x + 2)

nksuksa i{kksa ls x2 osQ xq.kkadksa, x osQ xq.kkadksa ,oa vpj inksa dh rqyuk djus ij ge A + B =1,

2B + C = 1 vkSj A + 2C = 1 izkIr djrs gSaA

bu lehdj.kksa dks gy djus ij ge 
3 2 1

A , B , C
5 5 5

= = =  ikrs gSaA

bl izdkj lekdY; fuEufyf[kr :i esa izkIr gksrk gS

2

2

1

( 1) ( 2)

x x

x x

+ +
+ +

 = 2

2 1

3 5 5

5 ( 2) 1

x

x x

+
+

+ +
 = 2

3 1 2 1

5 ( 2) 5 1

x

x x

+ +  + + 

blfy,
x x

x x
dx

2

2

1

2

+ +
+∫

( +1) ( )
 =

3

5 2

1

5

2

1

1

5

1

12 2

dx

x

x

x
dx

x
dx

+
+

+
+

+∫ ∫ ∫

=
2 13 1 1

log 2 log 1 tan C
5 5 5

–x x x+ + + + +
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iz'ukoyh 7-5

1 ls 21 rd osQ iz'uksa esa ifjes; iQyuksa dk lekdyu dhft,A

1.
( 1) ( 2)

x

x x+ + 2. 2

1

9x –
3.

3 1

( 1) ( 2) ( 3)

x –

x – x – x –

4.
( 1) ( 2) ( 3)

x

x – x – x –
5. 2

2

3 2

x

x x+ +

6.

2
1

(1 2 )

– x

x – x
7. 2

( 1) ( – 1)

x

x x+ 8. 2
( 1) ( 2)

x

x – x +

9. 3 2

3 5

1

x

x – x x

+
− +

10. 2

2 3

( 1) (2 3)

x

x – x

−
+ 11. 2

5

( 1) ( 4)

x

x x+ −

12.

3

2

1

1

x x

x

+ +
−

13. 2

2

(1 ) (1 )x x− + 14. 2

3 1

( 2)

x –

x +

15.
4

1

1x −
16.

1

( 1)nx x +
 [laosQr% va'k ,oa gj dks x n – 1 ls xq.kk dhft, vkSj

xn = t jf[k, ]

17.
cos

(1 – sin ) (2 – sin )

x

x x
[laosQr% sin x = t jf[k,]

18.

2 2

2 2

( 1) ( 2)

( 3) ( 4)

x x

x x

+ +
+ +

19. 2 2

2

( 1) ( 3)

x

x x+ +
20. 4

1

( 1)x x –

21.
1

( 1)
x

e –
 [laosQr% ex = t jf[k,]

iz'u 22 ,oa 23 esa lgh mÙkj dk p;u dhft,A

22.
( 1) ( 2)

x dx

x x− −∫  cjkcj gS %

(A)

2
( 1)

log C
2

x

x

−
+

−
(B)

2
( 2)

log C
1

x

x

−
+

−

(C)

2
1

log C
2

x

x

−  + 
− 

(D) log ( 1) ( 2) Cx x− − +
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23.
2

( 1)

dx

x x +∫ cjkcj gS %

(A)
21

log log ( +1) + C
2

x x− (B)
21

log log ( +1) + C
2

x x+

(C) 21
log log ( +1) + C

2
x x− + (D)

21
log log ( +1) + C

2
x x+

7.6  [kaM'k% lekdyu (Integration by Parts)

bl ifjPNsn esa ge lekdyu dh ,d vkSj fof/ dh ppkZ djsaxs tks fd nks iQyuksa osQ xq.kuiQy
dk lekdyu djus esa cgqr mi;ksxh gSA

;fn ,dy pj x (eku yhft,) esa u vkSj v nks vodyuh; iQyu gS rks vodyu osQ xq.kuiQy
fu;e osQ vuqlkj ge ikrs gSa fd

( )
d dv du

uv u v
dx dx dx

= +

nksuksa i{kksa dk lekdyu djus ij ge ikrs gSa fd

dv du
uv u dx v dx

dx dx
= +∫ ∫

vFkok
dv du

u dx uv – v dx
dx dx

=∫ ∫ ... (1)

eku yhft, fd u = f (x) vkSj 
dv

dx
= g (x) rc

du

dx
= f ′ (x) vkSj v = ( )g x dx∫

blfy, lehdj.k (1) dks fuEufyf[kr :i esa fy[kk tk ldrk gS

( )  ( )  = ( ) ( ) [ ( ) ( )]f x g x dx f x g x dx – g x dx f x dx′∫ ∫ ∫ ∫

vFkkZr~ ( ) ( )  = ( ) ( ) [ ( ) ( ) ]f x g x dx f x g x dx – f x g x dx dx′∫ ∫ ∫ ∫
;fn ge  f  dks izFke iQyu vkSj g dks nwljk iQyu eku ysa rks bl lw=k dks fuEufyf[kr :i

esa O;Dr fd;k tk ldrk gSA
“nks iQyuksa osQ xq.kuiQy dk lekdyu = (izFke iQyu) × (f}rh; iQyu dk lekdyu) —

[(izFke iQyu dk vodyu xq.kkad) × (f}rh; iQyu dk lekdyu)] dk lekdyu”
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mnkgj.k 17 cosx x dx∫  dk eku Kkr dhft,A

gy  f (x) = x (izFke iQyu) vkSj g (x) = cos x (f}rh; iQyu) jf[k,A rc [kaM'k% lekdyu ls
izkIr gksrk gS fd

cos cos [ ( ) cos ]
d

x x dx x x dx – x x dx dx
dx

=∫ ∫ ∫ ∫

= sin sinx x – x dx∫  = x sin x + cos x + C

eku yhft, fd ge  f (x) = cos x ,oa g (x) = x ysrs gSa rc

cos cos [ (cos ) ]
d

x x dx x x dx – x x dx dx
dx

=∫ ∫ ∫ ∫

= (cos ) sinx
x

x
x

dx
2 2

2 2
+ ∫

bl izdkj ge ns[krs gSa fd lekdyu cosx x dx∫ , rqyukRed n`f"V ls x dh vf/d ?kkr

okys vf/d dfBu lekdyu eas ifjofrZr gks tkrk gSA blfy, izFke iQyu ,oa f}rh; iQyu dk
mfpr p;u egRoiw.kZ gSA

fVIi.kh

1. ;g o.kZuh; gSa] fd [kaM'k% lekdyu nks iQyuksa osQ xq.kuiQy dh lHkh fLFkfr;ksa esa iz;qDr

ugha gS] mnkgj.kr;k sinx x dx∫  dh fLFkfr esa ;g fof/ dke ugha djrh gSA bldk

dkj.k ;g gS fd ,slk dksbZ iQyu vfLrRo es gh ugha gS ftldk vodyt x  sin x gSA

2. è;ku nhft, fd f}rh; iQyu dk lekdyu Kkr djrs le; geus dksbZ lekdyu vpj
ugha tksM+k FkkA ;fn ge f}rh; iQyu cos x osQ lekdyu dks sin x + k, osQ :i esa fy[krs
gSa] tgk¡ k dksbZ vpj gS] rc

cos (sin ) (sin )x x dx x x k x k dx= + − +∫ ∫
=

= (sin ) + cos Cx x k x – kx+ +  = sin cos Cx x x+ +

;g n'kkZrk gS fd [kaM'k% lekdyu fof/ osQ iz;ksx ls vafre ifj.kke Kkr djus osQ fy,
f}rh; iQyu osQ lekdyu esa vpj dk tksM+uk O;FkZ gSA

3. lkekU;r% ;fn dksbZ iQyu x dh ?kkr osQ :i esa gS vFkok x dk cgqin gS rks ge bls izFke
iQyu osQ :i es ysrs gSaA rFkkfi ,slh fLFkfr esa tgk¡ nwljk iQyu izfrykse f=kdks.kferh; iQyu
vFkok y?kqx.kdh; iQyu gS] rks ge mudks izFke iQyu osQ :i es ysrs gSaA
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mnkgj.k 18  log x dx∫  Kkr dhft,A

gy  izkjEHk djus osQ fy, ge ,sls iQyu dk vuqeku yxkus esa vleFkZ gSa ftldk vodyt
log x gSA ge log x dks izFke iQyu ,oa vpj iQyu 1 dks f}rh; iQyu ysrs gSaA nwljs iQyu dk
lekdyu x gSA

vr% (log 1)x dx⋅∫  = log [ (log ) ]x dx
d

dx
x dx dx1 1− ∫∫∫

=
1

log . – log Cx x x dx x x – x
x

= +∫

mnkgj.k 19  
x

x e dx∫  Kkr dhft,A

gy  x izFke iQyu ,oa ex dks f}rh; iQyu osQ :i esa yhft,

nwljs iQyu dk lekdyu = ex

blfy, 1
x x x

x e dx x e . e dx= −∫ ∫  = xex – ex + C

mnkgj.k 20  

1

2

sin

1

–
x x

dx
x−

∫  Kkr dhft,A

gy  eku yhft, izFke iQyu = sin – 1x,  vkSj  f}rh; iQyu = 
21

x

x−

vc ge f}rh; iQyu dk lekdyu Kkr djrs gSa vFkkZr~  
2

1

x dx

x−
∫  Kkr djrs gSa A

t  = 1 – x2  jf[k,
rc dt = – 2x dx

blfy,
x dx

x1
2−

∫  = − ∫
1

2

dt

t
 = 

2
– 1t x= − −

vr%  =

=
2 1

1 sin C– x x x
−− + +  = 

2 1
1 sin Cx – x x

−− +

fodYir% sin–1 x  = θ izfrLFkkfir djus ij vkSj rc [kaM'k% lekdyu dk mi;ksx djrs gq,
Hkh bl lekdyu dks gy fd;k tk ldrk gSA

1.088 mm
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mnkgj.k 21  sin
x

e x dx∫  Kkr dhft,A

gy  ex dks izFke iQyu ,oa sin x dks f}rh; iQyu osQ :i esa yhft,A rc [kaM'k% lekdyu ls
ge ikrs gSa fd

I =

= – ex cos x + I
1
 (eku yhft,) ... (1)

I
1 
esa ex

 
 ,oa cos x dks Øe'k% izFke ,oa f}rh; iQyu ekurs gq, ge ikrs gSa fd

I
1
=

I
1
 dk eku (1) esa j[kus ij ge ikrs gSa fd

I = cos sin Ix x– e x e x –+ vFkok 2I = ex (sin x – cos x)

vr%  I =

fodYir% sin x dks izFke iQyu ,oa ex dks f}rh; iQyu ysus ij Hkh mi;qZDr lekdyu dks
Kkr fd;k tk ldrk gSA

7.6.1  [ ( ) + ( )]
x

e f x f x dx′∫  osQ izdkj dk lekdyu

gesa Kkr gS fd  I = e f x f x dxx [ ( ) + ( )]′∫  = ( ) + ( )
x x

e f x dx e f x dx′∫ ∫
= ... (1)

I
1 
esa f (x) ,oa ex dks Øe'k% izFke ,oa f}rh; iQyu ysrs gq, ,oa [kaM'k% lekdyu }kjk ge

ikrs gSa I
1
 = f (x) ex – ( ) C

x
f x e dx′ +∫

I
1
 dks (1) esa izfrLFkkfir djus ij ge ikrs gSa

I =  = ex f (x) + C

vr% e f x f x dx
x

( ) ( )  + ′( )∫  = ( ) Cxe f x +

mnkgj.k 22  Kkr dhft,

(i) (ii)
2

2

( +1)

( +1)

xx e

x
∫ dx

gy

(i) ;gk¡ I =
1

2

1
(tan )

1

x –
e x dx

x
+

+∫

vc f (x) = tan– 1x, yhft,] rc  f′(x) = 2

1

1 x+
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vr% fn;k gqvk lekdY;  ex [ f (x) + f ′(x)] osQ :i esa gSA

blfy, I =  = ex tan– 1x + C

(ii) eku yhft, fd I =
( +1)

( +1)

2

2

x e

x

x

∫ dx
2

2

1 +1+1)
[ ]

( +1)

x x –
e dx

x
= ∫

=  
2

1 2
[ + ]

+1 ( +1)

x x –
e dx

x x
= ∫

eku yhft, fd 
1

( )
1

x
f x

x

−
=

+
 rc 2

2
( )

( 1)
f x

x
′ =

+
vr% fn;k gqvk lekdY;  ex [f (x) + f ′(x)] osQ :i esa gSA

blfy,
x

x
e dx

x
2

2

1

1

+
+∫

( )
= 

1
C

1

xx
e

x

−
+

+

iz'ukoyh 7-6
1 ls 22 rd osQ iz'uksa  osQ iQyuksa dk lekdyu dhft,A

1. x sin x 2. x sin 3x 3. x2 ex 4. x log x

5. x log2 x 6. x2 log x 7. x sin– 1x 8. x tan–1 x

9. x cos–1 x 10. (sin–1x)2 11.

1

2

cos

1

x x

x

−

−
12. x sec2 x

13. tan–1x 14. x (log x)2 15. (x2 + 1) log x

16. ex (sinx + cosx) 17. 2
(1 )

xx e

x+ 18.
1 sin

1 cos

x x
e

x

 +
 + 

19. 2

1 1
–

x
e

x x

 
 
 

20. 3

( 3)

( 1)

x
x e

x

−
− 21. e2x sin x

22.
1

2

2
sin

1

– x

x

 
 + 

iz'u 23 ,oa 24 esa lgh mÙkj dk p;u dhft,A

23.
32 xx e dx∫  cjkcj gS %

(A)
31

C
3

xe + (B)
21

C
3

x
e +

(C)
31

C
2

x
e + (D)

21
C

2

x
e +
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24. sec (1 tan )
x

e x x dx+∫  cjkcj gS%

(A) ex cos x + C (B) ex sec x + C

(C) ex sin x + C (D) ex tan x + C

7.6.2 oqQN vU; izdkj osQ lekdyu (Integrals of some more types)

;gk¡ ge [kaM'k% lekdyu fof/ ij vk/kfjr oqQN fof'k"V izdkj osQ izkekf.kd lekdyuksa dh ppkZ
djsaxsA tSls fd

(i) 2 2
x a dx−∫ (ii) 2 2

x a dx+∫ (iii) 2 2
a x dx−∫

(i)  eku yhft, fd 
2 2I x a dx= −∫

vpj iQyu 1 dks f}rh; iQyu ekurs gq, vkSj [kaM'k% lekdyu }kjk ge ikrs gSa

I =

=

2
2 2

2 2

x
x x a dx

x a
− −

−
∫  = 

2 2 2
2 2

2 2

x a a
x x a dx

x a

− +
− −

−
∫

=
2 2 2 2 2

2 2

dx
x x a x a dx a

x a
− − − −

−
∫ ∫

=
2 2 2

2 2
I

dx
x x a a

x a
− − −

−
∫

vFkok 2I = x x a a
dx

x a

2 2 2

2 2
− −

−
∫

vFkok I =

blh izdkj nwljs nks lekdyuksa esa vpj iQyu 1 dks f}rh; iQyu ysdj ,oa [kaM'k%
lekdyu fof/ }kjk ge ikrs gSa

(ii)

2
2 2 2 2 2 21

log C
2 2

a
x a dx x x a x x a+ = + + + + +∫

(iii)

2
2 2 2 2 11

sin C
2 2

–a x
a x dx x a x

a
− = − + +∫

fodYir% lekdyuksa (i), (ii) ,oa (iii) esa Øe'k% x = a secθ, x = a tanθ vkSj
x = a sinθ, izfrLFkkiu djus ij Hkh bu lekdyuksa dks Kkr fd;k tk ldrk gSA
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mnkgj.k 23 
2 2 5x x dx+ +∫  Kkr dhft,A

gy è;ku nhft, fd 
2 22 5 ( 1) 4x x dx x dx+ + = + +∫ ∫

vc x + 1 = y j[kus ij dx = dy, rc

x x dx2 2 5+ +∫  = y dy2 22+∫

=
2 21 4

4 log 4 C
2 2

y y y y+ + + + +   [7.6.2 (ii)osQ mi;ksx ls]

=
2 21

( 1) 2 5 2 log 1 2 5 C
2

x x x x x x+ + + + + + + + +

mnkgj.k 24 
23 2x x dx− −∫  Kkr dhft,A

gy è;ku nhft, fd 
2 23 2 4 ( 1)x x dx x dx− − = − +∫ ∫

vc x + 1 = y j[kus ij dx = dy

bl izdkj =

=
2 11 4

4 sin C
2 2 2

– y
y y− + +  [7.6.2 (iii)osQ mi;ksx ls]

=
2 11 1

( 1) 3 2 2 sin C
2 2

– x
x x x

+ + − − + + 
 

iz'ukoyh 7-7

1 ls 9 rd osQ iz'uksa osQ iQyuksa dk lekdyu dhft,A

1. 2
4 x− 2. 2

1 4x− 3. 2
4 6x x+ +

4. 2 4 1x x+ + 5. 21 4x x− − 6. 2 4 5x x+ −

7. 2
1 3x x+ − 8. 2

3x x+ 9.

2

1
9

x
+
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iz'u 10 ,oa 11 esa lgh mÙkj dk p;u dhft,A

10. 21 x dx+∫ cjkcj gS%

(A) ( )2 21
1 log 1 C

2 2

x
x x x+ + + + + (B)  

3

2 2
2

(1 ) C
3

x+ +

(C)

3

2 2
2

(1 ) C
3

x x+ + (D)

2
2 2 21

1 log 1 C
2 2

x
x x x x+ + + + +

11.
2 8 7x x dx− +∫  cjkcj gS

(A)
2 21

( 4) 8 7 9log 4 8 7 C
2

x x x x x x− − + + − + − + +

(B)
2 21

( 4) 8 7 9log 4 8 7 C
2

x x x x x x+ − + + + + − + +

(C)
2 21

( 4) 8 7 3 2 log 4 8 7 C
2

x x x x x x− − + − − + − + +

(D)
2 21 9

( 4) 8 7 log 4 8 7 C
2 2

x x x x x x− − + − − + − + +

7.7   fuf'pr lekdyu (Definite Integral)

fiNys ifjPNsnksa esa geus vfuf'pr lekdyuksa osQ ckjs esa vè;;u fd;k gS vkSj oqQN fof'k"V iQyuksa
osQ lekdyuksa lfgr vfuf'pr lekdyuksa dks Kkr djus dh oqQN fof/;ksa ij ppkZ dh gSA bl
ifjPNsn esa ge fdlh iQyu osQ fuf'pr lekdyu dk vè;;u djsaxsA fuf'pr lekdyu dk ,d

vf}rh; eku gksrk gSA ,d fuf'pr lekdyu dks  ( )
b

a
f x dx∫ , ls fufnZ"V fd;k tkrk gS tgk¡

b] lekdyu dh mPp lhek rFkk a, lekdyu dh fuEu lhek dgykrh gSaA fuf'pr lekdyu dk
ifjp;] ;k rks ;ksxksa dh lhek osQ :i esa djk;k tkrk gS vFkok ;fn varjky [a, b] esa bldk dksbZ
izfrvodyt  F gS rks fuf'pr lekdyu dk eku vafre ¯cnqvksa ij F osQ ekuksa osQ varj vFkkZr~
F(b) – F(a) osQ cjkcj gksrk gS] osQ :i esa djk;k tkrk gSA fuf'pr lekdyu osQ bu nksuksa :iksa
dh ge vyx&vyx ppkZ djsaxsA
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7.8  dyu dh vk/kjHkwr izes; (Fundamental Theorem of Calculus)

7.8.1  {ks=kiQy iQyu (Area function)

geus ( )
b

a
f x dx∫  dks oØ y = f (x), x-v{k] ,oa

dksfV;ksa x = a rFkk x = b ls f?kjs {ks=k osQ {ks=kiQy osQ
:i esa ifjHkkf"kr fd;k gSA eku yhft, [a, b] esa x dksbZ

¯cnq gS rc ( )
x

a
f x dx∫  vkòQfr 7-2 esa gYdk Nk;kafoQr

{ks=k osQ {ks=kiQy dks fu:fir djrk gS [;gk¡ ;g eku
fy;k x;k gS fd x ∈ [a, b] osQ fy,  f (x) > 0 gSA
fuEufyf[kr dFku lkekU;r% vU; iQyuksa osQ fy, Hkh
lR; gSA bl Nk;kafoQr {ks=k dk {ks=kiQy x osQ eku ij
fuHkZj gSA

nwljs 'kCnksa esa bl Nk;kafoQr {ks=k dk {ks=kiQy x dk ,d iQyu gSA ge x osQ bl iQyu dks A(x)

ls fufnZ"V djrs gSaA bl iQyu A(x) dks ge {ks=kiQy iQyu dgrs gSa vkSj ;g gesa fuEufyf[kr lw=k
ls izkIr gksrk gSA

A (x) = ∫ ( )
x

a
f x dx ... (1)

bl ifjHkk"kk ij vk/kfjr nks vk/kjHkwr izes; gSaA rFkkfi ge ;gk¡ ij osQoy budh O;k[;k djsaxs
D;ksafd budh miifÙk bl ikB~;iqLrd dh lhek osQ ckgj gSA

7.8.2  izes; 1 lekdyu xf.kr dh izFke vk/kjHkwr izes;  (First fundamental theorem

of integral calculus)

eku yhft, fd can varjky [a, b] ij  f  ,d larr iQyu gS vkSj A (x) {ks=kiQy iQyu gSA rc
lHkh x ∈ [a, b] osQ fy, A′(x) = f (x)

7.8.3  lekdyu xf.kr dh f}rh; vk/kjHkwr izes; (Second fundamental theorem of

integral calculus)

ge uhps ,d ,sls egRoiw.kZ izes; dh O;k[;k djrs gSa ftldh lgk;rk ls ge izfrvodyt dk
mi;ksx djrs gq, fuf'pr lekdyuksa dk eku Kkr djrs gSaA

izes; 2 eku yhft, fd can varjky [a, b] ij  f  ,d larr iQyu gS vkSj f  dk izfrvodyt

F gSA rc ∫ ( )
b

a
f x dx = [F( )] =b

ax  F (b) – F(a)

fVIi.kh

1. 'kCnksa esa ge izes; 2 dks bl izdkj O;Dr djrs gSa fd ( )
b

a
f x dx∫ = (f osQ izfr vodyt

F dk mPp lhek b  ij eku) – (mlh izfr vodyt dk fuEu lhek a ij eku)A

vko`Qfr 7-2
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2. ;g izes; vR;ar mi;ksxh gS D;ksafd ;g gesa ;ksxiQy dh lhek Kkr fd, fcuk fuf'pr
lekdyu dks Kkr djus dh vklku fof/ iznku djrh gSA

3. ,d fuf'pr lekdyu Kkr djus esa tfVy lafØ;k ,d ,sls iQyu dk izkIr djuk gS ftldk
vodyt fn;k x;k lekdY; gSA ;g vodyu vkSj lekdyu osQ chp laca/ dks vkSj
etcwr djrk gSA

4. ( )
b

a
f x dx∫  esa] [a, b] ij iQyu f  dk lqifjHkkf"kr ,oa larr gksuk vko';d gSA mnkgj.kr%

fuf'pr lekdyu 
1

3 2 2

2
( –1)x x dx

−∫  dh ppkZ djuk Hkzkafrewyd gSa D;ksafd can varjky

[– 2, 3]  osQ Hkkx – 1 < x < 1  osQ fy,  f (x) = 

1

2 2( –1)x x }kjk vfHkO;Dr iQyu f

ifjHkkf"kr ugh gSA  ( )
b

a
f x dx∫   Kkr djus osQ pj.k (Steps for calculating f x dx

a

b

( )∫ )

(i) vfuf'pr lekdyu ( )f x dx∫   Kkr dhft,A eku yhft, ;g F(x)  gSA lekdyu vpj

C  dks ysus dh vko';drk ugha gS D;ksafd ;fn ge F(x) osQ LFkku ij F(x) + C ij fopkj
djsa rks ikrs gSa fd

( ) [F ( ) C] [F( ) C] – [F( ) C] F( ) – F( )
b b

a
a

f x dx x b a b a= + = + + =∫
bl izdkj fuf'pr lekdyu dk eku Kkr djus esa LosPN vpj foyqIr gks tkrk gSA

(ii) [F ( )]b
ax  = F(b) – F(a)  Kkr dhft,] tks fd ( )

b

a
f x dx∫  dk eku gSA

vc ge oqQN mnkgj.kksa ij fopkj djrs gSaA

mnkgj.k 25 fuEufyf[kr lekdyuksa dk eku Kkr dhft,A

(i)
3

2

2
x dx∫ (ii)

9

34
22(30 – )

x
dx

x

∫ (iii)
2

1 ( 1) ( 2)

x dx

x x+ +∫

(iv)
34

0
sin 2 cos 2t t dt

π

∫
gy

(i) eku yhft, 
3

2

2
I x dx= ∫  gS A D;ksafd 

3
2 F ( )

3

x
x dx x= =∫
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blfy, f}rh; vk/kjHkwr izes; ls ge ikrs gSa fd

27 8 19
I F (3) – F (2) –

3 3 3
= = =

(ii) eku yhft, fd 
9

34
22

I

(30 – )

x
dx

x

= ∫  loZizFke ge lekdY; dk izfrvodyt Kkr djrs gSa A

3

2
3

30 – –
2

x t x dx dt= =j[kus ij  vFkok 
2

–
3

x dx dt=

bl izdkj
3 2

22

2
–

3
(30 – )

x dt
dx

t
x

=∫ ∫  = 
2 1

3 t

 
  

 = 3

2

2 1
F ( )

3
(30 – )

x

x

 
  = 
  

blfy, dyu dh f}rh; vk/kjHkwr izes; ls ge ikrs gSa%
9

3

2
4

2 1
I F(9) – F(4)

3
(30 – )x

 
 = =  
  

  = 
2 1 1

3 (30 – 27) 30 – 8

 
− 

 
 = 

2 1 1 19

3 3 22 99

 − =  

(iii) eku yhft, 
2

1
I

( 1) ( 2)

x dx

x x
=

+ +∫
vkaf'kd fHkUu dk mi;ksx djrs gq, ge ikrs gSa fd

–1 2

( 1) ( 2) 1 2

x

x x x x
= +

+ + + +

 blfy, – log 1 2log 2 F( )
( 1) ( 2)

x dx
x x x

x x
= + + + =

+ +∫
vr% dyu dh f}rh; vk/kjHkwr izes; ls ge ikrs gSa fd
I = F(2) – F(1) = [– log3 + 2 log4] – [– log2 + 2 log3]

= – 3 log3 + log2 + 2 log4 = 
32

log
27

 
 
 

(iv) eku yhft,] 34

0
I sin 2 cos 2t t dt

π

= ∫ . vc 3
sin 2 cos2t t dt∫ ij fopkj dhft,

sin 2t = u j[kus ij 2 cos 2t dt = du vFkok cos 2t dt = 
1

2
 du
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vr% 3 31
sin 2 cos 2

2
t t dt u du=∫ ∫

= 
4 41 1

[ ] sin 2 F ( )
8 8

u t t= = eku yhft,

blfy, dyu dh f}rh; vk/kjHkwr izes; ls

4 41 1
I F ( ) – F (0) [sin – sin 0]

4 8 2 8

π π
= = =

iz'ukoyh 7-8

1 ls 20 rd osQ iz'uksa esa fuf'pr lekdyuksa dk eku Kkr dhft,A

1.
1

1
( 1)x dx

−
+∫ 2.

3

2

1
dx

x∫ 3.
2 3 2

1
(4 – 5 6 9)x x x dx+ +∫

4. sin 2
0

4
x dx

π

∫ 5. cos 2
0

2
x dx

π

∫ 6.
5

4

x
e dx∫ 7.

4

0
tan x dx

π

∫

8.
4

6

cosec x dx

π

π∫ 9.
1

0 2
1 –

dx

x
∫ 10.

1

201

dx

x+∫ 11.
3

22 1

dx

x −∫

12. 22

0
cos x dx

π

∫ 13.
3

22 1

x dx

x +∫ 14.
1

20

2 3

5 1

x
dx

x

+
+∫ 15.

21

0

x
x e dx∫

16.

2
2

21

5

4 3

x

x x+ +∫ 17.
2 34

0
(2sec 2)x x dx

π

+ +∫

18.
2 2

0
(sin – cos )

2 2

x x
dx

π

∫ 19.
2

20

6 3

4

x
dx

x

+
+∫

20.
1

0
( sin )

4

x x
x e dx

π
+∫
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iz'u 21 ,oa 22 esa lgh mÙkj dk p;u dhft,A

21.
3

21 1

dx

x+∫  cjkcj gS%

(A)
3

π
(B)

2

3

π
(C)

6

π
(D)

12

π

22.

2

3

20 4 9

dx

x+∫  cjkcj gS%

(A)
6

π
(B)

12

π
(C)

24

π
(D)

4

π

7.9  izfrLFkkiu }kjk fuf'pr lekdyuksa dk eku Kkr djuk (Evaluation of Definite

Integrals by Substitution)

fiNys ifjPNsnksa esa geus vfuf'pr lekdyu Kkr djus dh vusd fof/;ksa dh ppkZ dh gSA
vfuf'pr lekdyu Kkr djus dh egRoiw.kZ fof/;ksa esa ,d fof/ izfrLFkkiu fof/ gSA

izfrLFkkiu fof/ ls ( )
b

a
f x dx∫ , dk eku Kkr djus osQ fy, vko';d pj.k fuEufyf[kr gS%

1. lekdyu osQ ckjs esa lhekvksa osQ fcuk fopkj dhft, vkSj y = f (x) vFkok x = g (y)

izfrLFkkfir dhft, rkfd fn;k gqvk lekdyu ,d Kkr :i esa ifjofrZr gks tk,A

2. lekdyu vpj dh O;k[;k fd, fcuk u, lekdY; dk u, pj osQ lkis{k lekdyu
dhft,A

3. u, pj osQ LFkku ij iqu% izfrLFkkiu dhft, vkSj mÙkj dks ewy pj osQ :i esa fyf[k,A

4. pj.k (3) ls izkIr mÙkj dk lekdyu dh nh gqbZ lhekvksa ij eku Kkr dhft, vkSj mPp
lhek okys eku ls fuEu lhek okys eku dk varj Kkr dhft,A

AfVIi.kh    bl fof/ dks rhozrj cukus osQ fy, ge fuEufyf[kr izdkj vkxs c<+ ldrs gSaA

pj.k (1) ,oa (2) dks djus osQ ckn pj.k (3) dks djus dh vko';drk ugha gSA ;gk¡
lekdyu dks u, pj osQ :i esa j[kk tkrk gS vkSj lekdyu dh lhekvksa dks u, pj osQ vuqlkj
ifjofrZr dj ysrs gSa rkfd ge lh/s vafre pj.k dh fØ;k dj losaQA
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vkb, bls ge mnkgj.kksa ls le>rs gSaA

mnkgj.k 26 
1 4 5

1
5 1x x dx

−
+∫  dk eku Kkr dhft,A

gy t = x5 + 1, j[kus ij dt = 5x4 dx

blfy, 4 55 1x x dx+∫  = t dt∫  = 

3

2
2

3
t  = 

3

5 2
2

( 1)
3

x +

vr%
1 4 5

1
5 1x x dx

−
+∫  =

1
3

5 2

– 1

2
( 1)

3
x

 
+ 

  

= ( )
3 3

5 52 2
2

(1 1) – (– 1) 1
3

 
+ + 

  

=

3 3

2 2
2

2 0
3

 
− 

  
 = 

2 4 2
(2 2)

3 3
=

fodYir% loZizFke ge lekdyu dk :ikarj.k djrs gSa vkSj rc :ikarfjr lekdyu dk u;h
lhekvksa osQ vuqlkj eku Kkr djrs gSaA
eku yhft, t = x5 + 1. rc dt = 5 x4 dx uksV dhft, fd
tc x = – 1 rks t = 0 vkSj tc x = 1 rks t = 2

vr% tSls&tSls x, – 1 ls 1 rd ifjofrZr gksrk gS oSls&oSls t] 0 ls 2 rd ifjofrZr gksrk gSA

blfy,
1 4 5

1
5 1x x dx

−
+∫  = 

2

0
t dt∫

= 

2
3 3 3

2 2 2

0

2 2
2 – 0

3 3
t
   

=   
      

 = 
2 4 2

(2 2)
3 3

=

mnkgj.k 27 
– 1

1

20

tan

1

x
dx

x+∫  dk eku Kkr dhft,A

gy eku yhft, t = tan – 1x, rc 2

1

1
dt dx

x
=

+
. tc x = 0 rks t = 0 vkSj tc x = 1 rks 

4
t

π
=

vr% tSls&tSls x, 0 ls 1 rd ifjofrZr gksrk gS oSls&osSls t, 0 ls 
4

π
 rd ifjofrZr gksrk gSA

blfy,
–1

1

20

tan

1

x
dx

x+∫ =

2 4
4

0
0

2

t
t dt

π
π

 
 
 

∫  = 

2 21
– 0

2 16 32

 π π
= 

 
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iz'ukoyh 7-9

1 ls 8 rd osQ iz'uksa lekdyuksa dk eku izfrLFkkiu dk mi;ksx djrs gq, Kkr dhft,A

1.
1

20 1

x
dx

x +∫ 2. 52

0
sin cos d

π

φ φ φ∫ 3.
1 – 1

20

2
sin

1

x
dx

x

 
 + 

∫

4.
2

0
2x x dx+∫  (x + 2 = t2 jf[k,) 5. 2

20

sin

1 cos

x
dx

x

π

+∫

6.
2

20 4 –

dx

x x+∫ 7.
1

21 2 5

dx

x x− + +∫ 8.
2 2

21

1 1
–

2

x
e dx

x x

 
 
 

∫

iz'u 9 ,oa 10 esa lgh mÙkj dk p;u dhft,A

9. lekdyu  

1

3 31

1 4

3

( )x x
dx

x

−
∫  dk eku gS%

(A) 6 (B) 0 (C) 3 (D) 4

10. ;fn  f (x) = 
0

sin
x

t t dt∫ , rc  f ′(x) gS%

(A) cos x + x sin x (B) x sin x (C) x cos x (D) sin x + x cos x

7.10  fuf'pr lekdyuksa osQ oqQN xq.k/eZ (Some Properties of Definite Integrals)

fuf'pr lekdyuksa osQ oqQN egRoiw.kZ xq.k/eks± dks ge uhps lwphc¼ djrs gSaA ;s xq.k /eZ fuf'pr
lekdyuksa dk eku vklkuh ls Kkr djus esa mi;ksxh gksaxsA

P
0 
: ( ) ( )

b b

a a
f x dx f t dt=∫ ∫

P
1 
: ( ) – ( )

b a

a b
f x dx f x dx=∫ ∫ , fof'k"Vr;k ( ) 0

a

a
f x dx =∫

P
2
 : ( ) ( ) ( )

b c b

a a c
f x dx f x dx f x dx= +∫ ∫ ∫ ] , ,a b c okLrfod la[;k,¡ gSaA

P
3
 : ( ) ( )

b b

a a
f x dx f a b x dx= + −∫ ∫

P
4
 :

0 0
( ) ( )

a a

f x dx f a x dx= −∫ ∫  (è;ku nhft, fd P
4
, P

3
 dh ,d fof'k"V fLFkfr gS)

P
5
 :

2

0 0 0
( ) ( ) (2 )

a a a

f x dx f x dx f a x dx= + −∫ ∫ ∫
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P
6
 :

= 0, ;fn  f (2a – x) = – f (x)

P
7
 :  (i)  

0
( ) 2 ( )

a a

a
f x dx f x dx

−
=∫ ∫ , ;fn f  ,d le iQyu gS vFkkZr~ ;fn f (– x) = f (x)

(ii)  ( ) 0
a

a
f x dx

−
=∫ , ;fn f  ,d fo"ke iQyu gS vFkkZr~ ;fn f (–x) = –f (x)

,d&,d djosQ ge bu xq.k/eks± dh miifÙk djrs gSaA

P
0
 dh miifÙk x = t izfrLFkkiu djus ij lh/s izkIr gksrh gSA

P
1
 dh miifÙk eku yhft, fd f  dk izfrvodyt F gSA rc dyu dh f}rh; vk/kjHkwr

izes; ls ge ikrs gSa fd ( ) F ( ) – F ( ) – [F ( ) F ( )] ( )
b a

a b
f x dx b a a b f x dx= = − = −∫ ∫ ,

;gk¡ ge iszf{kr djrs gSa fd ;fn a = b, rc ( ) 0
a

a
f x dx =∫

P
2 
dh miifÙk eku yhft, fd f  dk izfrvodyt F gS] rc

( )
b

a
f x dx∫  = F(b) – F(a) ... (1)

( )
c

a
f x dx∫  = F(c) – F(a) ... (2)

vkSj ( )
b

c
f x dx∫  = F(b) – F(c) ... (3)

(2) vkSj (3)  dks tksM+us ij ge ikrs gSa fd

= F(b) – F(a) =

blls xq.k/eZ P
2
 fl¼ gksrk gSA

P
3  
dh miifÙk  eku yhft, fd t = a + b – x. rc dt = – dx. tc x = a rc, t = b vkSj

tc x = b rc t = a. blfy,

( )
b

a
f x dx∫  = ( – )

a

b
f a b t dt− +∫

= ( – )
b

a
f a b t dt+∫  (P

1 
ls)

= ( – )
b

a
f a b x+∫ dx (P

0 
ls)

P
4 
dh miifÙk t = a – x jf[k, vkSj P

3 
dh rjg vkxs cf<+,A vc dt = – dx,

tc x = a, t = 0
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P
5 
dh miifÙk  P

2
, dk mi;ksx djrs gq, ge ikrs gSa fd

f x dx
a

( )
0

2

∫  = f x dx f x dx
a

a

a

( ) ( )
0

2

∫ ∫+

nk,¡ i{k osQ nwljs lekdyu esa t = 2a – x izfrLFkkfir dhft,] rc  dt = – dx vkSj tc
x = a, rc t = a vkSj tc x = 2a,  rc t = 0 vkSj x = 2a – t Hkh izkIr gksrk gSA
blfy, nwljk lekdyu

2

( )
a

a
f x dx∫  =

0

– (2 – )
a

f a t dt∫

=
0

(2 – )
a

f a t dt∫  = 
0

(2 – )
a

f a x dx∫  izkIr gksrk gSA

vr%
2

0
( )

a

f x dx∫  =
0 0

( ) (2 )
a a

f x dx f a x dx+ −∫ ∫
P

6 
dh miifÙk P

5
, dk mi;ksx djrs gq, ge ikrs gSa fd

f x dx
a

( )
0

2

∫  = ... (1)

vc ;fn f (2a – x) = f (x), rks (1) fuEufyf[kr :i esa ifjofrZr gks tkrk gS
2

0
( )

a

f x dx∫  =

vkSj ;fn f (2a – x) = – f (x), rc (1) fuEufyf[kr :i esa ifjofrZr gks tkrk gSa
2

0
( )

a

f x dx∫  =  
0 0

( ) ( ) 0
a a

f x dx f x dx− =∫ ∫
P

7
 dh miifÙk

P
2
 dk mi;ksx djrs gq, ge ikrs gSa fd ( )

a

a
f x dx

−∫  = 
0

0
( ) ( )

a

a
f x dx f x dx

−
+∫ ∫

nk;sa i{k osQ izFke lekdyu esa t = – x j[kus ij
dt = – dx tc x = – a rc t = a vkSj tc x = 0, rc t = 0 vkSj x = – t Hkh izkIr gksrk gSA

blfy, ( )
a

a
f x dx

−∫  =

=
0 0

(– ) ( )
a a

f x dx f x dx+∫ ∫     (P
0
 ls) ... (1)

(i) vc ;fn  f  ,d le iQyu gS rc f (–x) = f (x) rks (1) ls izkIr gksrk gS fd

    
0 0 0

( ) ( ) ( ) 2 ( )
a a a a

a
f x dx f x dx f x dx f x dx

−
= + =∫ ∫ ∫ ∫
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(ii) ;fn f  fo"ke iQyu gS rc f (–x) = – f (x) rks (1) ls izkIr gksrk gS fd

     
0 0

( ) ( ) ( ) 0
a a a

a
f x dx f x dx f x dx

−
= − + =∫ ∫ ∫

mnkgj.k 28  
2 3

1
–x x dx

−∫  dk eku Kkr dhft,A

gy ge ns[krs gSa fd [ –1, 0] ij  x3 – x ≥ 0 vkSj [0, 1] ij x3 – x ≤ 0 vkSj [1, 2] ij x3 – x ≥ 0

rc ge fy[k ldrs gSa fd

2 3

1
–x x dx

−∫  =
0 1 23 3 3

1 0 1
( – ) – ( – ) ( – )x x dx x x dx x x dx

−
+ +∫ ∫ ∫ (P

2 
ls)

=
0 1 23 3 3

1 0 1
( – ) ( – ) ( – )x x dx x x dx x x dx

−
+ +∫ ∫ ∫

=

0 1 2
4 2 2 4 4 2

– 1 0 1

– – –
4 2 2 4 4 2

x x x x x x     
+ +     

     

= ( )1 1 1 1 1 1
– – – 4 – 2 – –

4 2 2 4 4 2

     + +     
     

=
1 1 1 1 1 1

– 2
4 2 2 4 4 2

+ + − + − +  = 
3 3 11

2
2 4 4

− + =

mnkgj.k 29 24

–

4

sin x dx

π

π∫  dk eku Kkr dhft,A

gy ge izsf{kr djrs gSa fd sin2 x ,d le iQyu gSA

blfy, 24

–

4

sin x dx

π

π∫  =
24

0
2 sin x dx

π

∫ [P
7
 (1)ls]

= 4

0

(1 cos 2 )
2

2

x
dx

π −
∫  = 4

0
(1 cos 2 )x dx

π

−∫

=
4

0

1
– sin 2

2
x x

π

 
  

 = 
1 1

– sin – 0 –
4 2 2 4 2

π π π  = 
 
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mnkgj.k 30  
20

sin

1 cos

x x
dx

x

π

+∫  dk eku Kkr dhft,A

gy eku yhft, fd I = 20

sin

1 cos

x x
dx

x

π

+∫  = 20

( ) sin ( )

1 cos ( )

x x dx

x

π π − π −
+ π −∫ (P

4 
ls)

= 20

( ) sin

1 cos

x x dx

x

π π −
+∫  = 

20

sin
I

1 cos

x dx

x

π
π −

+∫

vFkok 2 I = π
π sin

cos

x dx

x1 20 +∫

vFkok I = 20

sin

2 1 cos

x dx

x

ππ
+∫

cos x =  t j[kus ij – sin x dx = dt

tc x = 0 rc t = 1 vkSj tc x = π rc t = – 1 gSA blfy, ge ikrs gSa fd

I =
1

21

–

2 1

dt

t

−π
+∫ = 

1

212 1

dt

t−

π
+∫ (P

1 
ls)

=
1

20 1

dt

t
π

+∫  D;ksafd 2

1

1 t+
 ,d leiQyu gS (P

7 
ls)

=

mnkgj.k 31 
1

5 4

1
sin cosx x dx

−∫  dk eku Kkr dhft,A

gy eku yhft, fd I = 
1 5 4

1
sin cosx x dx

−∫  vkSj  f (x) = sin5 x cos4 x

rc  f(– x) = sin5 (– x) cos4 (– x) = – sin5 x cos4 x = – f (x), vFkkZr~  f  ,d fo"ke iQyu
gS blfy, I = 0 [P

7
 (ii) ls]

mnkgj.k 32 
4

2

4 40

sin

sin cos

x
dx

x x

π

+∫  dk eku Kkr dhft,A

gy eku yhft, fd  I = 
4

2

4 40

sin

sin cos

x
dx

x x

π

+∫ ... (1)
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rc I =

4

2

0 4 4

sin ( )
2

sin ( ) cos ( )
2 2

x

dx

x x

π
π

−

π π
− + −

∫ (P
4 
ls)

=

4
2

4 40

cos

cos sin

x
dx

x x

π

+∫ ... (2)

(1) vkSj (2) dks tksM+us ij ge ikrs gSa fd

2I =
4 4

22 2

4 40 0 0

sin cos
[ ]

2sin cos

x x
dx dx x

x x

ππ π
+ π

= = =
+∫ ∫

vr%  I =
4

π

mnkgj.k 33 3

6
1 tan

dx

x

π

π +∫  dk eku Kkr dhft,A

gy eku yhft, fd I = 
3 3

6 6

cos

1 tan cos sin

x dxdx

x x x

π π

π π
=

+ +∫ ∫ ... (1)

rc I =
3

6

cos
3 6

cos sin
3 6 3 6

x dx

x x

π

π

π π + − 
 

π π π π   + − + + −   
   

∫ (P
3 
ls)

=
3

6

sin

sin cos

x
dx

x x

π

π +∫ ... (2)

(1) vkSj (2) dks tksM+us ij ge ikrs gSa fd 2I = [ ]3 3

6 6
3 6 6

dx x

π π

π π

π π π
= = − =∫

vr% I =
12

π

mnkgj.k 34 2

0
log sin x dx

π

∫  dk eku Kkr dhft,A

gy eku yhft, fd I =
2

0
log sin x dx

π

∫

rc  I = 2 2

0 0
log sin log cos

2
x dx x dx

π π
π − = 

 
∫ ∫ (P

4 
ls)
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I, osQ nksuksa ekuksa dks tksM+us ij ge ikrs gSa

2I = ( )2

0
log sin log cosx x dx

π

+∫

= ( )2

0
log sin cos log 2 log 2x x dx

π

+ −∫  ( log 2 tksM+us ,oa ?kVkus ij)

=
2 2

0 0
log sin 2 log 2x dx dx

π π

−∫ ∫ (D;ksa?)

izFke lekdyu esa 2x = t j[kus ij 2 dx = dt tc x = 0 rks  t = 0 vkSj tc  x = 
2

π
rks t = π

blfy, 2I =
0

1
log sin log 2

2 2
t dt

π π
−∫

=
2

0

2
log sin log 2

2 2
t dt

π
π

−∫  [P
6
 ls D;ksafd sin (π – t) = sin t)

= 2

0
log sin log 2

2
x dx

π
π

−∫  (pj t dks x esa ifjofrZr djus ij)

= I log 2
2

π
−

vr% 2

0
log sin x dx

π

∫  =
–

log 2
2

π

iz'ukoyh 7-10

fuf'pr lekdyuksa osQ xq.k/eks± dk mi;ksx djrs gq, 1 ls 19 rd osQ iz'uksa esa lekdyuksa dk eku
Kkr dhft,A

1. 22

0
cos x dx

π

∫ 2.
2

0

sin

sin cos

x
dx

x x

π

+∫ 3.

3

2
2

3 30

2 2

sin

sin cos

x dx

x x

π

+
∫

4.
5

2

5 50

cos

sin cos

x dx

x x

π

+∫ 5. 6.
8

2
5x dx−∫
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7.
1

0
(1 )

n
x x dx−∫ 8.

4

0
log (1 tan )x dx

π

+∫ 9.
2

0
2x x dx−∫

10.
2

0
(2log sin log sin 2 )x x dx

π

−∫ 11.
22

–

2

sin x dx

π

π∫

12.
0 1 sin

x dx

x

π

+∫ 13.
72

–

2

sin x dx

π

π∫ 14.
2 5

0
cos x dx

π

∫

15. 2

0

sin cos

1 sin cos

x x
dx

x x

π
−

+∫ 16.
0

log (1 cos )x dx
π

+∫ 17.
0

a x
dx

x a x+ −∫

18.
4

0
1x dx−∫

19. n'kkZb, fd 
0 0

( ) ( ) 2 ( )
a a

f x g x dx f x dx=∫ ∫ , ;fn f  vkSj g dks f (x) = f (a – x) ,oa

g(x) + g(a – x) = 4 osQ :i esa ifjHkkf"kr fd;k x;k gSA

iz'u 20 ,oa 21 esa lgh mÙkj dk p;u dhft,A

20. 3 52

2

( cos tan 1)x x x x dx

π

−π
+ + +∫  dk eku gS%

(A) 0 (B) 2 (C) π (D) 1

21. 2

0

4 3 sin
log

4 3 cos

x
dx

x

π
 +
 + 

∫  dk eku gS%

(A) 2 (B)
3

4
(C) 0 (D) –2

fofo/ mnkgj.k

mnkgj.k 35 cos 6 1 sin 6x x dx+∫  Kkr dhft,A

gy t = 1 + sin 6x, j[kus ij dt = 6 cos 6x dx

blfy, =
1

6

1

2t dt∫

=

3 3

2 2
1 2 1

( ) C = (1 sin 6 ) C
6 3 9

t x× + + +
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mnkgj.k 36 

1

4 4

5

( )x x
dx

x

−
∫  Kkr dhft,A

gy ge izkIr djrs gSa fd 

1
1

4
4 4 3

5 4

1
(1 )

( )x x xdx dx
x x

−−
=∫ ∫

vc – 3

3 4

1 3
1 1 – ,x t dx dt

x x
− = = =j[ku s ij

blfy,  =
1

3

1

4t dt∫

=

5
5

4
4

3

1 4 4 1
C = 1 C

3 5 15
t

x

 × + − + 
 

mnkgj.k 37 

4

2
( 1) ( 1)

x dx

x x− +∫  Kkr dhft,A

gy ge izkIr djrs gSa fd 
4

2 3 2

1
( 1)

( 1) ( 1) 1

x
x

x x x x x
= + +

− + − + −

= 2

1
( 1)

( 1) ( 1)
x

x x
+ +

− +
... (1)

vc 2 2

1 A B C

( 1)( 1)( 1) ( 1)

x

xx x x

+
= +

−− + +
 osQ :i esa vfHkO;Dr djrs gSa    ... (2)

blfy, 1 =A (x2 + 1) + (Bx + C) (x – 1)

=(A + B) x2 + (C – B) x + A – C

nksuksa i{kksa osQ xq.kkadksa dh rqyuk djus ij ge ikrs gSa fd A + B = 0, C – B = 0 vkSj

A – C = 1, ftlls izkIr gksrk gS fd 
1 1

A , B C –
2 2

= = =

A, B ,oa C dk eku (2) esa izfrLFkkfir djus ij ge ikrs gSa fd

2 2 2

1 1 1 1

2( 1) 2( 1) ( 1) ( 1) 2( 1)

x

xx x x x
= − −

−− + + + ... (3)
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(3) dks (1) esa izfrLFkkfir djus ij ge ikrs gSa fd
4

2 2 2

1 1 1
( 1)

2( 1) 2( 1) ( 1) ( 1) 2( 1)

x x
x

xx x x x x
= + + − −

−− + + + +
blfy,

4 2
2 – 1

2

1 1 1
log 1 – log ( 1) – tan C

2 2 4 2( 1) ( 1)

x x
dx x x x x

x x x
= + + − + +

− + +∫

mnkgj.k 38  Kkr dhft,

gy eku yhft, I = +








∫ log (log )

(log )
x

x
dx

1
2

= 2

1
log (log )

(log )
x dx dx

x
+∫ ∫

vkb,] izFke lekdyu esa 1 dks f}rh; iQyu osQ :i esa ysrs gSaA rc [kaM'k% lekdyu ls ge
ikrs gSa fd

I =

= 2
log (log )

log (log )

dx dx
x x

x x
− +∫ ∫ ... (1)

iqu% 
log

dx

x∫ , ij fopkj dhft,] 1 dks f}rh; iQyu osQ :i esa yhft, vkSj [kaM'k%

fof/ }kjk lekdyu dhft,] bl izdkj ge ikrs gSa fd

dx

xlog∫  = ... (2)

(2) dks (1), esa j[kus ij ge ikrs gSa

I =

= log (log ) C
log

x
x x

x
− +
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mnkgj.k 39 cot tanx x dx+ ∫ Kkr dhft,A

gy ge ikrs gSa fd I cot tanx x dx = + ∫ tan (1 cot )x x dx= +∫
vc tan x = t2, j[kus ij sec2 x dx = 2t dt

vFkok dx =
4

2

1

t dt

t+

rc I = t
t

t

t
dt1

1 2

1
2 4

+



 +∫

( )

= 2
1

1
2

1
1

1

2

4

2

2

2

( )t

t
dt

t
dt

t
t

+
+

+





+





∫∫ =  = 

iqu%
1

t
t

−  = y, j[kus ij 2

1
1

t

 + 
 

 dt = dy

rc I =
+ ( )∫2

2
2

2

dy

y
 =

=

2
– 1 – 11 tan 1

2 tan C = 2 tan C
2 2 tan

t x

t x

 − − 
+ +       

mnkgj.k 40 Kkr dhft,A

gy  eku yhft, fd 
4

sin 2 cos 2
I

9 – cos 2

x x
dx

x
= ∫

vc cos2 (2x) = t j[kus ij 4 sin 2x cos 2x dx = – dt

blfy, –1 1 2

2

1 1 1 1
I – – sin C sin cos 2 C

4 4 3 4 39 –

dt t
x

t

−   = = + = − +      
∫
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mnkgj.k 41   

3

2

1
sin ( )x x dx

−
π∫  dk eku Kkr dhft, A

gy  ;gk¡ f (x) = sin πx x  = 

blfy,  =

3
1

2

1 1
sin sinx x dx x x dx

−
π + − π∫ ∫

=

3
1

2

1 1
sin sinx x dx x x dx

−
π − π∫ ∫

nk;sa i{k osQ nksuksa lekdyuksa dk lekdyu djus ij ge ikrs gSa fd

 =

= 2 2

2 1 1 3 1 − − − = + π π ππ π 

mnkgj.k 42   2 2 2 20 cos sin

x dx

a x b x

π

+∫  dk eku Kkr dhft,A

gy  eku yhft, fd I = 2 2 2 2 2 2 2 20 0

( )

cos sin cos ( ) sin ( )

x dx x dx

a x b x a x b x

π π π −
=

+ π − + π −∫ ∫

(P
4
osQ mi;ksx ls)

=
2 2 2 2 2 2 2 20 0cos sin cos sin

dx x dx

a x b x a x b x

π π
π −

+ +∫ ∫

=  2 2 2 20
I

cos sin

dx

a x b x

π
π −

+∫

vr% 2I = 2 2 2 20 cos sin

dx

a x b x

π
π

+∫
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vFkok I =
2

2 2 2 2 2 2 2 20 0
2

2 2cos sin cos sin

dx dx

a x b x a x b x

π
ππ π

= ⋅
+ +∫ ∫

    (P
6 
osQ mi;ksx ls)

(jf[k, tanx = t vkSj cot x =

u)

vè;k; 7 ij fofo/ iz'ukoyh
1 ls 24 rd osQ iz'uksa osQ iQyuksa dk lekdyu dhft,A

1. 3

1

x x−
2.

1

x a x b+ + +

3.
2

1

x ax x−
 [laosQr : x = 

a

t
 jf[k,] 4. 3

2 4 4

1

( 1)x x +

5.
11

32

1

x x+
      [laosQr:

11 1 1

32 3 6

1 1

1x x x x

=
 

+ + 
 
 

, x = t6 jf[k,]

6. 2

5

( 1) ( 9)

x

x x+ +
7.

sin

sin ( )

x

x a−
8.

5 log 4 log

3 log 2 log

x x

x x

e e

e e

−
−
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9.
2

cos

4 sin

x

x−
10.

8 8

2 2

sin cos

1 2sin cos

x x

x x

−
− 11.

1

cos ( ) cos ( )x a x b+ +

12.

3

81

x

x−
13.

(1 ) (2 )

x

x x

e

e e+ + 14. 2 2

1

( 1) ( 4)x x+ +

15. cos3 x elog sinx 16. e3 logx (x4 + 1)– 1 17.  f ′(ax + b) [f (ax + b)]n

18.
3

1

sin sin ( )x x + α
19.

1

1

x

x

−
+

20.
2 sin 2

1 cos2

xx
e

x

+
+

21.

2

2

1

( 1) ( 2)

x x

x x

+ +
+ + 22.

– 1 1
tan

1

x

x

−
+

23.

2 2

4

1 log ( 1) 2 logx x x

x

 + + − 

24 ls 31 rd osQ iz'uksa esa fuf'pr lekdyuksa dk eku Kkr dhft,A

24.
2

1 sin

1 – cos

x x
e dx

x

π

π
− 

 
 ∫ 25. 4

4 40

sin cos

cos sin

x x
dx

x x

π

+∫ 26.
2

2

2 20

cos

cos 4 sin

x dx

x x

π

+∫

27.
3

6

sin cos

sin 2

x x
dx

x

π

π

+
∫ 28.

1

0 1

dx

x x+ −∫ 29.
4

0

sin cos

9 16 sin 2

x x
dx

x

π
+

+∫

30.
12

0
sin 2 tan (sin )x x dx

π
−∫

31. ( )4

1
1| | 2 | | 3x x x dx− + − + −∫

fuEufyf[kr dks fl¼ dhft, (iz'u 32 ls  39 rd) A

32.
3

21

2 2
log

3 3( 1)

dx

x x
= +

+∫ 33.
1

0
1

x
x e dx =∫

34.
1

17 4

1
cos 0x x dx

−
=∫ 35. 32

0

2
sin

3
x dx

π

=∫

36.
34

0
2 tan 1 log 2x dx

π

= −∫ 37.
1 1

0
sin 1

2
x dx

− π
= −∫
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38 ls 40 rd osQ iz'uksa esa lgh mÙkj dk p;u dhft,A

38.
x x

dx

e e
−+∫  cjkcj gS%

(A) tan–1 (ex) + C (B) tan–1 (e –x) + C

(C) log (ex – e –x) + C (D) log (ex + e – x) + C

39.
2

cos 2

(sin cos )

x
dx

x x+∫  cjkcj gS%

(A)
–1

C
sin cosx x

+
+

(B) log |sin cos | Cx x+ +

(C) log |sin cos | Cx x− + (D) 2

1

(sin cos )x x+

40. ;fn f (a + b – x) = f (x), rks ( )
b

a
x f x dx∫  cjkcj gS%

(A) ( )
2

b

a

a b
f b x dx

+
−∫ (B) ( )

2

b

a

a b
f b x dx

+
+∫

(C) ( )
2

b

a

b a
f x dx

−
∫ (D) ( )

2

b

a

a b
f x dx

+
∫

lkjka'k

® lekdyu] vodyu dk O;qRØe izØe gSA vodyu xf.kr esa gesa ,d iQyu fn;k gqvk
gksrk gS vkSj gesa bl iQyu dk vodyt vFkok vody Kkr djuk gksrk gS ijarq
lekdyu xf.kr esa gesa ,d ,slk iQyu Kkr djuk gksrk gS ftldk vody fn;k gqvk
gksrk gSA vr% lekdyu ,d ,slk izØe gS tks fd vodyu dk O;qRØe gSA

eku yhft, fd F( ) ( )
d

x f x
dx

= . rc ge ( ) F ( ) Cf x dx x= +∫  fy[krs gSaA ;s

lekdyu vfuf'pr lekdyu vFkok O;kid lekdyu dgykrs gSaA C lekdyu vpj
dgykrk gSA bu lHkh lekdyuksa esa ,d vpj dk varj gksrk gSA

® vfuf'pr lekdyu osQ oqQN xq.k/eZ fuEufyf[kr gSA

1. [ ( ) ( )] ( ) ( )f x g x dx f x dx g x dx+ = +∫ ∫∫
2. fdlh Hkh okLrfod la[;k k, osQ fy, ( ) ( )k f x dx k f x dx=∫ ∫

vf/d O;kidr%] ;fn  f
1
, f

2
, f

3
,..., f

n
 , iQyu gSa rFkk k

1
, k

2
,...,k

n
 , okLrfod

la[;k,¡ gSa rks
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[ ( ) ( ) ... ( )]k f x k f x k f x dxn n1 1 2 2+ + +∫
= 1 1 2 2( ) ( ) ... ( )n nk f x dx k f x dx k f x dx+ + +∫ ∫ ∫

® oqQN izkekf.kd lekdyu

(i)

1

C
1

n
n x

x dx
n

+

= +
+∫ , n ≠ – 1. fof'k"Vr% Cdx x= +∫

(ii) cos sin Cx dx x= +∫ (iii) sin – cos Cx dx x= +∫
(iv)

2
sec tan Cx dx x= +∫ (v)

2
cosec – cot Cx dx x= +∫

       (vi) sec tan sec Cx x dx x= +∫

(vii) cosec cot – cosec Cx x dx x= +∫ (viii)
1

2
sin C

1

dx
x

x

−= +
−

∫

(ix)
1

2
cos C

1

dx
x

x

−= − +
−

∫ (x)
1

2
tan C

1

dx
x

x

−= +
+∫

(xi)
1

2
cot C

1

dx
x

x

−= − +
+∫ (xii) C

x x
e dx e= +∫

(xiii) C
log

x
x a

a dx
a

= +∫ (xiv) 1

x
dx x= +∫ log C

® vkaf'kd fHkUuksa }kjk lekdyu

Lej.k dhft, fd ,d ifjes; iQyu  
P ( )

Q ( )

x

x
, nks cgqinksa dk vuqikr gS ftlesa P(x)

vkSj Q (x), x osQ cgqin gSa vkSj Q (x) ≠ 0. ;fn cgqin P(x) dh ?kkr cgqin Q(x), dh
?kkr ls vf/d gS rk s ge P(x) dks Q (x) ls foHkkftr djrs gS a rkfd

1P ( )P ( )
T ( )

Q ( ) Q( )

xx
x

x x
= +  osQ :i esa fy[kk tk losQ tgk¡ T (x), ,d cgqin gS vkSj

P
1
(x) dh ?kkr Q(x) dh ?kkr ls de gSA cgqin gksus osQ dkj.k T (x) dk lekdyu

vklkuh ls Kkr fd;k tk ldrk gSA 1P ( )

Q( )

x

x
 dks fuEufyf[kr izdkj dh vkaf'kd fHkUuksa

osQ ;ksxiQy osQ :i esa O;Dr djrs gq, bldk lekdyu Kkr fd;k tk ldrk gSA

1.
( ) ( )

px q

x a x b

+
− −

 = 
A B

x a x b
+

− −
, a ≠ b
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2. 2( )

px q

x a

+
− = 2

A B

( )x a x a
+

− −

3.

2

( ) ( ) ( )

px qx r

x a x b x c

+ +
− − − =

A B C

x a x b x c
+ +

− − −

4.

2

2
( ) ( )

px qx r

x a x b

+ +
− − = 2

A B C

( )x a x bx a
+ +

− −−

5.

2

2
( ) ( )

px qx r

x a x bx c

+ +
− + + =

2

A B + Cx

x a x bx c
+

− + +
,

tgk¡ x2 + bx + c osQ vkxs vkSj xq.ku[kaM ugha fd, tk ldrsA

® izfrLFkkiu }kjk lekdyu

lekdyu osQ pj esa ifjorZu fn, gq, lekdyu dks fdlh ,d vk/kjHkwr lekdyu esa
ifjofrZr dj nsrk gSA ;g fof/ ftlesa ge ,d pj dks fdlh nwljs pj esa ifjofrZr djrs
gSa izfrLFkkiu fof/ dgykrh gSA tc lekdY; esa oqQN f=kdks.kferh; iQyu lfEefyr
gksa rks ge lekdyu Kkr djus osQ fy, oqQN lqifjfpr loZ lfedkvksa dk mi;ksx djrs
gSaA izfrLFkkiu fof/ dk mi;ksx djrs gq, ge fuEufyf[kr izkekf.kd lekdyuksa dks izkIr
djrs gSa%

(i) tan log sec Cx dx x= +∫ (ii) cot log sin Cx dx x= +∫

(iii) sec log sec tan Cx dx x x= + +∫

(iv) cosec log cosec cot Cx dx x x= − +∫

® oqQN fof'k"V iQyuksa osQ lekdyu

(i) 2 2

1
log C

2

dx x a

a x ax a

−
= +

+−∫

(ii) 2 2

1
log C

2

dx a x

a a xa x

+
= +

−−∫ (iii)
1

2 2

1
tan C

dx x

a ax a

−= +
+∫
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(iv) 2 2

2 2
log C

dx
x x a

x a
= + − +

−
∫ (v)

1

2 2
sin C

dx x

aa x

−= +
−

∫

(vi)
2 2

2 2
log | | C

dx
x x a

x a
= + + +

+
∫

® [kaM'k% lekdyu

fn, gq, iQyuksa f
1
 rFkk f

2
, osQ fy, ge izkIr djrs gSa fd

1 2 1 2 1 2( ) . ( ) ( ) ( ) ( ) . ( )
d

f x f x dx f x f x dx f x f x dx dx
dx

 = −   ∫ ∫ ∫ ∫ , vFkkZr~ nks

iQyuksa osQ xq.kuiQy dk lekdyu = izFke iQyu × f}rh; iQyu dk lekdyu – {izFke
iQyu dk vody xq.kkad × f}rh; iQyu dk lekdyu} dk lekdyu . izFke iQyu
,oa f}rh; iQyu osQ p;u esa lko/kuh j[kuh pkfg,A Li"Vr;k gesa ,sls iQyu dks f}rh;
iQyu osQ :i esa ysuk pkfg, ftldk lekdyu gesa Hkfy&Hkk¡fr Kkr gSA

® [ ( ) ( )] ( ) C
x x

e f x f x dx e f x dx′+ = +∫ ∫
® oqQN fof'k"V izdkj osQ lekdyu

(i)

2
2 2 2 2 2 2

log C
2 2

x a
x a dx x a x x a− = − − + − +∫

(ii)

2
2 2 2 2 2 2

log C
2 2

x a
x a dx x a x x a+ = + + + + +∫

(iii)

2
2 2 2 2 1

sin C
2 2

x a x
a x dx a x

a

−− = − + +∫

(iv)
dx

ax bx c

dx

ax bx c
2 2+ + + +

∫ ∫vFkok osQ izdkj osQ lekdyuksa dks izkekf.kd

:i esa fuEufyf[kr fof/ }kjk ifjofrZr fd;k tk ldrk gS%

ax2 + bx + c = 

2 2
2

22 4

b c b c b
a x x a x

a a a a a

     + + = + + −          

(v)
px q dx

ax bx c

px q dx

ax bx c

+
+ +

+

+ +
∫ ∫2 2

vFkok osQ izdkj osQ lekdyuksa dks izkekf.kd

:i esa ifjofrZr fd;k tk ldrk gS%
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2
A ( ) B A (2 ) B

d
px q ax bx c ax b

dx
+ = + + + = + + , A rFkk B dk eku Kkr

djus osQ fy, nksuksa i{kksa ls xq.kkadksa dh rqyuk dh tkrh gSA

® geus ( )
b

a
f x dx∫  dks] oØ y = f (x), a ≤ x ≤ b, x-v{k ,oa dksfV;ksa x = a vkSj x = b

ls f?kjs {ks=k osQ {ks=kiQy osQ :i esa ifjHkkf"kr fd;k gSA eku yhft, [a, b] esa x ,d ̄ cnq

gS rc ( )
x

a
f x dx∫  {ks=kiQy iQyu A (x) dks fu:fir djrk gSA {ks=kiQy iQyu dh

ladYiuk gesa dyu dh vk/kjHkwr izes; dh vksj fuEufyf[kr :i esa izsfjr djrh gSA

® lekdyu xf.kr dh izFke vk/kjHkwr izes; eku yhft, fd {ks=kiQy iQyu

A(x) = ( )
x

a
f x dx∫ , ∀ x ≥ a, }kjk ifjHkkf"kr gS tgk¡ iQyu f  varjky  [a, b] ij larr

iQyu ekuk x;k gSA rc A′ (x) = f (x) ∀  x ∈ [a, b]

® lekdyu xf.kr dh f}rh; vk/kjHkwr izes;
eku yhft, fdlh can varjky [a, b] ij  f, x dk larr iQyu gS vkSj F ,d nwljk iQyu

gS tgk¡ F( ) ( )
d

x f x
dx

= , f  osQ izkUr osQ lHkh x osQ fy, gS] rc

[ ]( ) F( ) C F ( ) F ( )
b b

aa
f x dx x b a= + = −∫

;g ifjlj  [a, b] ij  f  dk fuf'pr lekdyu dgykrk gS tgk¡ a rFkk b lekdyu
dh lhek,¡ dgykrh gSa a fuEu lhek dgykrh gS vkSj b dks mPp lhek dgrs gSaA

—vvvvv—



vOne should study Mathematics because it is only through Mathematics that

nature can be conceived in harmonious form. – BIRKHOFF v

8.1  Hkwfedk (Introduction)

T;kfefr esa] geus f=kHkqtksa vk;rksa] leyac prqHkq Ztksa ,oa o`Ùkks a
lfgr fofHkUu T;kferh; vko`Qfr;ksa osQ {ks=kiQy osQ ifjdyu
osQ fy, lw=kks a dk vè;;u fd;k gSA okLrfod thou dh vusd
leL;kvksa osQ fy, xf.kr osQ vuqiz;ksx esa bl izdkj osQ lw=k ewy
gksrs gSaA izkjafHkd T;kfefr osQ lw=kks a dh lgk;rk ls ge vusd
lk/kj.k vko`Qfr;ksa osQ {ks=kiQy dk ifjdyu dj ldrs gSaA
;|fi ;s lw=k oØksa }kjk f?kjs {ks=kiQy osQ ifjdyu osQ fy,
vi;kZIr gSa blosQ fy, gesa lekdyu xf.kr dh oqQN ladYiukvksa
dh vko';drk gksxhA

fiNys vè;k; esa geus ;ksxiQy dh lhek osQ :i esa fuf'pr
lekdyuks a dk ifjdyu djrs le; oØ y = f (x), dksfV;ks a
 x = a, x = b ,oa x-v{k ls f?kjs {ks=kiQy dks Kkr djus dk
vè;;u fd;k gSA bl vè;k; esa ge lk/kj.k oØksa osQ varxZr] ljy js[kkvksa ,oa o`Ùkksa] ijoy;ksa]
rFkk nh?ko`Ùkksa (osQoy ekud :i) dh pkiksa osQ chp f?kjs {ks=kiQy dks Kkr djus osQ fy, lekdyuksa
osQ ,d fof'k"V vuqiz;ksx dk vè;;u djsaxsA mijksDr oØksa ls f?kjs {ks=kiQy dks Hkh Kkr djsaxsA

8.2 lk/kj.k oØksa osQ varxZr {ks=kiQy (Area Under Simple Curves)

fiNys vè;k; esa geus] ;ksxiQy dh lhek osQ :i esa fuf'pr lekdyu ,oa dyu dh vk/kjHkwr
izes; dk mi;ksx djrs gq, fuf'pr lekdyu dk ifjdyu oSQls fd;k tk,] dk vè;;u fd;k
gSA vc ge oØ y = f (x), x-v{k ,oa dksfV;k¡ x = a rFkk x = b ls f?kjs {ks=kiQy dks Kkr djus

vè;k;

A.L. Cauchy

(1789-1857)

8

lekdyuksa osQ vuqiz;ksx
(Application of Integrals)
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dh vklku ,oa varKkZu ls izkIr fof/ dh ppkZ djrs
gSaA vko`Qfr 8-1 ls ge oØ osQ varxZr {ks=kiQy dks
cgqr lh iryh ,oa mèokZ/j cgqr lh ifV~V;ks a ls
fufeZr eku ldrs gSaA y m¡pkbZ ,oa dx pkSM+kbZ
okyh ,d LosPN iV~Vh ij fopkj dhft,] blesa dA

(izkjafHkd iV~Vh dk {ks=kiQy) = ydx, tgk¡ y = f(x) gSA

;g {ks=kiQy izkjafHkd {ks=kiQy dgykrk gS tks
fd {ks=k osQ Hkhrj fdlh LosPN fLFkfr ij LFkkfir
gS ,oa a rFkk b osQ eè; x osQ fdlh eku ls fofufnZ"V gSA oØ y = f (x), dksfV;ksa x = a, x = b

,oa x&v{k ls f?kjs {ks=k osQ oqQy {ks=kiQy A dks] {ks=k PQRSP esa lHkh iryh ifV~V;ksa osQ {ks=kiQyksa
osQ ;ksxiQy osQ ifj.kke osQ :i esa ns[k ldrs gSaA lkaosQfrd
Hkk"kk esa ge bls bl izdkj vfHkO;Dr djrs gSa%

A = A ( )
b b b

a a a
d ydx f x dx= =∫ ∫ ∫

oØ x = g (y), y-v{k ,oa js[kk,¡ y = c, y = d ls f?kjs {ks=k
dk {ks=kiQy fuEufyf[kr lw=k }kjk izkIr fd;k tkrk gSA

A = ( )
d d

c c
xdy g y dy=∫ ∫

;gk¡ ge {kSfrt ifV~V;ksa ij fopkj djrs gSa tSlk fd
vko`Qfr 8-2 esa n'kkZ;k x;k gSA

fVIi.kh ;fn pfpZr oØ dh fLFkfr x-v{k osQ uhps gS] rks tSlk fd vko`Qfr 8-3 esa n'kkZ;k
x;k gS] tgk¡ x = a ls  x = b rd
f (x) < 0  blfy, fn, gq, oØ]
x-v{k ,oa dksfV;ksa x = a, x = b ls
f?kjs {ks=k dk {ks=kiQy ½.kkRed gks
tkrk gS] ijarq ge {ks=kiQy osQ osQoy
la[;kRed eku dh gh ppkZ djrs
gSaA blfy, ;fn {ks=kiQy ½.kkRed
gS rks ge blosQ fujis{k eku] vFkkZr~

f x dx
a

b

( )∫ dks ysrs gSaA

vko`Qfr 8-2

vko`Qfr 8-3

vko`Qfr 8-1
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vko`Qfr 8-4

lkekU;r% ,slk gks ldrk gS fd oØ dk oqQN Hkkx x-v{k osQ Åij gS rFkk oqQN Hkkx x-v{k osQ
uhps gS] tSlk fd vko`Qfr 8-4 esa n'kkZ;k x;k gSA ;gk¡ A

1
 < 0 rFkk A

2
 > 0 gS] blfy, oØ

y = f (x), x-v{k ,oa dksfV;ksa x = a rFkk x = b ls f?kjs {ks=k dk {ks=kiQy A lw=k A = 1A + A
2

}kjk izkIr fd;k tkrk gS A

mnkgj.k 1 o`Ùk x2 + y2 = a2 dk {ks=kiQy Kkr dhft,A

gy vko`Qfr 8-5 esa fn, gq, o`Ùk ls f?kjs gq, {ks=k dk oqQy {ks=kiQy

= 4 (fn, gq, oØ] x-v{k ,oa dksfV;ksa x = 0 rFkk x = a ls f?kjs {ks=k AOBA dk {ks=kiQy)

       [D;ksafd o`Ùk x-v{k ,oa y-v{k nksuksa osQ
ifjr% lefer gS]

= 
0

4
a

ydx∫  (mèokZ/j ifV~V;k¡ ysrs gq,)

= 
2 2

0
4

a

a x dx−∫ ,

D;ksafd x2 + y2 = a2 ls 2 2
y a x= ± −  izkIr gksrk gSA

tSlk fd {ks=k  AOBA izFke prqFkk±'k esa lfEefyr gS
blfy,  y dks /ukRed fy;k tkrk gSA lekdyu djus
ij fn, gq, o`Ùk ls f?kjk {ks=kiQy fuEufyf[kr :i esa
izkIr gksrk gS%

= 
2

2 2 –1

0

4 sin
2 2

a

x a x
a x

a

 
− + 

 
 = 

 = 

2
24

2 2

a
a

  π = π   
   

vko`Qfr 8-5
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fodYir% tSlk fd vko`Qfr 8-6 esa n'kkZ;k x;k gS
{kSfrt ifV~V;ksa dh ppkZ djrs gq, òÙk }kjk f?kjs {ks=k dk
oqQy {ks=kiQy

= 
0

4
a

xdy∫  = 2 2

0
4

a

a y dy−∫         (D;ksa?)

= 

2

2 2 1

0

4 sin
2 2

a

ay y
a y

a

− 
− + 

 

=  

= 

2
2

4
2 2

a
a

π
= π

mnkgj.k 2 nh?kZo`Ùk  
2 2

2 2
1

x y

a b
+ =  ls f?kjs {ks=k dk

{ks=kiQy dk Kkr dhft,A
gy vko`Qfr 8.7 esa nh?kZo`Ùk ls f?kjs {ks=k ABA′B′A dk {ks=kiQy

= 4
0fn, gq, oØ] v{k] dksfV;k sa }kjk izFke prqFkk ±'k e sa

f?k

x x x a− = =,

jjs {ks= k dk  {ks=kiQyAOBA








(D;ksafd nh?kZo`Ùk x-v{k ,oa y-v{k nksuksa osQ ifjr% lefer gS)

= 4 ydx

a

0

( )∫ mèokZ/j  iV ~fV;k¡ ysrs gq,

vc 
2 2

2 2

x y

a b
+  = 1 ls 2 2b

y a x
a

= ± − izkIr gksrk gS] ijarq {ks=k AOBA izFke prqFkk±'k esa gS

blfy, y /ukRed fy;k tkrk gS] blfy, vHkh"V {ks=kiQy

= 
2 2

0
4

a b
a x dx

a
−∫

2
2 2 –1

0

4
sin

2 2

a

b x a x
a x

a a

 
= − + 

 
(D;ksa?)

2
14

0 sin 1 0
2 2

b a a

a

−  
= × + −  

   

 
2

4

2 2

b a
ab

a

π
= = π gSA

vko`Qfr 8-7

vko`Qfr 8-6
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fodYir% tSlk  fd vko`Qfr 8-8 esa n'kkZ;k x;k gS {kSfrt ifV~V;ksa dh ppkZ djrs gq, nh?kZo`Ùk
dk {ks=kiQy

= 4
0

xdy
b

∫  =  (D;ksa?)

24

2 2

a b
ab

b

π
= ⋅ ⋅ = π  gSA

iz'ukoyh 8-1

1. nh?kZo`Ùk 
2 2

1
16 9

x y
+ = ls f?kjs {ks=k dk {ks=kiQy Kkr dhft,A

2. nh?kZo`Ùk 
2 2

1
4 9

x y
+ = ls f?kjs {ks=k dk {ks=kiQy Kkr dhft,A

iz'u 3 ,oa 4 esa lgh mÙkj dk p;u dhft,%

3. izFke prqFkk±'k esa o`Ùk x2 + y2 = 4 ,oa js[kkvksa x = 0, x = 2 ls f?kjs {ks=k dk {ks=kiQy gS%

(A) π (B)
2

π
(C)

3

π
(D)

4

π

4. oØ y2 = 4x, y-v{k ,oa js[kk y = 3 ls f?kjs {ks=k dk {ks=kiQy gS%

(A) 2 (B)
9

4
(C)

9

3
(D)

9

2

fofo/ mnkgj.k

mnkgj.k 3 js[kk y = 3x + 2, x-v{k ,oa dksfV;ks a x = –1 ,oa x = 1 ls f?kjs {ks=k dk {ks=kiQy
Kkr dhft,A

vko`Qfr 8-8
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gy tSlk fd vko`Qfr 8-9 esa n'kkZ;k x;k gS] js[kk

 y = 3x + 2, x-v{k dks x = 
2

3

−
 ij feyrh gS vkSj

osQ fy, bldk vkys[k  x-v{k osQ uhps

gS rFkk osQ fy, bldk vkys[k x-v{k

ls Åij gSA

vHkh"V {ks=kiQy  = {ks=k ACBA dk {ks=kiQy + {ks=k
ADEA dk {ks=kiQy

=

2
1

3
21

3

(3 2) (3 2)x dx x dx

−

−−
+ + +∫ ∫

=

2
1

2 23

2
1

3

3 3
2 2

2 2

x x
x x

−

−−

   
+ + +   

   
 = 

1 25 13

6 6 3
+ =

mnkgj.k 4  x = 0 ,oa x = 2π osQ eè; oØ
y = cos x ls f?kjs {ks=k dk {ks=kiQy Kkr dhft,A

gy vko`Qfr 8-10 ls] vHkh"V {ks=kiQy
= {ks=k OABO dk {ks=kiQy + {ks=k BCDB dk
{ks=kiQy + {ks=k DEFD dk {ks=kiQy

blfy, vHkh"V {ks=kiQy

=

 

3ππ

2π22

3ππ0

22

cos cos cosxdx xdx xdx+ +∫ ∫ ∫

= [ ] [ ] [ ]
3

22 2

30
2 2

sin sin sinx x x

π π
π

π π
+ +  = 1 + 2 + 1 = 4

vko`Qfr 8-9

vko`Qfr 8-10
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vè;k; 8 ij fofo/ iz'ukoyh

1. fn, gq, oØksa ,oa js[kkvksa ls f?kjs {ks=k dk {ks=kiQy Kkr dhft,%
(i) y = x2; x = 1, x = 2 ,oa x-v{k
(ii) y = x4; x = 1, x = 5 ,o x-v{k

2.  y = 3x +  dk xzki+Q [khafp, ,oa 
0

6
3x dx

−
+∫  dk eku Kkr dhft,A

3. x = 0 ,oa x = 2π rFkk oØ y = sin x ls f?kjs {ks=k dk {ks=kiQy Kkr dhft,A
4 ls 5 rd osQ iz'uksa esa lgh mÙkj dk p;u dhft,%

4. oØ y = x3, x-v{k ,oa dksfV;ksa x = – 2, x = 1 ls f?kjs {ks=k dk {ks=kiQy gS%

(A) – 9 (B)
15

4

−
(C)

15

4
(D)

17

4

5. oØ y = x | x | , x-v{k ,oa dksfV;ksa x = – 1 rFkk x = 1 ls f?kjs {ks=k dk {ks=kiQy gS%

(A) 0 (B)
1

3
(C)

2

3
(D)

4

3

[laosQr : y = x2 ;fn x > 0 ,oa y = – x2 ;fn x < 0]

lkjka'k

® oØ y = f (x), x-v{k ,oa js[kkvksa x = a rFkk x = b (b > a) ls f?kjs {ks=k osQ {ks=kiQy dk

lw=k : {ks=kiQy = =∫ ∫ydx f x dx
a

b

a

b

( )  gS A

® oØ x = φ (y), y-v{k ,oa js[kkvksa y = c, y = d  ls f?kjs {ks=k osQ {ks=kiQy dk lw=k :

{ks=kiQy = xdy y dy
c

d

c

d

∫ ∫= φ ( )  gS A

,sfrgkfld i`"BHkwfe

lekdyu xf.kr dk izkjaHk xf.kr osQ izkjafHkd fodkl dky ls gh gqvk gSA ;g izkphu ;wukuh
xf.krKksa }kjk fodflr fu%'ks"krk fof/ ij vk/kfjr gSA bl fof/ dk izkjaHk leryh;
vko`Qfr;ksa osQ {ks=kiQy vkSj Bksl oLrqvksa osQ vk;ru dh x.kuk ls gqvkA bl rjg ls fu%'ks"krk
fof/] lekdyu fof/ dh izkjafHkd fLFkfr osQ :i esa le>h tk ldrh gSA fu%'ks"krk fof/
dk loksZRd`"V fodkl izkjafHkd dky esa ;wMksDl (Eudoxus (440 bZ- iw-) vkSj vk£dfeMht
(Archimedes (300 bZ- iw-) osQ dk;ks± ls izkIr gqvk gSA

dyu osQ fl¼kar dk Øec¼ fodkl bZlk osQ i'pkr~ 17oha 'krkCnh esa gqvkA lu~ 1665
esa U;wVu us dyu ij viuk dk;Z izokgu fl¼kar (Theory of fluxion) osQ :i esa izkjaHk fd;kA
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mUgksaus bl fl¼kar dk iz;ksx oØ osQ fdlh ¯cnq ij Li'khZ vkSj oØrk&f=kT;k Kkr djus esa
fd;kA U;wVu us O;qRØe iQyu dh /kj.kk ls ifjp; djk;k vkSj bldks izfrvodyt
(vfuf'pr lekdyu) ;k Lif'kZ;ksa dh O;qRØe fof/  (Inverse Method of tangents) dk
ukedj.k fd;kA

1684–86, osQ chp esa ySofu”k (Leibnitz) us ,d izi=k ,dVk bjksfMVksfj;e (Acta

Eruditorum) esa izdkf'kr fd;k vkSj bls oSQyD;wyl lEeSVksfj;l  (Calculous Summatorius)

uke fn;k] D;ksafd ;g vuar NksVs {ks=kiQyksa osQ ;ksxiQy ls lacaf/r Fkk] ogha ij mUgksaus bls
;ksxiQy osQ izrhd ‘∫’ }kjk O;Dr fd;kA lu~ 1696 bZ- esa mUgksaus ts- cjukSyh (J.Bernoulli)

osQ lq>ko dks ekudj vius izi=k dks dSyD;wyl baVsxzkyh (Calculus Integrali) uke esa
ifjofrZr dj fn;kA ;g U;wVu }kjk Lif'kZ;ksa dh O;qRØe fof/ osQ laxr FkkA

U;wVu vkSj ySofu”k nksuksa us iw.kZr% Lora=k ekxZ viuk;k tks ewyr% fHkUu FksA rFkkfi mu nksuksa
osQ fl¼karksa osQ laxr izfriQy rRle ik, x,A ySofu”k us fuf'pr lekdyu dh /kj.kk dk
iz;ksx fd;kA
;g fuf'pr gS fd mUgksaus gh loZizFke izfrvodyt vkSj fuf'pr lekdyu osQ chp osQ
laca/ dks Li"Vr;k ljkgkA

fu"d"kZ ;g gS fd lekdyu xf.kr osQ vk/kjHkwr /kj.kkvksa] fl¼karksa rFkk vodyu xf.kr
ls blosQ izkjafHkd laca/ksa dk fodkl ih-Mh- iQekZ] U;wVu] vkSj ySofu”k osQ dk;ks± }kjk 17oha
'krkCnh osQ var esa gqvkA rFkkfi bldk vkSfpR;] lhek dh ladYiuk osQ vk/kj ij 19oha
'krkCnh osQ izkjaHk esa ,-,y-dks'kh (A.L.Cauchy) osQ }kjk fd;k x;kA var esa yh lksiQh
(Lie Sophie) dk fuEufyf[kr m¼j.k o.kZuh; gSA "It may be said that the conceptions

of differential quotient and integral which in their origin certainly go back to
Archimedes were introduced in Science by the investigations of Kepler, Descartes,
Cavalieri, Fermat and Wallis... The discovery that differentiation and integration
are inverse operations belongs to Newton and Leibnitz".



vHe who seeks for methods without having a definite problem in mind

seeks for the most part in vain – D. HILBERT v

9.1  Hkwfedk (Introduction)

d{kk XI ,oa bl iqLrd osQ vè;k; 5 esa geus ppkZ dh Fkh] fd

,d Lora=k pj osQ lkis{k fdlh iQyu f dk vodyt oSQls Kkr

fd;k tkrk gS vFkkZr~ fdlh iQyu f dh ifjHkkf"kr izkar osQ izR;sd

x osQ fy,] f ′(x) oSQls Kkr fd;k tkrk gSA blosQ vfrfjDr

lekdy xf.kr osQ vè;k; esa geus ppkZ dh Fkh] fd ;fn fdlh

iQyu  f   dk vodyt iQyu g gS rks iQyu  f   oSQls Kkr fd;k

tk,A bldks fuEu :i esa lw=kc¼ fd;k tk ldrk gS%

fdlh fn, gq, iQyu g osQ fy, iQyu f  Kkr dhft, rkfd

( )
dy

g x
dx

=  tgk¡  y = f (x) ... (1)

lehdj.k (1) osQ :i okys lehdj.k dks vody lehdj.k

dgrs gSaA bldh vkSipkfjd ifjHkk"kk ckn esa nh tk,xhA

vody lehdj.kksa dk mi;ksx eq[; :i ls HkkSfrdh] jlk;u foKku] tho foKku] ekuo

foKku] HkwfoKku] vFkZ'kkL=k vkfn fofHkUu {ks=kksa esa fd;k tkrk gSA vr% lHkh vR;k/qfud oSKkfud

vUos"k.kksa osQ fy, vody lehdj.kksa osQ xgu vè;;u dh vR;ar vko';drk gSA bl vè;k; esa]

ge vody lehdj.k dh oqQN vk/kjHkwr ladYiukvksa] vody lehdj.k osQ O;kid ,oa fof'k"V

gy] vody lehdj.k dk fuekZ.k] izFke dksfV ,oa izFke ?kkr osQ vody lehdj.k dks gy djus

dh oqQN fof/;k¡ vkSj fofHkUu {ks=kksa esa vody lehdj.kksa osQ oqQN mi;ksxksa osQ ckjs esa vè;;u djsaxsA

vè;k; 9

vody lehdj.k
Differential Equations

Henri Poincare

(1854-1912 )



312        xf.kr

9.2  vk/kjHkwr ladYiuk,¡ (Basic Concepts)

ge igys ls gh fuEufyf[kr izdkj osQ lehdj.kksa ls ifjfpr gSa
x2 – 3x + 3 = 0 ... (1)

sin x + cos x = 0 ... (2)

x + y = 7 ... (3)

vkb, fuEufyf[kr lehdj.k ij fopkj djsa

dy
x y

dx
+ = 0

... (4)

ge ikrs gSa fd lehdj.kksa (1)] (2) ,oa (3) esa osQoy Lora=k vkSj@vFkok vkfJr pj (,d
;k vf/d) 'kkfey gSa tc fd lehdj.k (4) esa pj osQ lkFk&lkFk Lora=k pj (x) osQ lkis{k vkfJr
pj (y) dk vodyt Hkh 'kkfey gSA bl izdkj dk lehdj.k vody lehdj.k dgykrk gSA

lkekU;r% ,d ,slk lehdj.k] ftlesa Lora=k pj (pjksa) osQ lkis{k vkfJr pj osQ vodyt
lfEefyr gksa] vody lehdj.k dgykrk gSA

,d ,slk vody lehdj.k] ftlesa osQoy ,d Lora=k pj osQ lkis{k] vkfJr pj osQ vodyt
lfEefyr gksa] lkekU; vody lehdj.k dgykrk gSA mnkgj.kr;k

2
2

2

3
d y

dx

dy

dx
+ 



 = 0 ... (5)

,d lkekU; vody lehdj.k gSA

fu%lUnsg ,sls Hkh vody lehdj.k gksrs gSa ftuesa ,d ls vf/d Lora=k pjksa osQ lkis{k vodyt
'kkfey gksrs gSa] bl izdkj osQ vody lehdj.k vkaf'kd vody lehdj.k dgykrs gSaA ysfdu bl
Lrj ij ge vius vki dks osQoy lkekU; vody lehdj.kksa osQ vè;;u rd lhfer j[ksaxsA blls
vkxs ge lkekU; vody lehdj.k osQ fy, vody lehdj.k 'kCn dk gh mi;ksx djsaxsA

AfVIi.kh

1.   ge vodytksa osQ fy, fuEufyf[kr laosQrksa osQ mi;ksx dks ojh;rk nsaxs

2 3

2 3
, ,

dy d y d y
y y y

dx dx dx
= = =′ ′′ ′′′

2. mPp dksfV okys vodytksa osQ fy,] brus vf/d MS'kksa (dashes) dks mPp izR;; osQ :i
esa iz;qDr djuk vlqfo/ktud gksxk blfy, nosa dksfV okys vodyt 

n

n

d y

dx
 osQ fy, ge laosQr

y
n
 dk mi;ksx djsaxsA
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9.2.1  vody lehdj.k dh dksfV (Order of a differential equation)

fdlh vody lehdj.k dh dksfV ml vody lehdj.k eas lfEefyr Lora=k pj osQ lkis{k vkfJr

pj osQ mPpre dksfV osQ vodyt dh dksfV }kjk ifjHkkf"kr gksrh gSA

fuEufyf[kr vody lehdj.kksa ij fopkj dhft,%

xdy
e

dx
= ... (6)

2

2
0

d y
y

dx
+ = ... (7)

d y

dx
x

d y

dx

3

3

2
2

2

3

0+




 = ...(8)

lehdj.k (6)] (7) ,oa (8) esa Øe'k% izFke] f}rh; ,oa r`rh; dksfV osQ mPpre vodyt
mifLFkr gSa blfy, bu lehdj.kksa dh dksfV Øe'k% 1] 2 ,oa 3 gSA

9.2.2  vody lehdj.k dh ?kkr (Degree of a differential equation)

fdlh vody lehdj.k dh ?kkr dk vè;;u djus osQ fy, eq[; ¯cnq ;g gS fd og vody

lehdj.k] vodytksa  y′, y″, y″′ bR;kfn esa cgqin lehdj.k gksuk pkfg,A fuEufyf[kr lehdj.kksa

ij fopkj dhft,%

... (9)

... (10)

dy

dx

dy

dx
+ 





=sin 0 ... (11)

ge izsf{kr djrs gSa fd lehdj.k (9) y″′,  y″ ,oaa  y′ esa cgqin lehdj.k gSA lehdj.k (10)

y′ esa cgqin lehdj.k gS (;|fi ;g y esa cgqin ugha gS) bl izdkj osQ vody lehdj.kksa dh ?kkr

dks ifjHkkf"kr fd;k tk ldrk gSA ijarq lehdj.k (11) y′ esa cgqin lehdj.k ugha gS vkSj bl izdkj
osQ vody lehdj.k dh ?kkr dks ifjHkkf"kr ugha fd;k tk ldrk gSA
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;fn ,d vody lehdj.k vodytksa dk cgqin lehdj.k gS rks ml vody lehdj.k dh
?kkr ls gekjk rkRi;Z gS ml vody lehdj.k esa mifLFkr mPpre dksfV osQ vodyt dh mPpre
?kkr (/ukRed iw.kk±d)

mijksDr ifjHkk"kk osQ lanHkZ esa ge izsf{kr dj ldrs gSa fd lehdj.kksa (6)] (7)] (8) ,oa
(9) esa ls izR;sd dh ?kkr 1 gS] lehdj.k (10) dh ?kkr 2 gS tc fd vody lehdj.k (11)
dh ?kkr ifjHkkf"kr ugha gSA

AfVIi.kh   fdlh vody lehdj.k dh dksfV ,oa ?kkr (;fn ifjHkkf"kr gks) ges'kk
/ukRed iw.kk±d gksrs gSaA

mnkgj.k 1  fuEufyf[kr vody lehdj.kksa esa ls izR;sd dh dksfV ,oa ?kkr (;fn ifjHkkf"kr gks)
Kkr dhft,%

(i) cos 0
dy

x
dx

− = (ii)

22

2
0

d y dy dy
xy x y

dx dxdx

 + − = 
 

(iii) 2 0yy y e
′′′′ + + =

gy

(i) bl vody lehdj.k esa mifLFkr mPpre dksfV vodyt 
dy

dx
 gSA blfy, bldh dksfV

1 gSA ;g y′ esa cgqin lehdj.k gS ,oa 
dy

dx
  dh vf/dre ?kkrkad 1 gS] blfy, bl vody

lehdj.k dh ?kkr 1 gSA

(ii) bl vody lehdj.k esa mifLFkr mPpre dksfV vodyt 
2

2

d y

dx
 gS A blfy, bldh dksfV

2 gSA ;g vody lehdj.k 
2

2

d y

dx
  ,oa 

dy

dx
 esa cgqin lehdj.k gS vkSj 

2

2

d y

dx
 dh vf/dre

?kkrkad 1 gS] blfy, bl vody lehdj.k dh ?kkr 1 gSA

(iii) bl vody lehdj.k esa mifLFkr mPpre dksfV vodyt y′′′  gSA blfy, bldh dksfV 3 gSA

bl lehdj.k dk ck;k¡ i{k vodytksa esa cgqin ugha gS blfy, bldh ?kkr ifjHkkf"kr ugha gSA

iz'ukoyh 9-1

1 ls 10 rd osQ iz'uksa esa izR;sd vody lehdj.k dh dksfV ,oa ?kkr (;fn ifjHkkf"kr gks) Kkr

dhft,A

1.

4

4
sin( ) 0

d y
y

dx
′′′+ = 2.  y′ + 5y = 0 3.

4 2

2
3 0

ds d s
s

dt dt

  + = 
 
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4.

2
2

2
cos 0

d y dy

dxdx

   + =   
  

5.

2

2
cos3 sin3

d y
x x

dx
= +

6.
2( )y′′′  + (y″)3 + (y′)4 + y5 = 0 7. y′′′  + 2y″ + y′ = 0

8. y′ + y = ex 9. y″ + (y′)2 + 2y = 0 10. y″ + 2y′ + sin y = 0

11. vody lehdj.k

3 22

2
sin 1 0

d y dy dy

dx dxdx

     + + + =     
    

 dh ?kkr gS%

(A) 3 (B) 2 (C) 1 (D) ifjHkkf"kr ugha gS

12. vody lehdj.k 
2

2

2
2 3 0

d y dy
x y

dxdx
− + =  dh dksfV gS%

(A) 2 (B) 1 (C) 0 (D) ifjHkkf"kr ugha gS

9.3.  vody lehdj.k dk O;kid ,oa fof'k"V gy (General and Particular

Solutions of a Differential Equation)

fiNyh d{kkvksa esa geus fuEufyf[kr izdkj osQ lehdj.kksa dks gy fd;k gS%

x2 + 1 = 0 ... (1)

sin2 x – cos x = 0 ... (2)

lehdj.kksa (1) rFkk (2) dk gy ,d ,slh okLrfod vFkok lfEeJ la[;k gS tks fn, gq,
lehdj.k dks larq"V djrh gS vFkkZr~ tc bl la[;k dks lehdj.k esa vKkr x osQ LFkku ij

izfrLFkkfir dj fn;k tkrk gS rks nk;k¡ i{k vkSj ck;k¡ i{k vkil esa cjkcj gks tkrs gaSA

vc vody lehdj.k
2

2

d y
y

dx
+ = 0 ... (3)

ij fopkj djrs gSaA

izFke nks lehdj.kksa osQ foijhr bl vody lehdj.k dk gy ,d ,slk iQyu φ gS tks bl
lehdj.k dks larq"V djsxk vFkkZr~ tc bl iQyu φ dks vody lehdj.k esa vKkr y (vkfJr pj)
osQ LFkku ij izfrLFkkfir dj fn;k tkrk gS rks ck;k¡ i{k vkSj nk;k¡ i{k cjkcj gks tkrs gSaA

oØ y = φ (x) vody lehdj.k dk gy oØ (lekdyu oØ) dgykrk gSA fuEufyf[kr
iQyu ij fopkj dhft,

y = φ (x) = a sin (x + b) ... (4)
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tgk¡  a, b ∈ R. ;fn bl iQyu vkSj blosQ vodytksa dks lehdj.k (3) esa izfrLFkkfir dj
fn;k tk, rks ck;k¡ i{k vkSj nk;k¡ i{k cjkcj gks tkrs gSaA blfy, ;g iQyu vody lehdj.k (3)

dk gy gSA

eku yhft, fd a vkSj b dks oqQN fof'k"V eku a = 2 ,oa 
4

b
π

=  ns fn, tkrs gSa rks gesa

fuEufyf[kr iQyu izkIr gksrk gS%

y = φ
1
(x) = 2sin

4
x

π + 
 

... (5)

;fn bl iQyu vkSj blosQ vodytksa dks lehdj.k (3) esa izfrLFkkfir dj fn;k tk, rks iqu%
ck;k¡ i{k vkSj nk;k¡ i{k cjkcj gks tkrs gaSA blfy, φ

1 
Hkh lehdj.k (3) dk ,d gy gSA

iQyu  φ  esa nks LosPN vpj (izkpy) a, b lfEefyr gSa rFkk ;g iQyu fn, gq, vody
lehdj.k dk O;kid gy dgykrk gSA tcfd iQyu φ

1
 esa dksbZ Hkh LosPN vpj lfEefyr ugha

gS ysfdu izkpyksa a rFkk b osQ fof'k"V eku mifLFkr gSa vkSj blfy, bldks vody lehdj.k dk
fof'k"V gy dgk tkrk gSA

,slk gy] ftlesa LosPN vpj mifLFkr gks vody lehdj.k dk O;kid gy dgykrk gSA

,slk gy] tks LosPN vpjkas ls eqDr gS vFkkZr~ O;kid gy esa LosPN vpjksa dks fof'k"V eku nsus ij
izkIr gy] vody lehdj.k dk fof'k"V gy dgykrk gSA

mnkgj.k 2  lR;kfir dhft, fd iQyu y = e– 3x, vody lehdj.k 
2

2
6 0

d y dy
y

dxdx
+ − = dk

,d gy gSA

gy   fn;k gqvk iQyu y =  e– 3x   gSA blosQ nksuksa i{kksa dk x osQ lkis{k vodyu djus ij ge izkIr

djrs gS%

dy

dx
 = 3e–3x ... (1)

vc lehdj.k (1) dk x osQ lkis{k iqu% vodyu djus ij ge ns[krs gSa fd
2

2

d y

dx
 = 9e–3x

2

2
,

d y dy

dxdx
vkSj y dk eku] fn, x, vody lehdj.k esa izfrLFkkfir djus ij ij ge ikrs gSa fd

ck;k¡ i{k = 9 e– 3x + (–3e– 3x) – 6.e– 3x = 9 e– 3x – 9 e– 3x = 0 = nk;k¡ i{k

blfy, fn;k gqvk iQyu fn, gq, vody lehdj.k dk ,d gy gSA
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mnkgkj.k 3  lR;kfir dhft, fd iQyu y = a cos x + b sin x, ftlesa a, b ∈ R, vody

lehdj.k 
2

2
0

d y
y

dx
+ = dk gy gSA

gy  fn;k gqvk iQyu gS

y = a cos x + b sin x ... (1)

lehdj.k (1) osQ nksuksa i{kksa dk x, osQ lkis{k mÙkjksÙkj vodyu djus ij ge ns[krs gaS%

dy

dx
= –a sin x + b cos x

2

2

d y

dx
 = – a cos x – bsin x

2

2

d y

dx
 ,oa y dk eku fn, gq, vody lehdj.k esa izfrLFkkfir djus ij izkIr djrs gSa%

ck;k¡ i{k = (– a cos x – b sin x) + (a cos x + b sin x) = 0 = nk;k¡ i{k

blfy, fn;k gqvk iQyu] fn, gq, vody lehdj.k dk gy gSA

iz'ukoyh 9-2

1 ls 10 rd izR;sd iz'u esa lR;kfir dhft, fd fn;k gqvk iQyu (Li"V vFkok vLi"V) laxr
vody lehdj.k dk gy gS%

1. y = ex + 1 : y″ – y′ = 0

2. y = x2 + 2x + C : y′ – 2x – 2 = 0

3. y = cos x + C : y′ + sin x = 0

4. y = 2
1 x+ : y′ = 2

1

xy

x+

5. y = Ax : xy′ = y (x ≠ 0)

6. y = x sin x : xy′ = y + x 2 2x y−  (x ≠ 0 vkSj x > y vFkok x < – y)

7. xy = log y + C : y′ = 

2

1

y

xy−  (xy ≠ 1)

8. y – cos y = x : (y sin y + cos y + x) y′ = y

9. x + y = tan–1y : y2 y′ + y2 + 1 = 0
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10. y = 2 2
a x− x ∈ (– a, a) : x + y 

dy

dx
 = 0 (y ≠ 0)

11. pkj dksfV okys fdlh vody lehdj.k osQ O;kid gy esa mifLFkr LosPN vpjksa dh la[;k gS%
(A) 0 (B) 2 (C) 3 (D) 4

12. rhu dksfV okys fdlh vody lehdj.k osQ fof'k"V gy esa mifLFkr LosPN vpjksa dh
la[;k gS%
(A) 3 (B) 2 (C) 1 (D) 0

9.4.  izFke dksfV ,oa izFke ?kkr osQ vody lehdj.kksa dks gy djus dh fof/;k¡
(Methods of Solving First order, First Degree Differential Equations)

bl ifjPNsn esa ge izFke dksfV ,oa izFke ?kkr osQ vody lehdj.kksa dks gy djus dh rhu
fof/;ksa dh ppkZ djsaxsA

9.4.1  i`FkDdj.kh; pj okys vody lehdj.k (Differential equations with variables

separable)

izFke dksfV ,oa izFke ?kkr dk vody lehdj.k fuEufyf[kr :i dk gksrk gS%

F ( , )
dy

x y
dx

= ... (1)

;fn F (x, y) dks xq.kuiQy g (x), h(y) osQ :i esa vfHkO;Dr fd;k tk ldrk gS tgk¡ g(x), x dk
iQyu gS vkSj h(y),  y dk ,d iQyu gS rks lehdj.k (1) i`FkDdj.kh; pj okyk lehdj.k
dgykrk gSA ,slk gksus ij lehdj.k (1) dks fuEufyf[kr :i esa fy[kk tk ldrk gS%

dy

dx
 = h (y) . g (x) ... (2)

;fn h (y) ≠ 0, rks pjksa dks i`Fko~Q djrs gq, lehdj.k (2) dks

1

( )h y
 dy = g (x) dx ... (3)

osQ :i esa fy[kk tk ldrk gSA lehdj.k (3) osQ nksuksa i{kksa dk lekdyu djus ij ge izkIr djrs gSa %

1

h y
dy g x dx

( )
( )∫ ∫= ... (4)

bl izdkj lehdj.k (4)] fn, gq, vody lehdj.k dk gy fuEufyf[kr :i esa iznku djrk gS%
H (y) = G (x) + C ... (5)

;gk¡  H (y) ,oa G (x) Øe'k% 
1
( )h y  ,oa g (x) osQ izfrvodyt gSa vkSj C LosPN vpj gSA
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mnkgj.k 4  vody lehdj.k 
1

2

dy x

dx y

+
=

−
, (y ≠ 2) dk O;kid gy Kkr dhft,A

gy  fn;k x;k gS fd

1

2

dy x

dx y

+
=

−
 (y ≠ 2) ... (1)

lehdj.k (1) esa pjksa dks i`Fko~Q djus ij ge izkIr djrs gSa %
(2 – y) dy = (x + 1) dx ... (2)

lehdj.k (2) osQ nksuksa i{kksa dk lekdyu djus ij ge izkIr djrs gSa %

(2 ) ( 1)y dy x dx− = +∫ ∫

vFkok
2 2

12 C
2 2

y x
y x− = + +

vFkok x2 + y2 + 2x – 4y + 2 C
1
 = 0

vFkok x2 + y2 + 2x – 4y + C = 0 ... (3)

tgk¡ C = 2C
1

lehdj.k (3) vody lehdj.k (1) dk O;kid gy gSA

mnkgj.k 5  vody lehdj.k 
2

2

1

1

dy y

dx x

+
=

+
 dk O;kid gy Kkr dhft,A

gy  pw¡fd 1 + y2 ≠ 0, blfy, pjksa dks i`Fko~Q djrs gq, fn;k gqvk vody lehdj.k fuEufyf[kr
:i esa fy[kk tk ldrk gS%

2 2
1 1

dy dx

y x
=

+ + ... (1)

lehdj.k (1) osQ nksuksa i{kksa dk lekdyu djrs gq, ge ikrs gSa%

2 2
1 1

dy dx

y x
=

+ +∫ ∫
vFkok tan–1 y = tan–1x + C

;g lehdj.k (1) dk O;kid gy gSA

mnkgj.k 6  vody lehdj.k 2
4

dy
xy

dx
= −  dk fof'k"V gy Kkr dhft,] ;fn y = 1 tc

x = 0 gks
gy  ;fn  y ≠ 0, fn;k gqvk vody lehdj.k fuEufyf[kr :i esa fy[kk tk ldrk gS%

2
4

dy
x dx

y
= − ... (1)
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lehdj.k (1) osQ nksuksa i{kksa dk lekdyu djus ij ge ikrs gSa%

2
4

dy
x dx

y
= −∫ ∫

vFkok
1

y
−  = – 2x2 + C

vFkok 2

1

2 C
y

x
=

−
... (2)

lehdj.k (2) esa y = 1 vkSj x = 0 izfrLFkkfir djus ij gesa C = – 1 izkIr gksrk gSA

C dk eku lehdj.k (2) esa izfrLFkkfir djus ij fn, gq, vody lehdj.k dk fof'k"V gy

2

1

2 1
y

x
=

+
 izkIr gksrk gSA

mnkgj.k 7  ¯cnq (1] 1) ls xqtjus okys ,d ,sls oØ dk lehdj.k dhft, ftldk vody
lehdj.k x *dy = (2x2 + 1) *dx (x ≠ 0) gSA

gy  fn, gq, vody lehdj.k dks fuEufyf[kr :i es vfHkO;Dr fd;k tk ldrk gS%

2
2 1x

dy dx
x

 +
=  
 

vFkok
1

2dy x dx
x

 = + 
 

... (1)

lehdj.k (1) osQ nksuksa i{kksa dk lekdyu djus ij ge izkIr djrs gSa%

dy x
x

dx∫ ∫= +



2

1

vFkok log C2
y = x + x + ... (2)

lehdj.k (2) fn, gq, vody lehdj.k osQ gy oØksa osQ oqQy dks fu:fir djrk gS ijarq
ge bl oqQy osQ ,d ,sls fof'k"V lnL; dk lehdj.k Kkr djuk pkgrs gSa tks ¯cnq (1] 1) ls
xqtjrk gksA

* yScuht }kjk iznÙk laosQr 
dy

dx
vR;ar yphyk gS] rFkk cgqr lh x.kuk ,oa vkSipkfjd :ikarj.kksa esa iz;qDr

gksrk gS] tgk¡ ge dx vkSj dy dks lk/kj.k la[;kvksa dh rjg O;ogkj esa ykrs gSaA dx vkSj dy dks i`Fko~Q&i`Fko~Q
lÙkk ekudj ge cgqr lh x.kukvksa dh lqLi"kV O;k[;k dj ldrs gSaA lanHkZ%  Introduction to calculus and

Analysis, volume-I page 172, By Richard Courant, Fritz John Spinger — Verlog New York.
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blfy, lehdj.k (2) esa  x = 1,  y = 1 izfrLFkkfir djus ij gesa C = 0 izkIr gksrk gSA C dk

eku lehdj.k (2) esa izfrLFkkfir djus ij gesa vHkh"V oØ dk lehdj.k y = x2 + log x osQ :i
esa izkIr gksrk gSA

mnkgj.k 8  ̄ cnq  (–2, 3), ls xqtjus okys ,sls oØ dk lehdj.k Kkr dhft, ftlosQ fdlh ̄ cnq

(x, y) ij Li'kZ js[kk dh izo.krk 
2

2x

y
 gSA

gy  ge tkurs gSa fd fdlh oØ dh Li'kZ js[kk dh izo.krk 
dy

dx
 osQ cjkcj gksrh gSA blfy,

2

2dy x

dx y
= ... (1)

pjksa dks i`Fko~Q djrs gq, lehdj.k (1) dks fuEufyf[kr :i esa fy[kk tk ldrk gS %
y2 dy = 2x dx ... (2)

lehdj.k (2) osQ nksuksa i{kksa dk lekdyu djus ij ge izkIr djrs gSa %
2

2y dy x dx=∫ ∫

vFkok
3

2
C

3

y
x= + ... (3)

lehdj.k (3) esa  x = –2, y = 3 izfrLFkkfir djus ij gesa C = 5 izkIr gksrk gSA
C dk eku lehdj.k (3) esa izfrLFkkfir djus ij gesa vHkh"V oØ dk lehdj.k

3
2

5
3

y
x= +    vFkok  

1

2 3(3 15)y x= +

osQ :i esa izkIr gksrk gSA

mnkgj.k 9 fdlh cSad esa ewy/u dh o`f¼ 5% okf"kZd dh nj ls gksrh gSA fdrus o"kks ± esa
Rs 1000 dh jkf'k nqxquh gks tk,xh\

gy eku yhft, fdlh le; t ij ewy/u P gSA nh gqbZ leL;k osQ vuqlkj

d

dt

P
P= 



 ×

5

100

vFkok
P P

20

d

dt
= ... (1)

lehdj.k (1) esa pjksa dks i`Fko~Q djus ij] ge izkIr djrs gSa %
P

P 20

d dt
= ... (2)
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lehdj.k (2) osQ nksuksa i{kksa dk lekdyu djus ij ge izkIr djrs gSa %

log P = 1C
20

t
+

vFkok 120P

t

c
e e= ⋅

vFkok 20P C

t

e= (tgk¡ 1C
Ce = ) ... (3)

vc P = 1000, tc  t = 0

P vkSj t dk eku lehdj.k (3) esa j[kus ij ge C = 1000 izkIr djrs gSaA
blfy, lehdj.k (3) ls ge izkIr djrs gSa %

P = 1000 20

t

e

eku yhft, t o"kks± esa ewy/u nqxquk gks tkrk gS] rc

2000 = 1000 20

t

e
    ⇒  t = 20 log

e
2

iz'ukoyh 9-3

1 ls 10 rd osQ iz'uksa esa] izR;sd vody lehdj.k dk O;kid gy Kkr dhft,A

1.
1 cos

1 cos

dy x

dx x

−
=

+
2.

2
4 ( 2 2)

dy
y y

dx
= − − < <

3. 1 ( 1)
dy

y y
dx

+ = ≠ 4. sec2 x tan y dx + sec2 y tan x dy = 0

5. (ex + e–x) dy – (ex – e–x) dx = 0 6.
2 2

(1 ) (1 )
dy

x y
dx

= + +

7. y log y dx – x dy = 0 8.
5 5dy

x y
dx

= −

9.
1

sin
dy

x
dx

−= 10. ex tan y dx + (1 – ex) sec2 y dy = 0

11 ls 14 rd osQ iz'uksa esa] izR;sd vody lehdj.k osQ fy, fn, gq, izfrca/ dks larq"V djus
okyk fof'k"V gy Kkr dhft,A

11.
3 2

( 1)
dy

x x x
dx

+ + +  = 2x2 + x; y = 1 ;fn x = 0
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12.
2( 1) 1

dy
x x

dx
− = ; y = 0 ;fn x = 2

13. cos
dy

a
dx

  = 
 

 (a ∈ R); y = 1 ;fn x = 0

14. tan
dy

y x
dx

= ; y = 2 ;fn x = 0

15. ¯cnq (0] 0) ls xqtjus okys ,d ,sls oØ dk lehdj.k Kkr dhft, ftldk vody
lehdj.k  y′ = ex sin x gSA

16. vody lehdj.k ( 2) ( 2)
dy

xy x y
dx

= + +  osQ fy, ¯cnq (1] &1) ls xqtjus okyk oØ

Kkr dhft,A
17. ¯cnq (0, –2) ls xqtjus okys ,d ,sls oØ dk lehdj.k Kkr dhft, ftlosQ fdlh ¯cnq

(x, y) ij Li'kZ js[kk dh izo.krk vkSj ml ¯cnq osQ y funsZ'kkad dk xq.kuiQy ml ¯cnq osQ x

funsZ'kkad osQ cjkcj gSA

18. ,d oØ osQ fdlh ¯cnq  (x, y) ij Li'kZ js[kk dh izo.krk] Li'kZ ¯cnq dks] ¯cnq (– 4, –3).

ls feykus okys js[kk[kaM dh izo.krk dh nqxquh gSA ;fn ;g oØ ¯cnq (–2, 1) ls xq”kjrk gks
rks bl oØ dk lehdj.k Kkr dhft,A

19. ,d xksykdkj xqCckjs dk vk;ru] ftls gok Hkjdj iqQyk;k tk jgk gS] fLFkj xfr ls cny
jgk gS ;fn vkjaHk esa bl xqCckjs dh f=kT;k 3 bZdkbZ gS vkSj 3 lsosaQM ckn 6 bZdkbZ gS] rks
t lsosaQM ckn ml xqCckjs dh f=kT;k Kkr dhft,A

20. fdlh cSad esa ewy/u dh o`f¼ r% okf"kZd dh nj ls gksrh gSA ;fn 100 #i;s 10 o"kks± esa
nqxqus gks tkrs gSa] rks r dk eku Kkr dhft,A  (log

e
2 = 0.6931).

21. fdlh cSad esa ewy/u dh o`f¼ 5% okf"kZd dh nj ls gksrh gSA bl cSad esa Rs 1000 tek
djk, tkrs gSaA Kkr dhft, fd 10 o"kZ ckn ;g jkf'k fdruh gks tk,xh\ (e0.5 = 1.648)

22. fdlh thok.kq lewg esa thok.kqvksa dh la[;k 1] 00] 000 gSA 2 ?kaVks esa budh la[;k esa  10%

dh o`f¼ gksrh gSA fdrus ?kaVksa esa thok.kqvksa dh la[;k 2] 00] 000 gks tk,xh] ;fn thok.kqvksa
osQ o`f¼ dh nj muosQ mifLFkr la[;k osQ lekuqikrh gSA

23. vody lehdj.k x ydy
e

dx

+= dk O;kid gy gS%

(A) ex + e–y = C (B) ex + ey = C

(C) e–x + ey = C (D) e–x + e–y = C



324        xf.kr

9.4.2  le?kkrh; vody lehdj.k (Homogenous differential equations)

x ,oa y osQ fuEufyf[kr iQyuksa ij fopkj dhft,
F

1
 (x, y) = y2 + 2xy, F

2
 (x, y) = 2x – 3y,

F
3
 (x, y) = cos

y

x

 
 
 

, F
4
 (x, y) = sin x + cos y

;fn mijksDr iQyuksa esa x vkSj y dks fdlh 'kwU;srj vpj λ osQ fy, Øe'k% λx ,oa λy ls
izfrLFkkfir dj fn;k tk, rks ge izkIr djrs gSa%

F
1
 (λx, λy) = λ2 (y2 + 2xy) = λ2 F

1 
(x, y)

F
2
 (λx, λy) = λ (2x – 3y) = λ F

2 
(x, y)

F
3
 (λx, λy) = cos cos

y y

x x

λ   =   
λ   

 = λ0  F
3 
(x, y)

F
4
 (λx, λy) = sin λx + cos λy ≠ λn F

4 
(x, y), fdlh Hkh n osQ fy,

;gk¡ ge izsf{kr djrs gSa fd iQyuksa  F
1
, F

2
, F

3
 dks F(λx, λy) = λn F

 
(x, y) osQ :i esa fy[kk

tk ldrk gS ijarq iQyu F
4
 dks bl :i esa ugha fy[kk tk ldrk gSA blls ge fuEufyf[kr ifjHkk"kk

izkIr djrs gSaA
iQyu F(x, y), n ?kkr okyk le?kkrh; iQyu dgykrk gSA ;fn fdlh 'kwU;srj vpj λ osQ fy,

F (λx, λy) = λn F(x, y)

ge uksV djrs gSa fd mijksDr mnkgj.kksa esa F
1
, F

2
, F

3
 Øe'k% 2, 1, 0 ?kkr okys le?kkrh; iQyu

gSa tcfd F
4
 le?kkrh; iQyu ugha gSA

ge ;g Hkh izsf{kr djrs gSa fd

2
2 2

1 12

2
F ( , )

y y y
x y x x h

x xx

   = + =   
  

vFkok 2 2
1 2

2
F ( , ) 1

x x
x y y y h

y y

   = + =   
   

,

1 1
2 3

3
F ( , ) 2

y y
x y x x h

x x

   = − =   
   

vFkok 1 1
2 4F ( , ) 2 3

x x
x y y y h

y y

   = − =   
   

,

F3 5( , ) cosx y x
y

x
x h

y

x
= ° 



 = 





°
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4 6F ( , ) n y
x y x h

x

 ≠  
 

, n ∈ N osQ fdlh Hkh eku osQ fy,

vFkok F
4 
(x, y) ≠ 7

n x
y h

y

 
 
 

, n ∈ N

blfy, ,d iQyu F (x, y), n ?kkr okyk le?kkrh; iQyu dgykrk gS ;fn

F (x, y) = x g
y

x
y h

x

y

n n











vFkok

dy

dx
= F (x, y)   osQ :i okyk vody lehdj.k le?kkrh; dgykrk gS ;fn F (x, y) 'kwU; ?kkr

okyk le?kkrh; iQyu gSA

( )F ,
dy y

x y g
dx x

 = =  
 

... (1)

osQ :i okys le?kkrh; vody lehdj.k dks gy djus osQ fy, ge 
y

x
= v vFkkZr~

y = v x ... (2)

izfrLFkkfir djrs gSa
lehdj.k (2) dk x osQ lkis{k vodyu djus ij ge izkIr djrs gSa %

dy dv
v x

dx dx
= + ... (3)

lehdj.k (3) ls 
dy

dx
 dk eku lehdj.k (1) esa izfrLFkkfir djus ij ge izkIr djrs gSa %

 ( )
dv

v x g v
dx

+ =

vFkkZr~ ( )
dv

x g v v
dx

= − ... (4)

lehdj.k (4) esa pjksa dks i`Fko~Q djus ij ge izkIr djrs gSa %

( )

dv dx

g v v x
=

−
... (5)

lehdj.k (5) osQ nksuksa i{kksa dk lekdyu djus ij gesa izkIr gksrk gS%
1

C
( )

dv
dx

g v v x
= +

−∫ ∫ ... (6)

;fn v dks 
y

x
ls izfrLFkkfir dj fn;k tk, rks lehdj.k (6)] vody lehdj.k (1) dk

O;kid gy iznku djrk gSA
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AfVIi.kh  ;fn le?kkrh; vody lehdj.k F( , )
dx

x y
dy

=  osQ :i esa gSA tgk¡

 F (x, y) 'kwU; ?kkr okyk le?kkrh; iQyu gS rks ge x
v

y
=  vFkkZr] x = vy izfrLFkkfir djrs

gSa vkSj fiQj mijksDr ppkZ osQ vuqlkj 
dx

dy
x y h

x

y
= =







F( , )  osQ :i esa fy[kdj O;kid gy

Kkr djus osQ fy, vkxs c<+rs gSaA

mnkgj.k 10  n'kkZb, fd vody lehdj.k  (x – y) 
dy

dx
 = x + 2y le?kkrh; gS vkSj bldk gy

Kkr dhft,A

gy  fn, x, vody lehdj.k dks fuEufyf[kr :i esa vfHkO;Dr fd;k tk ldrk gS %

2dy x y

dx x y

+
=

−
... (1)

eku yhft,  F (x, y) = 
2x y

x y

+
−

vc

blfy, F(x, y) 'kwU; ?kkr okyk le?kkrh; iQyu gSA

vr% fn;k gqvk vody lehdj.k ,d le?kkrh; vody lehdj.k gSA

fodYir%

2
1

1

y

dy yx g
ydx x

x

 +   = =   
  −

 

... (2)

lehdj.k (2) dk nk;k¡ i{k g
y

x







 osQ :i esa gS blfy, ;g 'kwU; ?kkr okyk ,d le?kkrh;

iQyu gSA blfy, lehdj.k (1) ,d le?kkrh; vody lehdj.k gSA

bldks gy djus osQ fy, ge izfrLFkkiu djrs gS%a

y = vx ... (3)
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lehdj.k (3) dk x osQ lkis{k vodyu djus ij ge izkIr djrs gSa %

dy dv
v x

dx dx
= + ... (4)

lehdj.k (1) esa y  ,oa  
dy

dx
dk eku izfrLFkkfir djus ij ge izkIr djrs gSa %

1 2

1

dv v
v x

dx v

+
+ =

−

vFkkZr~
1 2

1

dv v
x v

dx v

+
= −

−

vFkkZr~
2

1

1

dv v v
x

dx v

+ +
=

−

vFkkZr~ 2

1

1

v dx
dv

xv v

− −
=

+ +
... (5)

lehdj.k (5) osQ nksuksa i{kksa dk lekdyu djus ij ge izkIr djrs gSa %

2

1

1

v dx
dv

xv v

−
= −

+ +∫ ∫

vFkok 2

1 2 1 3
log C

2 1

v
dv x

v v

+ −
= − +

+ +∫

vFkok 2 2

1 2 1 3 1
log C

2 21 1

v
dv dv x

v v v v

+
− = − +

+ + + +∫ ∫

vFkok
2

2

1 3 1
log 1 log C

2 2 1
v v dv x

v v
+ + − = − +

+ +∫

vFkok

vFkok
2 11 3 2 2 1

log 1 . tan log C
2 2 3 3

v
v v x

− + + + − = − + 
 
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vFkok
2 2 11 1 2 1

log 1 log 3 tan C
2 2 3

v
v v x

− + + + + = + 
 

v  dks 
y

x
, ls izfrLFkkfir djus ij ge izkIr djrs gSa %

vFkok
2

2 1

2

1 1 2
log 1 log 3 tan C

2 2 3

y y y x
x

xx x

− + + + + = + 
 

vFkok
2

2 1
12

1 2
log 1 3 tan C

2 3

y y y x
x

xx x

−  + + + = +   
  

vFkok
2 2 1

1

2
log ( ) 2 3 tan 2C

3

y x
y xy x

x

− + + + = + 
 

vFkok
2 2 1 2

log ( ) 2 3 tan C
3

x y
x xy y

x

− + + + = + 
 

;g vody lehdj.k (1) dk O;kid gy gSA

mnkgj.k 11  n'kkZb, fd vody lehdj.k cos cos
y dy y

x y x
x dx x

   = +   
   

 le?kkrh; gS vkSj

bldk gy Kkr dhft,A

gy  fn;k gqvk vody lehdj.k fuEufyf[kr :i esa fy[kk tk ldrk gS %

dy

dx

y
y

x
x

x
y

x

=





 +







cos

cos

... (1)

;gk¡ F( , )
dy

x y
dx

= osQ :i dk vody lehdj.k gSA

;gk¡  F (x, y) = 

cos

cos

y
y x

x

y
x

x

  + 
 
 
 
 

 gSA
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x dks λx ls ,oa y dks λy ls izfrLFkkfir djus ij ge izkIr djrs gSa%

F (λx, λy) = 
0

[ cos ]

[F( , )]

cos

y
y x

x
x y

y
x

x

 + 
  =

 
 
 

λ
λ

λ

F (x, y) 'kwU; ?kkr okyk le?kkrh; iQyu gS] blfy, fn;k gqvk vody lehdj.k ,d le?kkrh;
vody lehdj.k gSA bldks gy djus osQ fy, ge izfrLFkkiu djrs gSa%

y = vx ... (2)

lehdj.k (2) dk x osQ lkis{k vodyu djus ij ge izkIr djrs gSa %

dy dv
v x

dx dx
= + ... (3)

lehdj.k (1) esa  y ,oa 
dy

dx
 dk eku izfrLFkkfir djus ij ge izkIr djrs gSa %

cos 1

cos

dv v v
v x

dx v

+
+ =

vFkok
cos 1

cos

dv v v
x v

dx v

+
= −

vFkok
1

cos

dv
x

dx v
=

vFkok cos
dx

v dv
x

=

blfy,  
1

cosv dv dx
x

=∫ ∫

vFkok sin v = log x + log C

vFkok sin v = log Cx

v dks 
y

x
 izfrLFkkfir djus ij ge izkIr djrs gSaA

sin log C
y

x
x

  = 
 

;g vody lehdj.k (1) dk O;kid gy gSA
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mnkgj.k 12  n'kkZb, fd vody lehdj.k 2 ( 2 ) 0

x x

y yy e dx y x e dy+ − =  le?kkrh; gS vkSj

;fn] x = 0 tc y = 1 fn;k gqvk gks rks bl lehdj.k dk fof'k"V gy Kkr dhft,A

gy fn;k gqvk vody lehdj.k fuEufyf[kr :i esa fy[kk tk ldrk gS%

2

2

x

y

x

y

dx x e y

dy
y e

−
= ... (1)

eku yhft, F(x, y) 
2

2

x

y

x

y

xe y

ye

−
=    rc    F(λx, λy) 

vr% F (x, y) 'kwU; ?kkr okyk le?kkrh; iQyu gSA
blfy,] fn;k gqvk vody lehdj.k ,d le?kkrh; vody lehdj.k gSA

bldk gy Kkr djus osQ fy,] ge x = vy izfrLFkkiu djrs gSaA
lehdj.k (2) dk  y osQ lkis{k vodyu djus ij ge izkIr djrs gSa %

+
dx dv

v y
dy dy

=

lehdj.k (1) esa 
dx

x
dy

,oa  dk eku izfrLFkkfir djus ij ge izkIr djrs gSa %

2 1

2

v

v

dv v e
v y

dy e

−
+ =

vFkok
2 1

2

v

v

dv v e
y v

dy e

−
= −

vFkok
1

2
v

dv
y

dy e
= −

vFkok 2 v dy
e dv

y

−
=
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vFkok 2 .v dy
e dv

y
= −∫ ∫

vFkok 2 ev = – log | y | + C

v dks 
x

y
 ls izfrLFkkfir djus ij ge izkIr djrs gSa %

2 

x

ye  + log | y | = C ... (3)

lehdj.k (3) esa] x = 0 ,oa y = 1 izfrLFkkfir djus ij ge izkIr djrs gSa %
2 e0 + log | 1 | = C ⇒ C = 2

C dk eku lehdj.k (3) esa izfrLFkkfir djus ij ge izkIr djrs gSa %

2  

x

ye  + log | y | = 2

;g fn, gq, vody lehdj.k dk ,d fof'k"V gy gSA

mnkgj.k 13  n'kkZb, fd oØksa dk oqQy] ftuosQ fdlh ¯cnq (x, y) ij Li'kZ js[kk dh izo.krk
2 2

2

x y

xy

+
 gS] x2 – y2 = cx }kjk iznÙk gSA

gy  ge tkurs gSa fd ,d oØ osQ fdlh ¯cnq ij Li'kZ js[kk dh izo.krk 
dy

dx
 osQ cjkcj gksrh gSA

blfy,
2 2

2

dy x y

dx xy

+
=  ;k  

2

2
1

2

y

dy x
ydx

x

+
= ... (1)

Li"Vr% lehdj.k (1) le?kkrh; vody lehdj.k gSA
bldks gy djus osQ fy, ge y = vx izfrLFkkiu djrs gaSA
y = vx oQk x osQ lkis{k vodyu djus ij ge ikrs gSa%

dy dv
v x

dx dx
= +    ;k 

2
1

2

dv v
v x

dx v

+
+ =

vr%
2

1

2

dv v
x

dx v

−
= ;k   2

2

1

v dx
dv

xv
=

−
  ;k 2

2

1

v dx
dv

xv
= −

−
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blfy,
2

2 1

1

v
dv dx

xv
= −

−∫ ∫

vFkok

vFkok ( )( ) 1
log 1 log C- =2v x

vFkok (v2 – 1) x =  ±  C
1

v dks 
y

x
  ls izfrLFkkfir djus ij ge izkIr djrs gSa%

2

12
1 C

y
x

x

 
− = ± 

 

vFkok (y2 – x2) = ± C
1
 x ;k x2 – y2 = Cx

iz'ukoyh 9-4

1 ls 10 rd osQ izR;sd iz'u esa n'kkZb, fd fn;k gqvk vody lehdj.k le?kkrh; gS vkSj buesa
ls izR;sd dks gy dhft,%

1. (x2 + xy) dy = (x2 + y2) dx 2.
x y

y
x

+′ =

3. (x – y) dy – (x + y) dx = 0 4. (x2 – y2) dx + 2xy dy = 0

5.
2 2 2

2
dy

x x y xy
dx

= − + 6. x dy – y dx = 2 2
x y dx+

7. cos sin sin cos
y y y y

x y y dx y x x dy
x x x x

          + = −          
          

8. sin 0
dy y

x y x
dx x

 − + = 
 

9. log 2 0
y

y dx x dy x dy
x

 + − = 
 

10.

11 ls 15 rd osQ iz'uksa esa izR;sd vody lehdj.k osQ fy, fn, gq, izfrca/ dks larq"V djus  okyk

fof'k"V gy Kkr dhft,A

11. (x + y) dy + (x – y) dx = 0; y = 1 ;fn x = 1

12. x2 dy + (xy + y2) dx = 0; y = 1 ;fn x = 1
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13.
2

sin 0;
4

y
x y dx x dy y

x

  π  − + = =    
 ;fn x = 1

14. cosec 0
dy y y

dx x x

 − + = 
 

;  y = 0 ;fn x = 1

15.
2 2

2 2 0
dy

xy y x
dx

+ − = ;  y = 2 ;fn x = 1

16.
dx x

h
dy y

 =  
 

 osQ :i okys le?kkrh; vody lehdj.k dks gy djus osQ fy, fuEufyf[kr

esa ls dkSu lk izfrLFkkiu fd;k tkrk gS%

(A) y = vx (B) v = yx (C) x = vy (D) x = v

17. fuEufyf[kr esa ls dkSu lk le?kkrh; vody lehdj.k gS\

(A) (4x + 6y + 5) dy – (3y + 2x + 4) dx = 0

(B) (xy) dx – (x3 + y3) dy = 0

(C) (x3 + 2y2) dx + 2xy dy = 0

(D) y2 dx + (x2 – xy – y2) dy = 0

9.4.3  jSf[kd vody lehdj.k (Linear differential equations)

P Q
dy

y
dx

+ = ,

osQ :i okyk vody lehdj.k] ftlesa P ,oa Q vpj vFkok osQoy x osQ iQyu gSa] izFke dksfV
dk jSf[kd vody lehdj.k dgykrk gSA izFke dksfV osQ jSf[kd vody lehdj.k osQ oqQN
mnkgj.k bl izdkj gSa%

sin
dy

y x
dx

+ =

1 xdy
y e

dx x

 + = 
 

1

log

dy y

dx x x x

 + = 
 

izFke dksfV osQ jSf[kd vody lehdj.k dk nwljk :i lsosaQM 1 1P Q
dx

x
dy

+ =  gS] ftlesa P
1

vkSj Q
1
 vpj vFkok osQoy y osQ iQyu gSaA bl izdkj osQ vody lehdj.k osQ oqQN mnkgj.k

fuEufyf[kr gSa% cos
dx

x y
dy

+ =
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22 ydx x
y e

dy y

−−
+ =

izFke dksfV osQ jSf[kd vody lehdj.k

P Q
dy

y
dx

+ = ... (1)

dks gy djus osQ fy, lehdj.k osQ nksuksa i{kksa dks x osQ iQyu g (x) ls xq.kk djus ij ge izkIr
djrs gSa%

g (x) 
dy

dx
 + P. g (x) y = Q . g (x) ... (2)

g (x) dk p;u bl izdkj dhft, rkfd lehdj.k dk ck;k¡ i{k y . g (x) dk vodyt cu tk,%

vFkkZr~ g (x) 
dy

dx
 + P. g (x) y = 

d

dx
 [y . g (x)]

vFkok  g (x) 
dy

dx
 + P. g (x) y = g (x) 

dy

dx
 + y g′ (x)

⇒ P. g (x) = g′ (x)

vFkok
( )

P =
( )

g x

g x

′

nksuksa i{kksa dk  x osQ lkis{k lekdyu djus ij ge izkIr djrs gSa%

( )
P =

( )

g x
dx dx

g x

′
∫ ∫

vFkok ( )P. = log ( )dx g x∫

vFkok g (x) = P dx
e∫

lehdj.k (1) dks  g(x) = e∫ pdx ls xq.kk djus ij ml lehdj.k dk ck;k¡ i{k x rFkk y osQ
fdlh iQyu dk vodyt cu tkrk gSA ;g iQyu g(x) = e∫ pdx fn, gq, vody lehdj.k dk
lekdyu xq.kd (I.F.)  dgykrk gSA
lehdj.k (2) esa  g (x) dk eku izfrLFkkfir djus ij ge izkIr djrs gSa%

P Q.
pdx pdx pdxdy

e e y e
dx

∫ ∫ ∫+ =

vFkok ( )P P
Q

dx dxd
y e e

dx

∫ ∫=
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nksuksa i{kksa dk x, osQ lkis{k lekdyu djus ij ge izkIr djrs gSa%

y e e dx
dx dx

⋅ ∫ = ⋅ ∫( )∫
P P

Q

vFkok

;g vody lehdj.k dk O;kid gy gSA

izFke dksfV osQ jSf[kd vody lehdj.k dks gy djus osQ fy, lfEefyr pj.k%

(i) fn, gq, vody lehdj.k dks P Q
dy

y
dx

+ =  osQ :i esa fyf[k, ftlesa P, Q vpj vFkok

osQoy x osQ iQyu gSaA

(ii) lekdyu xq.kd (I.F.) = Pdx
e∫  Kkr dhft,A

(iii) fn, gq, vody lehdj.k dk gy fuEufyf[kr :i esa fyf[k,%

 y . (I.F.) = 

;fn izFke dksfV dk jSf[kd vody lehdj.k 1 1P Q
dx

x
dy

+ =  osQ :i esa gS ftlesa P
1
 vkSj Q

1

vpj vFkok osQoy y osQ iQyu gSa] rc I.F. = 1P dy
e∫  vkSj

x . (I.F.) =  vody lehdj.k dk gy gSA

mnkgj.k 14  vody lehdj.k cos
dy

y x
dx

− =  dk O;kid gy Kkr dhft,A

gy  fn;k gqvk vody lehdj.k

P Q
dy

y
dx

+ =  gS,  tgk¡ P = –1 vkSj Q  =  cos x

blfy, 
lehdj.k osQ nksuksa i{kksa dks I.F. ls xq.kk djus ij ge izkIr djrs gSa%

cos
x x xdy

e e y e x
dx

− − −− =

vFkok ( ) cos
x xd

ye e x
dx

− −=
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nksuksa i{kksa dk x osQ lkis{k lekdyu djus ij ge izkIr djrs gSa%

cos C
x x

y e e x dx
− −= +∫ ... (1)

eku yhft, fd I = cos
x

e x dx
−

∫

= cos ( sin ) ( )
1

x
xe

x x e dx
−

− 
− − − 

−  ∫

= cos sin
x x

x e x e dx
− −− − ∫

= cos sin (– ) cos ( )x x x
x e x e x e dx

− − − − − − − ∫

= cos sin cos
x x x

x e x e x e dx
− − −− + − ∫

vFkok I = – e–x cos x + sin x e–x – I

vFkok 2I = (sin x – cos x) e–x

vFkok I =
(sin cos )

2

x
x x e

−−

lehdj.k (1) esa I dk eku izfrLFkkfir djus ij ge izkIr djrs gSa%

sin cos
C

2

x xx x
y e e− −− = + 

 

vFkok
sin cos

C
2

xx x
y e

−
= +

;g fn, gq, vody lehdj.k dk O;kid gy gSA

mnkgj.k 15  vody lehdj.k  
2

2 ( 0)
dy

x y x x
dx

+ = ≠  dk O;kid gy Kkr dhft,A

gy  fn;k gqvk vody lehdj.k gS%

2
2

dy
x y x

dx
+ = ... (1)

lehdj.k (1) osQ nksuksa i{kksa dks x ls Hkkx nsus ij ge izkIr djrs gSa%

2dy
y x

dx x
+ =

;g] P Q
dy

y
dx

+ = , osQ :i dk jSf[kd vody lehdj.k gSA ;gk¡ 
2

P
x

=  ,oa Q = x gSA

blfy, I.F. = 
2

dx
xe
∫ = e2 log x = 

2log 2x
e x= log ( )[ ( )]f xe f x=tSlk fd



vody lehdj.k        337

blfy, fn, gq, lehdj.k dk gy gS%

y . x2 = 
2

( ) ( ) Cx x dx +∫  = 
3

Cx dx +∫

vFkok
2

2
C

4

x
y x

−= +

;g fn, gq, vody lehdj.k dk O;kid gy gSA

mnkgj.k 16  vody lehdj.k y dx – (x + 2y2) dy = 0 dk O;kid gy Kkr dhft,A

gy  fn;k gqvk vody lehdj.k fuEufyf[kr :i esa fy[kk tk ldrk gS%

2
dx x

y
dy y

− =

;g] 1 1P Q
dx

x
dy

+ = , osQ :i okyk jSf[kd vody lehdj.k gSA ;gk¡ 1

1
P

y
= −  ,oa

Q
1
 = 2y gSA blfy, I.F. =

∫
= = =

−
− −

e e e
y

y
dy

y y

1
1 1log log( )

vr% fn, gq, vody lehdj.k dk gy gS%

1 1
(2 ) Cx y dy

y y

 = + 
 

∫

vFkok
x

y
dy= +∫ 2 C

vFkok 2 C
x

y
y

= +

vFkok x = 2y2 + Cy

;g fn, gq, vody lehdj.k dk O;kid gy gSA

mnkgj.k 17 vody lehdj.k

cot 
dy

y x
dx

+  = 2x + x2 cot x (x ≠ 0)

dk fof'k"V gy Kkr dhft,] fn;k gqvk gS fd  y = 0 ;fn 
2

x
π

=

gy fn;k gqvk vody lehdj.k  P Q
dy

y
dx

+ = , osQ :i dk jSf[kd vody lehdj.k gSA ;gk¡
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P = cot x vkSj Q = 2x + x2 cot x gSA blfy,

I.F. = e e x
x dx xcot log sin

sin∫ = =

vr% vody lehdj.k dk gy gS%

y . sin x = ∫ (2x + x2 cot x) sin x dx + C

vFkok y sin x = ∫ 2x sin x dx + ∫ x2 cos x dx + C

vFkok y sin x = 
2 2

22 2
sin cos cos C

2 2

x x
x x dx x x dx
   

− + +   
   ∫ ∫

vFkok 2 2 2
sin sin cos cos Cy x x x x x dx x x dx= − + +∫ ∫

vFkok y sin x = x2 sin x + C ... (1)

lehdj.k (1) esa  y = 0 ,oa 
2

x
π

=  izfrLFkkfir djus ij ge izkIr djrs gSa%

0 C= 









 +

π π
2 2

2

sin

vFkok
2

C =
4

− π

lehdj.k (1) esa C dk eku izfrLFkkfir djus ij ge izkIr djrs gSa%
2

2
sin = sin

4
y x x x

π
−

vFkok
2

2= (sin 0)
4 sin

y x x
x

π
− ≠

;g fn, gq, vody lehdj.k dk fof'k"V gy gSA

mnkgj.k 18 fcUnq (0] 1) ls xqtjus okys ,d oØ dk lehdj.k Kkr dhft,] ;fn bl oØ osQ
fdlh ¯cnq (x, y) ij Li'kZ js[kk dh izo.krk] ml ¯cnq osQ x funsZ'kkad (Hkqt) rFkk x funsZ'kkad vkSj
y funsZ'kkad (dksfV) osQ xq.kuiQy osQ ;ksx osQ cjkcj gSA

gy ge tkurs gSa fd oØ dh Li'kZ js[kk dh izo.krk 
dy

dx
 osQ cjkcj gksrh gSA blfy,

dy
x xy

dx
= +

vFkok
dy

xy x
dx

− = ... (1)



vody lehdj.k        339

lehdj.k (1)] P Q
dy

y
dx

+ =  osQ :i dk jSf[kd vody lehdj.k gSA ;gk¡ P = – x ,oa

Q  =  x gSA blfy,

vr% fn, gq, lehdj.k dk gy gS%

( )2
2

2 2. ( ) C

x x

y e x dxe

− −
= +∫ ... (2)

eku yhft,
2

2I ( )
x

x dxe

−

= ∫

eku yhft,
2

2

x
t

−
= , rc – x dx = dt ;k x dx = – dt

blfy,
2

2I –
x

t t
e dt e e

−

= − = − =∫
lehdj.k (2) esa I dk eku izfrLFkkfir djus ij] ge ikrs gSa%

2 2

2 2 + C
x x

y e e

− −

= −

vFkok
2

21 C

x

y e= − + ... (3)

lehdj.k (3) oØksa osQ oqQy dk lehdj.k gS ijarq ge bl oqQy osQ ,sls lnL; dk lehdj.k Kkr
djuk pkgrs gSa tks ̄ cnq (0] 1) ls xqtjrk gksA lehdj.k (3) esa x = 0 ,oa y = 1 izfrLFkkfir djus
ij ge ikrs gSa%

1 = – 1 + C . eo  vFkok   C = 2

lehdj.k (3) esa C dk eku izfrLFkkfir djus ij ge izkIr djrs gSa%
2

21 2

x

y e= − +

;g oØ dk vHkh"V lehdj.k gSA

iz'ukoyh 9-5

1 ls 12 rd osQ iz'uksa esa] izR;sd vody lehdj.k dk O;kid gy Kkr dhft,%

1. 2 sin
dy

y x
dx

+ = 2.
2

3
xdy

y e
dx

−+ = 3.
2dy y

x
dx x

+ =

4. (sec ) tan 0
2

dy
x y x x

dx

π + = ≤ < 
 

5.
2

cos tan
dy

x y x
dx

+ =  0
2

x
π ≤ < 

 
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6.
22 log

dy
x y x x

dx
+ = 7.

2
log log

dy
x x y x

dx x
+ =

8. (1 + x2) dy + 2xy dx = cot x dx (x ≠ 0)

9. cot 0 ( 0)
dy

x y x xy x x
dx

+ − + = ≠ 10. ( ) 1
dy

x y
dx

+ =

11. y dx + (x – y2) dy = 0 12.
2

( 3 ) ( 0)
dy

x y y y
dx

+ = > .

13 ls 15 rd osQ iz'uksa esa izR;sd vody lehdj.k osQ fy, fn, gq, izfrca/ dks larq"V djus okyk
fof'k"V gy Kkr dhft,%

13. 2 tan sin ; 0
3

dy
y x x y x

dx

π
+ = = =;fn

14.
2

2

1
(1 ) 2 ; 0 1

1

dy
x xy y x

dx x
+ + = = =

+
;fn

15. 3 cot sin 2 ; 2
2

dy
y x x y x

dx

π
− = = =;fn

16. ewy ¯cnq ls xq”kjus okys ,d oØ dk lehdj.k Kkr dhft, ;fn bl oØ osQ fdlh ¯cnq
(x, y) ij Li'kZ js[kk dh izo.krk ml ¯cnq osQ funsZ'kkadksa osQ ;ksx osQ cjkcj gSA

17. ¯cnq (0] 2) ls xqtjus okys oØ dk lehdj.k Kkr dhft, ;fn bl oØ osQ fdlh ¯cnq
osQ funsZ'kkadksa dk ;ksx ml ¯cnq ij [khaph xbZ Li'kZ js[kk dh izo.krk osQ ifjek.k ls 5
vf/d gSA

18. vody lehdj.k 2
2

dy
x y x

dx
− =  dk lekdyu xq.kd gS%

(A) e–x (B) e–y (C)
1

x
(D) x

19. vody lehdj.k 2(1 )
dx

y yx
dy

− +  = ( 1 1)ay y− < <  dk lekdyu xq.kd gS%

(A) 2

1

1y − (B) 2

1

1y − (C) 2

1

1 y− (D) 2

1

1 y−
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fofo/ mnkgj.k

mnkgj.k 19  lR;kfir dhft, fd iQyu  y = c
1
 eax cos bx + c

2
 eax sin bx, tgk¡ c

1
, c

2
 LosPN

vpj gS] vody lehdj.k

( )
2

2 2

2
2 0

d y dy
a a b y

dxdx
− + + =  dk gy gSA

gy  fn;k gqvk iQyu gS%

[ ]1 2cos sinaxy e c bx c bx= + ... (1)

lehdj.k (1) osQ nksuksa i{kksa dk x osQ lkis{k vodyu djus ij ge ikrs gSa fd

[ ] [ ]1 2 1 2– sin cos cos sin .
ax axdy

e bc bx bc bx c bx c bx e a
dx

= + + +

vFkok 2 1 2 1[( )cos ( )sin ]axdy
e bc a c bx a c bc bx

dx
= + + − ... (2)

lehdj.k (2) osQ nksuksa i{kksa dk x, osQ lkis{k vodyu djus ij ge ikrs gSa fd
2

2 1 2 12
[( ) ( sin . ) ( ) (cos . )]axd y

e bc ac bx b ac bc bx b
dx

= + − + −

  + 
2 1 2 1[( ) cos ( ) sin ] .axbc ac bx ac bc bx e a+ + −

= 2 2 2 2
2 1 2 1 2 1[( 2 ) sin ( 2 ) cos ]axe a c abc b c bx a c abc b c bx− − + + −

fn, x, vody lehdj.k esa  

2

2
,

d y dy

dxdx
 ,oa y dk eku izfrLFkkfir djus ij ge ikrs gSa%

ck;k¡ i{k 2 2 2 2
2 1 2 1 2 1[ 2 )sin ( 2 )cos ]axe a c abc b c bx a c abc b c bx= − − + + −

2 1 2 12 [( )cos ( )sin ]axae bc ac bx ac bc bx− + + −

2 2
1 2( ) [ cos sin ]axa b e c bx c bx+ + +

=  [0 sin 0cos ]axe bx bx× + = eax × 0 = 0  = nk;k¡ i{k

blfy, fn;k gqvk iQyu fn, gq, vody lehdj.k dk gy gSA
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mnkgj.k 20  vody lehdj.k log 3 4
dy

x y
dx

  = + 
 

 dk fof'k"V gy Kkr dhft,A  fn;k gqvk

gS fd y = 0 ;fn x = 0

gy  fn;k gqvk vody lehdj.k fuEufyf[kr :i esa fy[kk tk ldrk gS%

(3 4 )x ydy
e

dx

+=

vFkok 3 4x ydy
e e

dx
= ⋅ ... (1)

pjksa dks i`Fko~Q djus ij ge ikrs gSa]

3

4

x

y

dy
e dx

e
=

blfy, 4 3y x
e dy e dx

− =∫ ∫

vFkok
4 3

C
4 3

y x
e e

−

= +
−

vFkok 4 e3x + 3 e– 4y + 12 C = 0 ... (2)

lehdj.k (2) esa x = 0 ,oa y = 0 izfrLFkkfir djus ij ge ikrs gSa%

4 + 3 + 12 C = 0 vFkok C = 
7

12

−

lehdj.k (2) esa  C dk eku izfrLFkkfir djus ij ge]
4 e3x + 3 e– 4y – 7 = 0, izkIr djrs gSa

;g fn, gq, vody lehdj.k dk ,d fof'k"V gy gSA

mnkgj.k 21  vody lehdj.k

(x dy – y dx) y sin 
y

x

 
 
 

 = (y dx + x dy) x cos 
y

x

 
 
 

dks gy dhft,A

gy  fn;k gqvk vody lehdj.k fuEufyf[kr :i esa fy[kk tk ldrk gSA

2 2
sin cos cos sin

y y y y
x y x dy xy y dx

x x x x

          − = +                    
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vFkok

2

2

cos sin

sin cos

y y
xy y

dy x x

y ydx
xy x

x x

   +   
   =
   −   
   

nk;sa i{k ij va'k ,oa gj nksuksa dks x2 ls Hkkx nsus ij ge ikrs gSa%

2

2
cos sin

sin cos

y y y y

dy x x xx

y y ydx

x x x

    +    
    =
   −   
   

... (1)

Li"Vr% lehdj.k (1)] 
dy y

g
dx x

 =  
 

 osQ :i dk le?kkrh; vody lehdj.k gS] blfy,

bl lehdj.k dks gy djus osQ fy, ge
y = vx ... (2)

izfrLFkkfir djrs gSaA

vFkok
dy dv

v x
dx dx

= +

vFkok
2cos sin

sin cos

dv v v v v
v x

dx v v v

+
+ =

−
 [lehdj.k (1) vkSj (2) dk iz;ksx djus ij]

vFkok
2 cos

sin cos

dv v v
x

dx v v v
=

−

vFkok

blfy,   
sin cos 1

2
cos

v v v
dv dx

v v x

−  = 
 ∫ ∫

vFkok
1 1

tan 2v dv dv dx
v x

− =∫ ∫ ∫
vFkok

1log sec log | | 2log | | log | C |v v x− = +

vFkok 12

sec
log log C

v

v x
=

vFkok 12

sec
C

v

v x
= ± ... (3)
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lehdj.k (3) esa v  dks 
y

x
 ls izfrLFkkfir djus ij ge ikrs gSa fd

2

sec

C

( )

y

x

y
x

x

 
 
  =

 
 
 

] tgk¡ C = ± C
1

vFkok sec C
y

xy
x

  = 
 

;g fn, gq, vody lehdj.k dk O;kid gy gSA

mnkgj.k 22  vody lehdj.k

(tan–1y – x) dy = (1 + y2) dx dk gy Kkr dhft,A

gy  fn;k gqvk vody lehdj.k fuEufyf[kr :i esa fy[kk tk ldrk gS%

1

2 2

tan

1 1

dx x y

dy y y

−

+ =
+ + ... (1)

lehdj.k (1)] 1P
dx

dy
+  x = Q

1
, osQ :i dk jSf[kd vody lehdj.k gSA ;gk¡

1 2

1
P

1 y
=

+
 ,oa 

1

1 2

tan
Q

1

y

y

−

=
+

gSA  blfy,

blfy, fn, gq, vody lehdj.k dk gy gS%

1 1
1

tan tan

2

tan
C

1

y yy
xe e dy

y

− −
− 

= + 
+ 

∫ ... (2)

eku yhft,
1

1
tan

2

tan
I

1

yy
e dy

y

−
− 

=  
+ 

∫

tan–1 y = t izfrLFkkfir djus ij ge ikrs gSa fd 
2

1

1
dy dt

y

  = + 
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vr% I = 
t

t e dt∫ , I = t et – ∫1 . et et, I = t et – et = et (t – 1)

vFkok I =  
1tan y

e
−

(tan–1y –1)

lehdj.k (2) esa I dk eku izfrLFkkfir djus ij ge
1 1tan tan 1

. (tan 1) C
y y

x e e y
− − −= − + ikrs gSa

vFkok x = 
11 tan

(tan 1) C
y

y e
−− −− +

;g fn, gq, vody lehdj.k dk O;kid gy gSA

vè;k; 9 ij fofo/ iz'ukoyh
1. fuEufyf[kr vody lehdj.kksa esa ls izR;sd dh dksfV ,oa ?kkr (;fn ifjHkkf"kr gks) Kkr

dhft,A

(i)

22

2
5 6 log

d y dy
x y x

dxdx

 + − = 
 

         (ii)  

3 2

4 7 sin
dy dy

y x
dx dx

   − + =   
   

(iii)

4 3

4 3
sin 0

d y d y

dx dx

 
− = 

 

2. fuEufyf[kr iz'uksa esa izR;sd osQ fy, lR;kfir dhft, fd fn;k gqvk iQyu (vLi"V vFkok
Li"V) laxr vody lehdj.k dk gy gSA

(i) xy = a ex + b e–x + x2 :

2
2

2
2 2 0

d y dy
x xy x

dxdx
+ − + − =

(ii) y = ex (a cos x + b sin x) :

2

2
2 2 0

d y dy
y

dxdx
− + =

(iii) y = x sin 3x :

2

2
9 6cos3 0

d y
y x

dx
+ − =

(iv) x2 = 2y2 log y :
2 2( ) 0

dy
x y xy

dx
+ − =

3. fl¼ dhft, fd x2 – y2 = c (x2 + y2)2 tgk¡ c ,d izkpy gS] vody lehdj.k
(x3 – 3x y2) dx = (y3 – 3x2y) dy dk O;kid gy gSA

4. vody lehdj.k 
2

2

1
0

1

dy y

dx x

−
+ =

−
] tcfd x ≠1 dk O;kid gy Kkr dhft,A
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5. n'kkZb, fd vody lehdj.k 
2

2

1
0

1

dy y y

dx x x

+ +
+ =

+ +
 dk O;kid gy

(x + y + 1) = A (1 – x – y – 2xy) gS] ftlesa A ,d izkpy gSA

6. ¯cnq 0,
4

π 
 
 

 ls xqtjus okys ,d ,sls oØ dk lehdj.k Kkr dhft, ftldk vody

lehdj.k sin x cos y dx + cos x sin y dy = 0 gSA

7. vody lehdj.k (1 + e2x) dy + (1 + y2) ex dx = 0 dk ,d fof'k"V gy Kkr dhft,]
fn;k gqvk gS fd y = 1 ;fn x = 0.

8. vody lehdj.k 2
( 0)

x x

y yy e dx x e y dy y
 
 = + ≠ 

dk gy Kkr dhft,A

9. vody lehdj.k  (x – y) (dx + dy) = dx – dy dk ,d fof'k"V gy Kkr dhft,] fn;k
gqvk gS fd y = –1, ;fn x = 0 (laosQr:  x – y = t j[ksa)A

10. vody lehdj.k 
2

1( 0)
x

e y dx
x

dyx x

− 
− = ≠ 

 
 dk gy Kkr dhft,A

11. vody lehdj.k cot
dy

y x
dx

+  = 4x cosec x (x ≠ 0) dk ,d fof'k"V gy Kkr dhft,]

fn;k gqvk gS fd y = 0 ;fn 
2

x
π

= .

12. vody lehdj.k  (x + 1) 
dy

dx
 = 2 e–y – 1 dk ,d fof'k"V gy Kkr dhft,] fn;k gqvk

gS fd y = 0 ;fn x = 0.

13. vody lehdj.k  0
y dx x dy

y

−
=  dk O;kid gy gS%

(A) xy = C (B) x = Cy2 (C) y = Cx (D) y = Cx2

14. 1 1P Q
dx

x
dy

+ =  osQ :i okys vody lehdj.k dk O;kid gy gS%

(A) ( )1 1P P

1Q C
dy dy

y e e dy∫ ∫= +∫

(B) ( )1 1P P

1. Q C
dx dx

y e e dx∫ ∫= +∫
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(C) ( )1 1P P

1Q C
dy dy

x e e dy∫ ∫= +∫
(D) ( )1 1P P

1Q C
dx dx

x e e dx∫ ∫= +∫
15. vody lehdj.k  ex dy + (y ex + 2x) dx = 0 dk O;kid gy gS%

(A) x ey + x2 = C (B) x ey + y2 = C (C) y ex + x2 = C (D) y ey + x2 = C

lkjka'k

® ,d ,slk lehdj.k ftlesa Lora=k pj (pjksa) osQ lkis{k vkfJr pj osQ vodyt
(vodytksa) lfEefyr gksa] vody lehdj.k dgykrk gSA

® fdlh vody lehdj.k esa lfEefyr mPpre vodyt dh dksfV] ml vody
lehdj.k dh dksfV dgykrh gSA

® ;fn dksbZ vody lehdj.k vodytksa esa cgqin lehdj.k gSa rks ml vody lehdj.k
dh ?kkr ifjHkkf"kr gksrh gSA

® fdlh vody lehdj.k dh ?kkr (;fn ifjHkkf"kr gks) ml vody lehdj.k esa
lfEefyr mPpre dksfV vodyt dh mPpre ?kkr (osQoy /ukRed iw.kk±d) gksrh gSA

® ,d fn, gq, vody lehdj.k dks larq"V djus okyk iQyu ml vody lehdj.k dk
gy dgykrk gSA ,d ,slk gy ftlesa mrus gh LosPN vpj gksa] ftruh ml vody
lehdj.k dh dksfV gS] O;kid gy dgykrk gS vkSj LosPN vpjksa ls eqDr gy fof'k"V
gy dgykrk gSA

® ,d ,slk vody lehdj.k] ftldks ( , ) ( , )
dy dx

f x y g x y
dx dy

= =vFkok osQ :i esa

vfHkO;Dr fd;k tk ldrk gS] tgk¡ f (x, y) ,oa g(x, y) 'kwU; ?kkr okys le?kkrh; iQyu
gSa] le?kkrh; vody lehdj.k dgykrk gSA

® + P Q
dy

y
dx

= , osQ :i okyk vody lehdj.k] ftlesa P rFkk Q vpj vFkok osQoy

x osQ iQyu gSa] izFke dksfV jSf[kd vody lehdj.k dgykrk gSA

,sfrgkfld i`"BHkwfe

vody lehdj.k foKku dh izeq[k Hkk"kkvksa esa ls ,d gSA jkspd rF; ;g gS fd vody
lehdj.kks a dk vfLrRo uoacj 11] 1675 Gottfried Wilthelm Freiherr Leibnitz

(1646-1716) us loZizFke loZlfedk] 21

2
y dy y=∫ , dks fyf[kr :i esa izLrqr fd;k rFkk



348        xf.kr

muls nksuksa izrhdksa ∫ vkSj dy ls ifjfpr djk;kA oLrqr% Leibnitz ,slh oØ dks Kkr djus dh
leL;k esa eXu Fks ftldh Li'kZ js[kk fufnZ"V gksa] bl leL;k us lu~ 1691 esa mUgsa ^pjksa osQ
i`FkDdj.kh; fof/* osQ vUos"k.k dk ekxZn'kZu djk;kA ,d o"kZ i'pkr~ mUgksaus ̂ izFke dksfV osQ
le?kkrh; lehdj.kksa osQ gy djus dh fof/* dk lw=khdj.k fd;kA os vkxs c<+s vkSj vYi
le; esa mUgksaus ^izFke dksfV osQ jSf[kd vody lehdj.kksa dks gy djus dh fof/* dk
vUos"k.k fd;kA fdruk vk'p;Ztud gS fd mi;qZDr lHkh fof/;ksa dh [kkst vosQys ,d O;fDr
}kjk vody lehdj.kksa osQ tUe osQ iPphl o"kks± osQ vYikof/ osQ varxZr laiUu gqbZA

izkjaHk esa osQoy lehdj.kksa osQ ^gy* djus dh izfof/ dks vody lehdj.kksa osQ
^lekdyu* osQ :i esa fufnZ'V fd;k x;k FkkA ;g 'kCn lu~ 1690 esa izFker% James

Bernoulli, (1654&1705) }kjk izpyu esa yk;k x;kA 'kCn ^gy* dk loZizFke iz;ksx
Joseph Louis Lagrange (1736&1813)] }kjk lu~ 1774 esa fd;k x;kA ;g ?kVuk vody
lehdj.kksa osQ tUe ls yxHkx 100 o"kks± ckn ?kfVr gqbZA ;s Jules Henri Poincare

(1854&1912)] Fks] ftUgksaus 'kCn ̂ gy* osQ iz;ksx osQ fy, vdkV~; roZQ izLrqr fd;k] iQyr%
vk/qfud 'kCnkoyh esa 'kCn gy dks viuk mfpr LFkku izkIr gqvkA ̂ pjksa osQ i`FDdj.kh; fof/
dk ukedj.k John Bernoulli (1667&1748)] James Bernoulli osQ vuqt }kjk fd;k x;kA
ebZ 20] 1715 dks Leibnitz dks fy[ks vius i=k esa] mUgksus fuEufyf[kr vody lehdj.k
osQ gy dh [kkst fd,

x2 y″ = 2y

osQ gy rhu izdkj dh oØksa uker% ijoy;] vfrijoy; vkSj ?kuh; oØksa osQ ,d lewg dk
ekxZn'kZu djkrs gSaA ;g n'kkZrk gS fd ,sls ljy fn[kkbZ iM+us okys vody lehdj.kksa osQ gy
oSQls ukuk :i /kj.k djrs gSaA 20oha 'krkCnh osQ mrjk/Z esa ̂ vody lehdj.kksa osQ xq.kkRed
fo'ys"k.k* 'kh"kZd osQ varxZr vody lehdj.kksa osQ gyksa dh tfVy izo`Qfr osQ vkfo"dkj gsrq
è;ku vkdf"kZr fd;k x;kA vktdy blus yxHkx lHkh vfo"dkjksa gsrq vR;ar izfof/ osQ :i
esa izeq[k LFkku izkIr dj fy;k gSA

—vvvvv—



v In most sciences one generation tears down what another has built and what

one has established another undoes. In Mathematics alone each generation

builds a new story to the old structure. – HERMAN HANKEL v

10.1  Hkwfedk (Introduction)

vius nSfud thou esa gesa vusd iz'u feyrs gSa tSls fd vkidh
Å¡pkbZ D;k gS\ ,d iqQVcky osQ f[kykM+h dks viuh gh Vhe osQ
nwljs f[kykM+h osQ ikl xsan igq¡pkus osQ fy, xsan ij fdl izdkj
izgkj djuk pkfg,\ voyksdu dhft, fd izFke iz'u dk
laHkkfor mÙkj 1-6 ehVj gks ldrk gSA ;g ,d ,slh jkf'k gS
ftlesa osQoy ,d eku ifjek.k tks ,d okLrfod la[;k gS]
lfEefyr gSA ,slh jkf'k;k¡ vfn'k dgykrh gSA rFkkfi nwljs iz'u
dk mÙkj ,d ,slh jkf'k gS (ftls cy dgrs gSa) ftlesa
ekalisf'k;ksa dh 'kfDr ifjek.k osQ lkFk&lkFk fn'kk (ftlesa
nwljk f[kykM+h fLFkr gS) Hkh lfEefyr gSA ,slh jkf'k;ka¡ lfn'k
dgykrh gSA xf.kr] HkkSfrdh ,oa vfHk;kaf=kdh esa ;s nksuksa izdkj
dh jkf'k;k¡ uker% vfn'k jkf'k;k¡] tSls fd yackbZ] nzO;eku]
le;] nwjh] xfr] {ks=kiQy] vk;ru] rkieku] dk;Z] /u]
oksYVrk] ?kuRo] izfrjks/d bR;kfn ,oa lfn'k jkf'k;k¡ tSls fd foLFkkiu] osx] Roj.k] cy] Hkkj] laosx]
fo|qr {ks=k dh rhozrk bR;kfn cgq/k feyrh gaSA

bl vè;k; esa ge lfn'kksa dh oqQN vk/kjHkwr ladYiuk,¡] lfn'kksa dh fofHkUu lafØ;k,¡ vkSj
buosQ chth; ,oa T;kferh; xq.k/eks± dk vè;;u djsaxsA bu nksuksa izdkj osQ xq.k/eks± dk lfEefyr
:i lfn'kksa dh ladYiuk dk iw.kZ vuqHkwfr nsrk gS vkSj mi;qZDr p£pr {ks=kksa esa budh fo'kky
mi;ksfxrk dh vksj izsfjr djrk gSA

10.2  oqQN vk/kjHkwr ladYiuk,¡ (Some Basic Concepts)

eku yhft, fd fdlh ry vFkok f=k&foeh; varfj{k esa  l dksbZ ljy js[kk gSA rhj osQ fu'kkuksa dh
lgk;rk ls bl js[kk dks nks fn'kk,¡ iznku dh tk ldrh gSaA bu nksuksa esa ls fuf'pr fn'kk okyh dksbZ

vè;k;

lfn'k chtxf.kr (Vector Algebra)

10

W.R. Hamilton

(1805-1865)
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Hkh ,d js[kk fn"V js[kk dgykrh gS [vko`Qfr 10.1 (i), (ii)]A

vc izsf{kr dhft, fd ;fn ge js[kk ‘l’ dks js[kk[kaM AB rd izfrcaf/r dj nsrs gSa rc
nksuks a es ls fdlh ,d fn'kk okyh js[kk ‘l’ ij ifjek.k fu/kZfjr gks tkrk gSA bl izdkj gesa ,d
fn"V js[kk[kaM izkIr gksrk gS (vko`Qfr 10.1(iii))A vr% ,d fn"V js[kk[kaM esa ifjek.k ,oa fn'kk
nksuks a gksrs gSaA

ifjHkk"kk 1 ,d ,slh jkf'k ftlesa ifjek.k ,oa fn'kk nksuksa gksrs gSa] lfn'k dgykrh gSA

è;ku nhft, fd ,d fn"V js[kk[kaM lfn'k gksrk gS (vko`Qfr 10.1(iii)), ftls AB
����

 vFkok

lk/kj.kr% a
�

,  osQ :i esa fufnZ"V djrs gSa vkSj bls lfn'k ^AB
����

* vFkok lfn'k ^a
� * osQ :i esa

i<+rs gSaA

og ¯cnq A tgk¡ ls lfn'k AB
����

 izkjaHk gksrk gS] izkjafHkd ̄ cnq dgykrk gS vkSj og ̄ cnq B tgk¡

ij lfn'k AB
����

, lekIr gksrk gS vafre ̄cnq dgykrk gSA fdlh lfn'k osQ izkjafHkd ,oa vafre ̄cnqvksa

osQ chp dh nwjh lfn'k dk ifjek.k (vFkok yackbZ) dgykrk gS vkSj bls | AB
����

| vFkok | a
�

| osQ
:i esa fufnZ"V fd;k tkrk gSA rhj dk fu'kku lfn'k dh fn'kk dks fufnZ"V djrk gSA

AfVIi.kh   D;ksafd yackbZ dHkh Hkh ½.kkRed ugha gksrh gS blfy, laosQru | a
�

| < 0 dk dksbZ

vFkZ ugha gSA

fLFkfr lfn'k (Position Vector)

d{kk XI ls] f=k&foeh; nf{k.kkorhZ ledksf.kd funsZ'kkad i¼fr dks Lej.k dhft,
(vko`Qfr 10-2 (i))A varfj{k esa ewy ¯cnq O (0, 0, 0) osQ lkis{k ,d ,slk ¯cnq P yhft, ftlosQ

funsZ'kkad  (x, y, z) gSA rc lfn'k OP
����

ftlesa O vkSj P Øe'k% izkjafHkd ,oa vafre ¯cnq gSa] O osQ

vkòQfr 10-1
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lkis{k ¯cnq P dk fLFkfr lfn'k dgykrk gSA nwjh lw=k (d{kk XI ls) dk mi;ksx djrs gq, OP
����

(vFkok r
�

) dk ifjek.k fuEufyf[kr :i esa izkIr gksrk gS%

| OP |
����

 = 2 2 2x y z+ +

O;ogkj esa ewy ¯cnq O osQ lkis{k] ¯cnqvksa A, B, C bR;kfn osQ fLFkfr lfn'k Øe'k% , ,a b c
�� �

ls fufnZ"V fd, tkrs gaS [vko`Qfr 10.2(ii)]A

fno~Q&dkslkbu (Direction Cosines)

,d ̄ cnq P(x, y, z)  dk fLFkfr lfn'k ( )OP  r
���� �vFkok  yhft, tSlk fd vko`Qfr 10-3 esa n'kkZ;k

x;k gSA lfn'k r
�

 }kjk  x, y  ,oa  z-v{k dh /ukRed fn'kkvksa osQ lkFk cuk, x, Øe'k% dks.k

vkòQfr 10-2

vkòQfr 10-3
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α, β, ,oa γ fn'kk dks.k dgykrs gSaA bu dks.kksa osQ dkslkbu eku vFkkZr~ cosα, cos β ,oa cos γ lfn'k

r
�  osQ fno~Q&dkslkbu dgykrs gSa vkSj lkekU;r% budks Øe'k% l, m ,oa n ls fufnZ"V fd;k tkrk gSA

vko`Qfr 10.3, ls ge ns[krs gSa fd f=kHkqt OAP ,d ledks.k f=kHkqt gS vkSj bl f=kHkqt ls ge

( )cos   | | 
x

r r
r

α =
�

dks osQ fy, iz;kxs fd;k x;k gS  izkIr djrs gSaA blh izdkj ledks.k f=kHkqtksa

OBP ,oa OCP ls ge cos   cos
y z

r r
β = γ =,oa  fy[k ldrs gSaA bl izdkj ̄ cnq P osQ funsZ'kkadksa

dks (lr, mr, nr) osQ :i esa vfHkO;Dr fd;k tk ldrk gSA fno~Q&dkslkbu osQ lekuqikrh la[;k,¡ lr,

mr  ,oa nr lfn'k r
�

 osQ fno~Q&vuqikr dgykrs gSa vkSj budks Øe'k% a, b rFkk c ls fufnZ"V fd;k
tkrk gSA

AfVIi.kh  ge uksV dj ldrs gSa fd l2 + m2 + n2 = 1 ijarq lkekU;r% a2 + b2 + c2 ≠ 1

10.3  lfn'kksa osQ izdkj (Types of Vectors)

'kwU; lfn'k [Zero (null) Vector] ,d lfn'k ftlosQ izkjafHkd ,oa vafre ¯cnq laikrh gksrs gSa]

'kwU; lfn'k dgykrk gS vkSj bls 0
�
 osQ :i esa fufnZ"V fd;k tkrk gSA 'kwU; lfn'k dks dksbZ fuf'pr

fn'kk iznku ugha dh tk ldrh D;ksafd bldk ifjek.k 'kwU; gksrk gS vFkok fodYir% bldks dksbZ

Hkh fn'kk /kj.k fd, gq, ekuk tk ldrk gSA lfn'k AA,BB
���� ����

 'kwU; lfn'k dks fu:fir djrs gSaA

ek=kd lfn'k (Unit Vector) ,d lfn'k ftldk ifjek.k ,d (vFkok 1 bdkbZ) gS ek=kd lfn'k

dgykrk gSA fdlh fn, gq, lfn'k a
�

 dh fn'kk esa ek=kd lfn'k dks â ls fufnZ"V fd;k tkrk gSA

lg&vkfne lfn'k (Co-initial Vectors) nks vFkok vf/d lfn'k ftudk ,d gh izkjafHkd ̄ cnq
gS] lg vkfne lfn'k dgykrs gSaA

lajs[k lfn'k (Collinear Vectors) nks vFkok vf/d lfn'k ;fn ,d gh js[kk osQ lekarj gS rks
os lajs[k lfn'k dgykrs gSaA

leku lfn'k (Equal Vectors) nks lfn'k   a b
��

rFkk   leku lfn'k dgykrs gSa ;fn muosQ ifjek.k

,oa fn'kk leku gSaA budks  =a b
��

 osQ :i esa fy[kk tkrk gSA

½.kkRed lfn'k (Negative of  a Vector)  ,d lfn'k ftldk ifjek.k fn, gq, lfn'k (eku

yhft, AB
����

) osQ leku gS ijarq ftldh fn'kk fn, gq, lfn'k dh fn'kk osQ foijhr gS] fn, gq, lfn'k

dk ½.kkRed dgykrk gSA mnkgj.kr% lfn'k BA
����

, lfn'k AB
����

 dk ½.kkRed gS vkSj bls

BA AB= −
���� ����

 osQ :i esa fy[kk tkrk gSA
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vkòQfr 10-5

vkòQfr 10-4

fVIi.kh  mi;qZDr ifjHkkf"kr lfn'k bl izdkj gS fd muesa ls fdlh dks Hkh mlosQ ifjek.k ,oa fn'kk
dks ifjofrZr fd, fcuk Lo;a osQ lekarj foLFkkfir fd;k tk ldrk gSA bl izdkj osQ lfn'k Lora=k
lfn'k dgykrs gSaA bl iwjs vè;k; esa ge Lora=k lfn'kksa dh gh ppkZ djsaxsA

mnkgj.k 1  nf{k.k ls 30° if'pe esa] 40 km osQ foLFkkiu
dk vkys[kh; fu:i.k dhft,A
gy  lfn'k OP

����
 vHkh"V foLFkkiu dks fu:fir djrk gS

(vko`Qfr 10-4 nsf[k,)A

mnkgj.k 2  fuEufyf[kr ekiksa dks vfn'k ,oa lfn'k osQ :i
esa Js.khc¼ dhft,A

(i) 5 s (ii) 1000 cm3 (iii) 10 N

(iv) 30 km/h (v) 10 g/cm3

(vi) 20 m/s mÙkj dh vksj

gy

(i) le;&vfn'k (ii) vk;ru&vfn'k (iii) cy&lfn'k
(iv) xfr&vfn'k (v) ?kuRo&vfn'k (vi) osx&lfn'k

mnkgj.k 3 vko`Qfr 10-5 esa dkSu ls lfn'k
(i) lajs[k gSa
(ii) leku gSa
(iii) lg&vkfne gSa

gy

(i) lajs[k lfn'k : ,a c d
�� �

rFkk
(ii) leku lfn'k : a c

� �
rFkk

(iii) lg&vkfne lfn'k : ,b c d
� ��

rFkk

iz'ukoyh 10-1

1. mÙkj ls 30° iwoZ esa 40 km osQ foLFkkiu dk vkys[kh; fu:i.k dhft,A

2. fuEufyf[kr ekikas dks vfn'k ,oa lfn'k osQ :i esa Js.khc¼ dhft,A
(i) 10 kg (ii) 2 ehVj mÙkj&if'pe (iii) 40°

(iv) 40 okV (v) 10–19 owQyac (vi) 20 m/s2

3. fuEufyf[kr dks vfn'k ,oa lfn'k jkf'k;ksa osQ :i esa Js.khc¼ dhft,A
(i) le; dkyka'k (ii) nwjh (iii) cy

(iv) osx      (v) dk;Z
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4. vko`Qfr 10-6 (,d oxZ) esa fuEufyf[kr lfn'kksa dks
igpkfu,A

(i) lg&vkfne (ii) leku

(iii) lajs[k ijarq vleku

5. fuEufyf[kr dk mÙkj lR; vFkok vlR; osQ :i esa nhft,A

(i) a
�

 rFkk a−
�

 lajs[k gSaA

(ii) nks lajs[k lfn'kksa dk ifjek.k lnSo leku gksrk gSA

(iii) leku ifjek.k okys nks lfn'k lajs[k gksrs gSaA

(iv) leku ifjek.k okys nks lajs[k lfn'k leku gksrs gSaA

10.4  lfn'kksa dk ;ksxiQy (Addition of Vectors)

lfn'k AB
����

 ls lk/kj.kr% gekjk rkRi;Z gS ¯cnq A ls ¯cnq B

rd foLFkkiuA vc ,d ,slh fLFkfr dh ppkZ dhft, ftlesa
,d yM+dh ¯cnq A ls ¯cnq B rd pyrh gS vkSj mlosQ ckn
¯cnq B ls ¯cnq C rd pyrh gS (vko`Qfr 10.7)A ¯cnq A ls
¯cnq C rd yM+dh }kjk fd;k x;k oqQy foLFkkiu lfn'k,

AC
����

 ls izkIr gksrk gS vkSj bls  AC
����

 = AB BC+
���� ����

 osQ :i
esa vfHkO;Dr fd;k tkrk gSA
;g lfn'k ;ksx dk f=kHkqt fu;e dgykrk gSA

lkekU;r%] ;fn gekjs ikl nks lfn'k a
�

 rFkk b
�
 gSa [vko`Qfr 10.8 (i)], rks mudk ;ksx Kkr djus

osQ fy, mUgsa bl fLFkfr esa yk;k tkrk gS] rkfd ,d dk izkjafHkd ̄cnq nwljs osQ vafre ̄cnq osQ laikrh
gks tk, [vko`Qfr 10.8(ii)]A

vkòQfr 10-7

vkòQfr 10-8

vkòQfr 10-6
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mnkgj.kr% vkòQfr 10.8 (ii) esa] geus lfn'k b
�
osQ ifjek.k ,oa fn'kk dks ifjofrZr fd, fcuk  bl

izdkj LFkkukarfjr fd;k gS rkfd bldk izkjafHkd ̄cnq] a
�

 osQ vafre ̄cnq osQ laikrh gS rc f=kHkqt ABC

dh rhljh Hkqtk AC }kjk fu:fir lfn'k a b+
��

 gesa lfn'kksa a
�

 rFkk b
�
dk ;ksx (vFkok ifj.kkeh)

iznku djrk gS] vFkkZr~~ f=kHkqt ABC esa ge ikrs gSa fd AB BC+
���� ����

 = AC
����

 [vkòQfr 10.8 (ii)]A

vc iqu% D;ksafd AC CA= −
���� ����

, blfy, mi;qZDr lehdj.k ls ge ikrs gSa fd

AB BC CA+ +
���� ���� ����

 = AA 0=
���� �

bldk rkRi;Z ;g gS fd fdlh f=kHkqt dh Hkqtkvksa dks ;fn ,d Øe esa fy;k tk, rks ;g 'kwU;
ifj.kkeh dh vksj izsfjr djrk gS D;ksafd izkjafHkd ,oa vafre ̄cnq laikrh gks tkrs gSa [vkòQfr 10.8(iii)]A

vc ,d lfn'k BC′
�����

 dh jpuk bl izdkj dhft, rkfd bldk ifjek.k lfn'k BC
����

, osQ

ifjek.k osQ leku gks] ijarq bldh fn'kk BC
����

 dh fn'kk osQ foijhr gks vko`Qfr 10-8(iii) vFkkZr~~

BC′
�����

 = BC−
����

 rc f=kHkqt fu;e dk vuqiz;ksx djrs gq, [vko`Qfr 10-8(iii)] ls ge ikrs gSa fd

AC AB BC′ ′= +
����� ���� �����

 = AB ( BC)+ −
���� ����

a b= −
��

lfn'k AC′
�����

, a b
��

rFkk  osQ varj dks fu:fir djrk gSA

vc fdlh unh osQ ,d fdukjs ls nwljs fdukjs rd ikuh osQ cgko dh fn'kk osQ yacor~~ tkus
okyh ,d uko dh ppkZ djrs gSaA rc bl uko ij nks osx lfn'k dk;Z dj jgs gSa] ,d batu }kjk
uko dks fn;k x;k osx vkSj nwljk unh osQ ikuh osQ cgko dk osxA bu nks osxksa osQ ;qxir izHkko ls
uko okLro esa ,d fHkUu osx ls pyuk 'kq: djrh gSA bl uko dh izHkkoh xfr ,oa fn'kk (vFkkZr~~
ifj.kkeh osx) osQ ckjs esa ;FkkFkZ fopkj ykus osQ fy, gekjs ikl lfn'k ;ksxiQy dk fuEufyf[kr
fu;e gSA

;fn gekjs ikl ,d lekarj prqHkq Zt dh
nks layXu Hkqtkvks a ls fu:fir fd, tkus okys

(ifjek.k ,oa fn'kk lfgr) nks lfn'k  a b
��

rFkk

gS (vko`Qfr 10-9) rc lekarj prqHkqZt dh bu
nksuksa Hkqtkvksa osQ mHk;fu"B ¯cnq ls xqtjus okyk

fod.kZ bu nksuksa lfn'kksa osQ ;ksx +a b
��

 dks ifjek.k

,oa fn'kk lfgr fu:fir djrk gSA ;g lfn'k ;ksx
dk lekarj prqHkqZt fu;e dgykrk gSA vkòQfr 10-9
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AfVIi.kh f=kHkqt fu;e dk mi;ksx djrs gq, vko`Qfr 10-9 ls ge uksV dj ldrs gSa fd

OA AC+
���� ����

 = OC
����

 ;k OA OB+
���� ����

 = OC
����

(D;ksafd AC OB=
���� ����

) tks fd lekarj prqHkqZt fu;e
gSA vr% ge dg ldrs gaS fd lfn'k ;ksx osQ nks fu;e ,d nwljs osQ lerqY; gSaA

lfn'k ;ksxiQy osQ xq.k/eZ (Properties of vector addition)

xq.k/eZ 1 nks lfn'kksa a b
�� rFkk  osQ fy,

a b+
��

 = b a+
� �

                     (Øefofue;rk)

miifÙk lekarj prqHkqZt ABCD dks yhft, (vkòQfr 10-10) eku yhft, AB   BC ,a b= =
���� ���� ��

vkjS
rc f=kHkqt ABC esa f=kHkqt fu;e dk mi;ksx djrs

gq, ge ikrs gSa fd AC
����

 = +a b
��

vc] D;ksafd lekarj prqHkqZt dh lEeq[k Hkqtk,¡
leku ,oa lekarj gS] blfy, vko`Qfr 10-10 esa

AD = BC = DC = AB =b a
���� ���� ���� ����� �

vkjS  gSA iqu% f=kHkqt

ADC esa f=kHkqt fu;e osQ iz;ksx ls AC
�����

 = AD + DC
���� ����

= +b a
� �

vr% a b+
��

 = b a+
� �

xq.k/eZ 2 rhu lfn'kks a ,
�� �

a b cvkSj osQ fy,

( )a b c+ +
�� �

 = ( )a b c+ +
�� �

    (lkgp;Z xq.k)

miifÙk eku yhft,] lfn'kksa ,a b c
�� �rFkk  dks Øe'k% PQ,  QR    RS

���� ���� ����
,oa  ls fu:fir fd;k

x;k gS tSlk fd vko`Qfr 10.11(i) vkSj (ii) esa n'kkZ;k x;k gSA

vkòQfr 10-10

vkòQfr 10-11
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vkòQfr 10-12

rc a b+
��

 = PQ + QR = PR
���� ���� ����

vkSj b c+
� �  = QR + RS = QS

���� ���� ����

blfy, ( )  a b c+ +
�� �

 = PR + RS = PS
���� ���� ���

vkSj ( )a b c+ +
�� �

 = PQ + QS = PS
���� ���� ���

vr% ( )a b c+ +
�� �

 = ( )a b c+ +
�� �

fVIi.kh  lfn'k ;ksxiQy osQ lkgp;Z xq.k/eZ dh lgk;rk ls ge rhu lfn'kksa ,a b c
�� �
rFkk  dk

;ksxiQy dks"Bdksa dk mi;ksx fd, fcuk a b c+ +
�� �

 osQ :i esa fy[krs gSaA

uksV dhft, fd fdlh lfn'k a
�

 osQ fy, ge ikrs gSa%

0a +
��

 = 0 a a+ =
� � �

;gk¡ 'kwU; lfn'k 0
�

 lfn'k ;ksxiQy osQ fy, ;ksT; loZlfedk dgykrk gSA

10.5  ,d vfn'k ls lfn'k dk xq.ku (Multiplication of a Vector by a Scalar)

eku yhft, fd a
�

 ,d fn;k gqvk lfn'k gS vkSj λ ,d vfn'k gSA rc lfn'k a
�

 dk vfn'k λ,

ls xq.kuiQy ftls λ a
�

 osQ :i esa fufnZ"V fd;k tkrk gS] lfn'k a
�

 dk vfn'k λ ls xq.ku dgykrk
gSA uksV dhft, fd λ a

�
 Hkh lfn'k a

�
 osQ lajs[k ,d lfn'k gSA λ osQ eku /ukRed vFkok ½.kkRed

gksus osQ vuqlkj λ a
�

 dh fn'kk] a
�

 osQ leku vFkok foijhr gksrh gSA λ a
�

 dk ifjek.k a
� osQ ifjek.k

dk |λ | xq.kk gksrk gS] vFkkZr~~
| |aλ
�

 = | | | |aλ
�

,d vfn'k ls lfn'k osQ xq.ku dk T;kferh; pk{kq"khdj.k [:i dh dYiuk (visualisation)]

vko`Qfr 10-12 esa nh xbZ gSA

tc λ = – 1, rc a aλ = −
� �

 tks ,d ,slk lfn'k gS ftldk ifjek.k a
�

 osQ leku gS vkSj fn'kk

a
�
dh fn'kk osQ foijhr gSA lfn'k – a

�
 lfn'k a

�
 dk ½.kkRed (vFkok ;ksT; izfrykse)dgykrk

gS vkSj ge ges'kk (– )a a+
� �

 = (– ) 0a a+ =
�� �
ikrs gSaA
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vkSj ;fn 
1

=
| |a

λ � , fn;k gqvk gS fd 0,  a a≠
� �vFkkrZ ~  ,d 'kwU; lfn'k ugha gS rc

| | | | | |a aλ = λ
� �

 =
1

| | 1
| |

a
a

=
�

�

bl izdkj λ a
�

, a
�

 dh fn'kk esa ek=kd lfn'k dks fu:fir djrk gSA ge bls

â  =
1

| |
a

a

�
�  osQ :i esa fy[krs gSaA

AfVIi.kh fdlh Hkh vfn'k k osQ fy, 0 = 0k
� �

10.5.1  ,d lfn'k osQ ?kVd (Components of a vector)

vkbZ, ̄ cnqvksa A(1, 0, 0), B(0, 1, 0) vkSj C(0, 0, 1) dks Øe'k% x-v{k,
y-v{k ,oa z-v{k ij ysrs gSaA rc Li"Vr%

| OA | 1, | OB |=
���� ����

 = 1 | OC | 1=
����

vkSj

lfn'k OA,   OB OC
���� ���� ����

vkjS  ftuesa ls izR;sd dk ifjek.k 1 gSa

Øe'k% OX, OY vkSj OZ v{kksa osQ vuqfn'k ek=kd lfn'k dgykrs gSa

vkSj budks Øe'k% ˆˆ ˆ,      i j kvkSj  }kjk fufnZ"V fd;k tkrk gS (vko`Qfr 10-13)A

vc ,d ¯cnq P(x, y, z)  dk fLFkfr lfn'k OP
����

 yhft, tSlk fd vko`Qfr 10-14 esa n'kkZ;k
x;k gSA eku yhft, fd ¯cnq  P

1
 ls ry XOY ij [khaps x, yac dk ikn ¯cnq P

1
 gSA bl izdkj

ge ns[krs gSa fd P
1 
P,  z-v{k osQ lekarj gSA D;ksafd ˆˆ ˆ,   i j k,oa  Øe'k% x, y ,oa z-v{k osQ vuqfn'k

ek=kd lfn'k gS vkSj P osQ funsZ'kkadksa dh ifjHkk"kk osQ vuqlkj ge ikrs gSa fd
1

ˆP P OR zk= =
���� ����

. blh

izdkj 
1

ˆQP OS yj= =
���� ����

 vkSj ˆOQ xi=
����

. bl izdkj ge ikrs gSa fd

1OP
����

 =
1

ˆ ˆOQ + QP xi yj= +
���� ����

vkSj OP
����

 =
1 1

ˆˆ ˆOP + P P xi yj zk= + +
���� �����

bl izdkj O osQ lkis{k P dk fLFkfr lfn'k OP ( )r
���� �vFkok  = ˆˆ ˆxi yj zk+ + osQ :i esa izkIr

gksrk gSA
fdlh Hkh lfn'k dk ;g :i ?kVd :i dgykrk gSA ;gk¡  x, y ,oa z, r

�
 osQ vfn'k ?kVd

dgykrs gSa vkSj ˆˆ ˆ,   xi yj zk,oa  Øekxr v{kksa osQ vuqfn'k r
�

 osQ lfn'k ?kVd dgykrs gSaA
dHkh&dHkh x, y ,oa z dks ledksf.kd ?kVd Hkh dgk tkrk gSA

vkòQfr 10-13
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fdlh lfn'k ˆˆ ˆr xi yj zk= + +
�

, dh yackbZ ikbFkkxksjl izes; dk nks ckj iz;ksx djosQ rqjar Kkr
dh tk ldrh gSA ge uksV djrs gSa fd ledks.k f=kHkqt OQP

1
 esa (vko`Qfr 10.14)

1| OP |
�����

 = 2 2 2 2
1| OQ | +|QP | x y= +

����� ����

vkSj ledks.k f=kHkqt OP
1
P, esa ge ikrs gSa fd

| OP |
����

 = 2 2 2 2 2
1 1| OP | | P P | ( )x y z+ = + +

���� ����

vr% fdlh lfn'k ˆˆ ˆ +r xi yj zk= +
�

 dh yackbZ | |r
�

 = 2 2 2ˆˆ ˆ| | =xi yj zk x y z+ + + +

osQ :i esa izkIr gksrh gSA

;fn nks lfn'k   a b
��

vkjS  ?kVd :i esa Øe'k% 
1 2 3

ˆˆ ˆ +a i a j a k+  vkSj 
1 2 3

ˆˆ ˆb i b j b k+ + }kjk fn,
x, gSa rks

(i) lfn'kksa   a b
��

vkjS dks ;ksx

a b+
��  = 

1 1 2 2 3 3
ˆˆ ˆ( ) ( ) ( )a b i a b j a b k+ + + + +  osQ :i esa izkIr gksrk gSA

(ii) lfn'k   a b
��

vkjS  dk varj

a b−
�� = 

1 1 2 2 3 3
ˆˆ ˆ( ) ( ) ( )a b i a b j a b k− + − + −  osQ :i esa izkIr gksrk gSA

(iii) lfn'k    a b
��

vkjS  leku gksrs gSa ;fn vkSj osQoy ;fn
a

1
 = b

1
, a

2
 = b

2
   vkSj   a

3
 = b

3

(iv) fdlh vfn'k λ ls lfn'k a
�

 dk xq.ku

aλ
�

 = 
1 2 3

ˆˆ ˆ( ) ( ) ( )a i a j a kλ + λ + λ }kjk iznÙk gSA

vkòQfr 10-14
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lfn'kksa dk ;ksxiQy vkSj fdlh vfn'k ls lfn'k dk xq.ku lfEefyr :i esa fuEufyf[kr
forj.k&fu;e ls feyrk gS

eku yhft, fd   a b
��

vkjS dksbZ nks lfn'k gSa vkSj k ,oa m nks vfn'k gSa rc

(i) ( )ka ma k m a+ = +
� � �

(ii) ( ) ( )k ma km a=
� �

(iii) ( )k a b ka kb+ = +
� �� �

fVIi.kh

1. vki izsf{kr dj ldrs gSa fd λ osQ fdlh Hkh eku osQ fy, lfn'k aλ
�

 ges'kk lfn'k a
�
 osQ

lajs[k gSA okLro esa nks lfn'k   a b
��

vkjS  lajs[k rHkh gksrs gSa ;fn vkSj osQoy ;fn ,d ,sls

'kwU;srj vfn'k λ  dk vfLrRo gSa rkfd b a= λ
� �  gksA ;fn lfn'k   a b

��
vkjS  ?kVd :i esa fn,

gq, gSa] vFkkZr~~ 1 2 3
ˆˆ ˆa a i a j a k= + +

�
 vkSj 

1 2 3
ˆˆ ˆb b i b j b k= + +

�
, rc nks lfn'k lajs[k gksrs gSa

;fn vkSj osQoy ;fn

1 2 3
ˆˆ ˆb i b j b k+ +  = 1 2 3

ˆˆ ˆ( )a i a j a kλ + +

⇔ 1 2 3
ˆˆ ˆb i b j b k+ +  = 1 2 3

ˆˆ ˆ( ) ( ) ( )a i a j a kλ + λ + λ

⇔ 1 1b a= λ , 2 2 3 3,b a b a= λ = λ

⇔
1

1

b

a
 = 32

2 3

bb

a a
= = λ

2. ;fn a
�

 = 1 2 3
ˆˆ ˆa i a j a k+ +  rc a

1
, a

2
, a

3
 lfn'k a

�
 osQ fno~Q&vuqikr dgykrs gSaA

3. ;fn l, m, n fdlh lfn'k osQ fno~Q&dkslkbu gSa rc
ˆˆ ˆli mj nk+ + = ˆˆ ˆ(cos ) (cos ) (cos )i j kα + β + γ

fn, gq, lfn'k dh fn'kk esa ek=kd lfn'k gS tgk¡ α, β ,oa γ fn, gq, lfn'k }kjk Øe'k% x,

y ,oa z v{k osQ lkFk cuk, x, dks.k gSaA

mnkgj.k 4  x, y vkSj z osQ eku Kkr dhft, rkfd lfn'k ˆˆ ˆ2a xi j zk= + +
�

 vkSj ˆˆ ˆ2b i yj k= + +
�

leku gSaA

gy  è;ku nhft, fd nks lfn'k leku gksrs gSa ;fn vkSj osQoy ;fn muosQ laxr ?kVd leku gSA

vr% fn, gq, lfn'k a b
�� vkjS  leku gksaxs ;fn vkSj osQoy ;fn x = 2, y = 2, z = 1

mnkgj.k 5  eku yhft, ˆ ˆ2a i j= +
�

 vkSj ˆ ˆ2b i j= +
�

 rc D;k | | | |a b=
�� gS ? D;k lfn'k   a b

��
vkjS

leku gSa \

gy  ;gk¡ 2 2
| | 1 2 5a = + =
�

 vkSj 2 2
| | 2 1 5b = + =
�

blfy, | | | |a b=
��

 ijarq fn, gq, lfn'k leku ugha gSa D;ksafd buosQ laxr ?kVd fHkUu gSaA
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mnkgj.k 6  lfn'k ˆˆ ˆ2 3a i j k= + +
� osQ vuqfn'k ek=kd lfn'k Kkr dhft,A

gy  lfn'k a
�

 osQ vuqfn'k ek=kd lfn'k 
1

ˆ
| |

a a
a

=
�

�  }kjk izkIr gksrk gSA

vc | |a
�

 = 2 2 2
2 3 1 14+ + =

blfy,
1 ˆˆ ˆˆ (2 3 )
14

a i j k= + +  =
2 3 1 ˆˆ ˆ
14 14 14

i j k+ +

mnkgj.k 7  lfn'k ˆ ˆ2a i j= −
�

 osQ vuqfn'k ,d ,slk lfn'k Kkr dhft, ftldk ifjek.k 7 bdkbZ gSA

gy  fn, gq, lfn'k a
�

 osQ vuqfn'k ek=kd lfn'k 
1

ˆ
| |

a a
a

=
�

�  =
1 1 2ˆ ˆ ˆ ˆ( 2 )
5 5 5

i j i j− = − gSA

blfy, a
�
osQ vuqfn'k vkSj 7 ifjek.k okyk lfn'k 7a

∧
 = 

1 2
7

5 5
i j
∧ ∧ 
− 

 
 = 

7 14ˆ ˆ
5 5

i j− gSA

mnkgj.k  8 lfn'kksa ˆˆ ˆ2 2 – 5a i j k= +
�

 vkSj ˆˆ ˆ2 3b i j k= + +
�

osQ ;ksxiQy osQ vuqfn'k ek=kd
lfn'k Kkr dhft,A

gy fn, gq, lfn'kksa dk ;ksxiQy

ˆˆ ˆ,    = 4 3 2a b c c i j k+ = + −
�� � �

tgk¡  gSA

vkSj | |c
�

 = 2 2 24 3 ( 2) 29+ + − =

vr% vHkh"V ek=kd lfn'k

1 1 4 3 2ˆ ˆˆ ˆ ˆ ˆˆ (4 3 2 )
| | 29 29 29 29

c c i j k i j k
c

= = + − = + −
�

�  gSA

mnkgj.k 9  lfn'k ˆˆ ˆ 2a i j k= + −
�

 osQ fno~Q&vuqikr fyf[k, vkSj bldh lgk;rk ls fno~Q&dkslkbu
Kkr dhft,A

gy è;ku nhft, fd lfn'k ˆˆ ˆr xi yj zk= + +
�  osQ fno~Q&vuqikr  a, b, c lfn'k osQ] Øekxr ?kVd

x, y, z gksrs gSaA blfy, fn, gq, lfn'k osQ fy, ge ikrs gSa fd  a = 1, b = 1 vkSj  c = –2 gSA iqu%
;fn l, m vkSj n fn, gq, lfn'k osQ fno~Q&dkslkbu gSa rks%

1 1 2
, ,  (   | | 6)

| | | | | |6 6 6

a b c
l m n r

r r r

−
= = = = = = =

�
� � � D;kfsa d

vr% fno~Q&dkslkbu 
1 1 2

, , –
6 6 6

 
 
 

 gSaA



362        xf.kr

10.5.2  nks ¯cnqvksa dks feykus okyk lfn'k (Vector joining two points)

;fn P
1
(x

1
, y

1
, z

1
) vkSj  P

2
(x

2
, y

2
, z

2
) nks ¯cnq gSa rc

P
1
 dks  P

2
 ls feykus okyk lfn'k 

1 2P P
�����

 gS (vko`Qfr

10-15)A P
1
 vkSj P

2
 dks ewy ¯cnq O ls feykus ij

vkSj f=kHkqt fu;e dk iz;ksx djus ij ge f=kHkqt

OP
1
P

2  
ls ikrs gSa fd 

1 1 2OP P P+
���� �����

 = 
2OP

�����

lfn'k ;ksxiQy osQ xq.k/eks± dk mi;ksx djrs gq,
mi;qZDr lehdj.k fuEufyf[kr :i ls fy[kk tkrk gSA

1 2P P
�����

 =
2 1OP OP−

����� ����

vFkkZr~~   
1 2P P
�����

 = 2 2 2 1 1 1
ˆ ˆˆ ˆ ˆ ˆ( ) ( )x i y j z k x i y j z k+ + − + +

=
2 1 2 1 2 1

ˆˆ ˆ( ) ( ) ( )x x i y y j z z k− + − + −

lfn'k 
1 2P P
�����

 dk ifjek.k 1 2P P
������

 = 2 2 2
2 1 2 1 2 1( ) ( ) ( )x x y y z z− + − + − osQ :i esa izkIr

gksrk gSA

mnkgj.k10  ̄ cnqvksa P(2, 3, 0) ,oa Q(– 1, – 2, – 4) dks feykus okyk ,oa P ls Q dh rjiQ fn"V
lfn'k Kkr dhft,A

gy  D;ksafd lfn'k P ls Q dh rjiQ fn"V gS] Li"Vr% P izkjafHkd ¯cnq gS vkSj Q vafre ¯cnq gS]

blfy, P vkSj Q dks feykus okyk vHkh"V lfn'k PQ
����

, fuEufyf[kr :i esa izkIr gksrk gSA

PQ
����

 = ˆˆ ˆ( 1 2) ( 2 3) ( 4 0)i j k− − + − − + − −

vFkkZr~~ PQ
����

 = ˆˆ ˆ3 5 4i j k− − −

10.5.3  [kaM lw=k (Section Formula)

eku yhft, ewy ̄ cnq O osQ lkis{k P vkSj Q nks ̄ cnq gSa ftudks

fLFkfr lfn'k OP OQ
���� ����

vkjS  ls fu:fir fd;k x;k gSA
¯cnqvksa P ,oa Q dks feykus okyk js[kk [kaM fdlh rhljs ¯cnq
R }kjk nks izdkj ls foHkkftr fd;k tk ldrk gSA var%
(vko`Qfr 10-16) ,oa cká (vko`Qfr 10-17)A ;gk¡ gekjk

mn~ns'; ewy ¯cnq O osQ lkis{k ¯cnq R dk fLFkfr lfn'k OR
����

Kkr djuk gSA ge nksuksa fLFkfr;ksa dks ,d&,d djosQ ysrs gSaA

fLFkfr 1 tc R, PQ dks var% foHkkftr djrk gS (vko`Qfr 10-16)A ;fn R, PQ
����

 dks bl

izdkj foHkkftr djrk gS fd RQm
����

 = PRn
����

, tgk¡  m vkSj n /ukRed vfn'k gSa rks ge dgrs gSa

vkòQfr 10-15

vkòQfr 10-16
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fd ¯cnq R, PQ
����

 dks m : n osQ vuqikr esa var% foHkkftr djrk gSA vc f=kHkqtksa ORQ ,oa OPR ls

RQ
����

 = OQ OR b r− = −
���� ���� � �

vkSj PR
����

 = OR OP r a− = −
���� ���� � �

blfy, ( )m b r−
� �

 = ( )n r a−
� �

 (D;ksa\)

vFkok r
�

 =
mb na

m n

+

+

� �

(ljy djus ij)

vr% ¯cnq R tks fd P vkSj Q dks m : n osQ vuqikr esa var% foHkkftr djrk gS dk fLFkfr lfn'k

OR
����

 =
mb na

m n

+

+

� �

 osQ :i esa izkIr gksrk gSA

fLFkfr II  tc R, PQ dks cká foHkkftr djrk gS
(vko`Qfr 10-17)A ;g lR;kiu djuk ge ikBd osQ fy,
,d iz'u osQ :i esa NksM+rs gSa fd js[kk[kaM PQ dks m : n osQ

vuqikr esa cká foHkkftr djus okys ̄cnq R 
PR

i.e.,   
QR

m

n

 
= 

 

dk fLFkfr lfn'k  OR
����

 = 
mb na

m n

−

−

� �

 osQ :i esa izkIr gksrk gSA

fVIi.kh  ;fn R, PQ dk eè; ¯cnq gS rks m = n vkSj blfy, fLFkfr I ls PQ
����

 osQ eè; ¯cnq R

dk fLFkfr lfn'k OR
����

 = 
2

a b+
��

 osQ :i esa gksxkA

mnkgj.k 11 nks ¯cnq P vkSj Q yhft, ftuosQ fLFkfr lfn'k OP 3 2a b= −
���� ��

 vkSj OQ a b= +
���� ��

gSaA ,d ,sls ¯cnq R dk fLFkfr lfn'k Kkr dhft, tks P ,oa Q dks feykus okyh js[kk dks 2:1 osQ
vuqikr esa (i) var% (ii) cká foHkkftr djrk gSA

gy

(i) P vkSj Q dks feykus okyh js[kk dks 2:1 osQ vuqikr esa var% foHkkftr djus okys ¯cnq R
dk fLFkfr lfn'k gS%

OR
����

 = 
2( ) (3 2 ) 5

3 3

a b a b a+ + −
=

� �� � �

(ii) P vkSj Q dks feykus okyh js[kk dks 2:1 osQ vuqikr esa cká foHkkftr djus okys ̄ cnq R dk
fLFkfr lfn'k gS%

OR
����

 = 
2( ) (3 2 )

4
2 1

a b a b
b a

+ − −
= −

−

� �� � � �

vkòQfr 10-17
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mnkgj.k 12 n'kkZb, fd ¯cnq ˆ ˆ ˆˆ ˆ ˆ ˆ ˆA(2 ), B( 3 5 ), C(3 4 4 )i j k i j k i j k− + − − − −  ,d ledks.k
f=kHkqt osQ 'kh"kZ gSaA

gy ge ikrs gSa fd

 AB
����

 = ˆˆ ˆ(1 2) ( 3 1) ( 5 1)i j k− + − + + − − ˆˆ ˆ2 6i j k= − − −

  BC
����

 = ˆˆ ˆ(3 1) ( 4 3) ( 4 5)i j k− + − + + − + ˆˆ ˆ2i j k= − +

vkSj CA
����

 = ˆˆ ˆ(2 3) ( 1 4) (1 4)i j k− + − + + +  ˆˆ ˆ3 5i j k= − + +

blosQ vfrfjDr è;ku nhft, fd
2| AB |

����
 = 2 241 6 35 | BC | | CA |= + = +

���� ����

vr% fn;k gqvk f=kHkqt ,d ledks.k f=kHkqt gSA

iz'ukoyh 10-2

1. fuEufyf[kr lfn'kksa osQ ifjek.k dk ifjdyu dhft,%
1 1 1ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ; 2 7 3 ;    
3 3 3

a i j k b i j k c i j k= + + = − − = + −
�� �

2. leku ifjek.k okys nks fofHkUu lfn'k fyf[k,A
3. leku fn'kk okys nks fofHkUu lfn'k fyf[k,A

4. x vkSj y osQ eku Kkr dhft, rkfd lfn'k ˆ ˆ ˆ ˆ2 3     i j xi yj+ +vkjS  leku gksaA
5. ,d lfn'k dk izkjafHkd ̄ cnq (2] 1) gS vkSj vafre ̄ cnq (&5] 7) gSA bl lfn'k osQ vfn'k

,oa lfn'k ?kVd Kkr dhft,A

6. lfn'k ˆ ˆˆ ˆ ˆ ˆ2 , 2 4 5a i j k b i j k= − + = − + +
��  vkSj ˆˆ ˆ6  – 7c i j k= −

� dk ;ksxiQy Kkr dhft,A

7. lfn'k ˆˆ ˆ 2a i j k= + +
�

 osQ vuqfn'k ,d ek=kd lfn'k Kkr dhft,A

8. lfn'k PQ,
����

 osQ vuqfn'k ek=kd lfn'k Kkr dhft, tgk¡ ¯cnq P vkSj Q Øe'k% (1] 2] 3)
vkSj (4] 5] 6) gSaA

9. fn, gq, lfn'kksa ˆ ˆˆ ˆ ˆ ˆ2 2   a i j k b i j k= − + = − + −
�� vkSj , osQ fy,] lfn'k a b+

��  osQ
vuqfn'k ek=kd lfn'k Kkr dhft,A

10. lfn'k ˆˆ ˆ5 2i j k− +  osQ vuqfn'k ,d ,slk lfn'k Kkr dhft, ftldk ifjek.k 8 bdkbZ gSA

11. n'kkZb, fd lfn'k ˆ ˆˆ ˆ ˆ ˆ2 3 4   4 6 8i j k i j k− + − + −vkSj  lajs[k gSaA

12. lfn'k ˆˆ ˆ2 3i j k+ + dh fno~Q cosine Kkr dhft,A
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vkòQfr 10-18

13. ¯cnqvksa A (1, 2, –3) ,oa B(–1, –2, 1) dks feykus okys ,oa A ls B dh rji+ Q fn"V lfn'k
dh fno~Q cosine Kkr dhft,A

14. n'kkZb, fd lfn'k ˆˆ ˆi j k+ +  v{kksa OX, OY ,oa OZ osQ lkFk cjkcj >qdk gqvk gSA

15. ¯cnqvksa P ( ˆ ˆˆ ˆ ˆ ˆ2 )  Q – )i j k i j k+ − + +vkSj  ( dks feykus okyh js[kk dks 2%1 osQ vuqikr

esas  (i) var% (ii) cká] foHkkftr djus okys ¯cnq R dk fLFkfr lfn'k Kkr dhft,A

16. nks ¯cnqvksa P(2, 3, 4) vkSj Q(4, 1, –2) dks feykus okys lfn'k dk eè; ¯cnq Kkr dhft,A

17. n'kkZb, fd ̄cnq  A, B vkSj C, ftuosQ fLFkfr lfn'k Øe'k% ˆˆ ˆ3 4 4 ,a i j k= − −
�

 ˆˆ ˆ2b i j k= − +
�

vkSj ˆˆ ˆ3 5c i j k= − −
�

 gSa] ,d ledks.k f=kHkqt osQ 'kh"kks± dk fuekZ.k djrs gSaA
18. f=kHkqt ABC (vko`Qfr 10.18), osQ fy, fuEufyf[kr esa ls dkSu lk dFku lR; ugha gSA

(A) AB + BC + CA = 0
���� ����� ���� �

(B) AB BC AC 0+ − =
���� ���� ���� �

(C) AB BC CA 0+ − =
���� ���� ���� �

(D) AB CB CA 0− + =
���� ���� ���� �

19. ;fn a b
�� vkjS  nks lajs[k lfn'k gSa rks fuEufyf[kr esa ls dkSu lk dFku lgh ugha gS%

(A) ,   b a= λ λ
� � fdlh vfn'k osQ fy,

(B) a b= ±
��

(C) a b
�� vkjS  osQ Øekxr ?kVd lekuqikrh ugha gSaA

(D) nksuksa lfn'kksa a b
�� rFkk  dh fn'kk leku gS ijarq ifjek.k fofHkUu gSaA

10.6  nks lfn'kksa dk xq.kuiQy (Product of Two Vectors)

vHkh rd geus lfn'kksa osQ ;ksxiQy ,oa O;odyu osQ ckjs esa vè;;u fd;k gSA vc gekjk mn~ns';
lfn'kksa dk xq.kuiQy uked ,d nwljh chth; lafØ;k dh ppkZ djuk gSA ge Lej.k dj ldrs gSa
fd nks la[;kvksa dk xq.kuiQy ,d la[;k gksrh gS] nks vkO;wgksa dk xq.kuiQy ,d vkO;wg gksrk gS ijarq
iQyuksa dh fLFkfr esa ge mUgsa nks izdkj ls xq.kk dj ldrs gSa uker% nks iQyuksa dk ¯cnqokj xq.ku
,oa nks iQyuksa dk la;kstuA blh izdkj lfn'kksa dk xq.ku Hkh nks rjhosQ ls ifjHkkf"kr fd;k tkrk gSA
uker% vfn'k xq.kuiQy tgk¡ ifj.kke ,d vfn'k gksrk gS vkSj lfn'k xq.kuiQy tgk¡ ifj.kke ,d
lfn'k gksrk gSA lfn'kksa osQ bu nks izdkj osQ xq.kuiQyksa osQ vk/kj ij T;kferh] ;kaf=kdh ,oa
vfHk;kaf=kdh esa buosQ fofHkUu vuqiz;ksx gSaA bl ifjPNsn esa ge bu nks izdkj osQ xq.kuiQyksa dh ppkZ djsaxsA
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10.6.1  nks lfn'kksa dk vfn'k xq.kuiQy [Scalar (or dot) product of two vectors]

ifjHkk"kk 2  nks 'kwU;srj lfn'kksa a b
�� vkjS  dk vfn'k xq.kuiQy a b⋅

��
 }kjk fufnZ"V fd;k tkrk gS

vkSj bls a b⋅
��

 = | | | | cosa b θ
��

osQ :i es ifjHkkf"kr fd;k tkrk gSA

tgk¡ θ, , 0a b ≤ θ ≤ π
�� vkSj oQs chp dk dk.s k gS vkSj  (vko`Qfr 10-19)A

;fn 0 0,a b= =
�� �� vFkok  rks θ ifjHkkf"kr ugha gS vkSj bl fLFkfr eas

ge 0a b⋅ =
��

ifjHkkf"kr djrs gSaA
izs{k.k

1. a b⋅
��

 ,d okLrfod la[;k gSA

2. eku yhft, fd a b
�� vkjS  nks 'kwU;srj lfn'k gSa rc 0a b⋅ =

��
 ;fn vkSj osQoy ;fn

a b
�� vkjS  ijLij yacor~~ gSa vFkkZr~~ 0  a b a b⋅ = ⇔ ⊥

� �� �

3. ;fn θ = 0, rc | | | |a b a b⋅ =
� �� �

fof'k"Vr% 2| | ,a a a⋅ =
� � �

 D;ksafd bl fLFkfr esa θ = 0 gSA

4. ;fn  θ = π, rc | | | |a b a b⋅ = −
� �� �

fof'k"Vr% 2( ) | |a a a⋅ − = −
� � �

, tSlk fd bl fLFkfr esa θ, π osQ cjkcj gSA

5. isz{k.k 2 ,oa 3 osQ lanHkZ esa ijLij yacor~ ek=kd lfn'kksa ˆˆ ˆ, ,i j k,oa  osQ fy, ge ikrs
gSa fd

ˆ ˆ ˆ ˆi i j j⋅ = ⋅  = ˆ ˆ 1k k⋅ =

rFkk ˆˆ ˆ ˆi j j k⋅ = ⋅  = ˆ ˆ 0k i⋅ =

6. nks 'kwU;srj lfn'kksa a b
�� vkjS osQ chp dk dks.k θ,

.
cos

| || |

a b

a b
θ =

��

��  vFkok –1 .
 cos

| || |

a b

a b

 
θ =  

 

��

��  }kjk fn;k tkrk gSA

7. vfn'k xq.kuiQy Øe fofues; gS vFkkZr~~

a b⋅
��

= b a⋅
� �

          (D;ksa ?)

vfn'k xq.kuiQy osQ nks egRoiw.kZ xq.k/eZ (Two important properties of scalar
product)

xq.k/eZ 1 (vfn'k xq.kuiQy dh ;ksxiQy ij forj.k fu;e) eku yhft, ,      a b c
�� �

vkSj  rhu

lfn'k gSa rc ( )a b c⋅ +
�� �

 =   a b a c⋅ + ⋅
�� � �

xq.k/eZ  2  eku yhft,    a b
��

vkjS  nks lfn'k gSa vkSj λ ,d vfn'k gS] rks

( )a bλ ⋅
��

 = ( ) ( )a b a bλ ⋅ = ⋅ λ
� �� �

vkòQfr 10-19
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;fn nks lfn'k ?kVd :i esa 1 2 3
ˆˆ ˆa i a j a k+ +  ,oa 1 2 3

ˆˆ ˆb i b j b k+ + , fn, gq, gSa rc mudk
vfn'k xq.kuiQy fuEufyf[kr :i esa izkIr gksrk gS

a b⋅
��

 = 1 2 3 1 2 3
ˆ ˆˆ ˆ ˆ ˆ( ) ( )a i a j a k b i b j b k+ + ⋅ + +

= 1 1 2 3 2 1 2 3
ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ) ( )a i b i b j b k a j b i b j b k⋅ + + + ⋅ + +  + 3 1 2 3

ˆ ˆˆ ˆ( )a k b i b j b k⋅ + +

= 1 1 1 2 1 3 2 1 2 2 2 3
ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )a b i i a b i j a b i k a b j i a b j j a b j k⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅

 + 3 1 3 2 3 3
ˆ ˆ ˆ ˆˆ ˆ( ) ( ) ( )a b k i a b k j a b k k⋅ + ⋅ + ⋅

(mi;qZDr xq.k/eZ 1 vkSj 2 dk mi;ksx djus ij)
= a

1
b

1
 + a

2
b

2
 + a

3
b

3
(iz{ks.k 5 dk mi;ksx djus ij)

bl izdkj  a b⋅
��

 = 1 1 2 2 3 3a b a b a b+ +

10.6.2  ,d lfn'k dk fdlh js[kk ij lkFk iz{ksi (Projection of a vector on a line)

eku yhft, fd ,d lfn'k AB
����

 fdlh fn"V js[kk l (eku yhft,) osQ lkFk okekorZ fn'kk esa θ

dks.k cukrk gSA (vko`Qfr 10-20 nsf[k,) rc AB
����

 dk l ij iz{ksi ,d lfn'k p
�

 (eku yhft,)

gS ftldk ifjek.k | AB | | cos |
����

θ  gS vkSj ftldh fn'kk dk l dh fn'kk osQ leku vFkok foijhr gksuk

bl ckr ij fuHkZj gS fd cosθ /ukRed gS vFkok ½.kkRedA lfn'k p
�

 dks iz{ksi lfn'k dgrs gSa

vkSj bldk ifjek.k | p
�

|, fu£n"V js[kk l ij lfn'k AB
����

 dk iz{ksi dgykrk gSA mnkgj.kr%

fuEufyf[kr esa ls izR;sd vko`Qfr esa lfn'k AB
����

 dk js[kk l ij iz{ksi lfn'k AC
����

 gSA
[vko`Qfr 10.20 (i) ls  (iv) rd]

vkòQfr 10-20
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izs{k.k

1. js[kk l osQ vuqfn'k ;fn p̂  ek=kd lfn'k gS rks js[kk l ij lfn'k  a
�

 dk iz{ksi ˆ.a p
� ls izkIr

gksrk gSA

2. ,d lfn'k a
�

 dk nwljs lfn'k b
�
, ij iz{ksi ˆ,a b⋅

�
 vFkok  ls

izkIr gksrk gSA

  3-  ;fn θ = 0, rks AB
����

dk iz{ksi lfn'k Lo;a AB
����

 gksxk vkSj ;fn  θ  = π rks AB
����

 dk iz{ksi

lfn'k BA
����

 gksxkA

4- ;fn 
π

θ = 
2
 vFkok 

3π
θ = 

2
 rks AB
����

 dk iz{ksi lfn'k 'kwU; lfn'k gksxkA

fVIi.kh ;fn α, β vkSj γ lfn'k 
1 2 3

ˆˆ ˆa a i a j a k= + +
�

 osQ fno~Q&dks.k gSa rks bldh fno~Q&dkslkbu

fuEufyf[kr :i esa izkIr dh tk ldrh gSA

31 2
ˆ.

cos , cos ,   and  cos
ˆ | | | | | || || |

aa aa i

a a aa i
α = = β = γ =

�

� � ��

;g Hkh è;ku nhft, fd | | cos ,   | | cos   | | cosa a aα β γ
� � �vkjS  Øe'k% OX, OY rFkk OZ osQ

vuqfn'k a
�

 osQ iz{ksi gSa vFkkZr~~ lfn'k a
�

 osQ vfn'k ?kVd a
1
, a

2
 vkSj a

3
  Øe'k% x, y, ,oa z v{k

osQ vuqfn'k a
�

 osQ iz{ksi gSA blosQ vfrfjDr ;fn a
�

 ,d ek=kd lfn'k gS rc bldks fno~Q&dkslkbu
dh lgk;rk ls

ˆˆ ˆcos cos cosa i j k= α + β + γ
�

osQ :i esa vfHkO;Dr fd;k tk ldrk gSA

mnkgj.k 13 nks lfn'kksa   a b
��

vkjS  osQ ifjek.k Øe'k% 1 vkSj 2 gS rFkk  1a b⋅ =
��

, bu lfn'kksa osQ
chp dk dks.k Kkr dhft,A

gy fn;k gqvk gS 1, | | 1 | | 2a b a b⋅ = = =
� �� �

vkSj . vr%

1 1. 1
cos cos

2 3| || |

a b

a b

− −  π 
θ = = =   

  

��

��

mnkgj.k 14 lfn'k ˆ ˆˆ ˆ ˆ ˆa i j k b i j k= + − = − +
��

rFkk   osQ chp dk dks.k Kkr dhft,A

gy nks lfn'kksa   a b
��

vkjS  osQ chp dk dks.k θ fuEu }kjk iznÙk gS

cosθ =
| || |

a b

a b

⋅
��

��  ls izkIr gksrk gSA
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vc a b⋅
��

 = ˆ ˆˆ ˆ ˆ ˆ( ) ( ) 1 1 1 1i j k i j k+ − ⋅ − + = − − = −

blfy,] ge ikrs gSa fd   cosθ =
1

3

−

vr% vHkh"V dks.k θ =  gSA

mnkgj.k  15  ;fn ˆ ˆˆ ˆ ˆ ˆ5 3     3 5a i j k b i j k= − − = + −
�� vkjS , rks n'kkZb, fd lfn'k a b+

��
 vkSj

a b−
�� yacor~ gSA

gy  ge tkurs gSa fd nks 'kwU;srj lfn'k yacor~~ gksrs gSa ;fn mudk vfn'k xq.kuiQy 'kwU; gSA
;gk¡ a b+

��
 = ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ(5 3 ) ( 3 5 ) 6 2 8i j k i j k i j k− − + + − = + −

vkSj a b−
��

 = ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ(5 3 ) ( 3 5 ) 4 4 2i j k i j k i j k− − − + − = − +

blfy, ( ) ( )a b a b+ ⋅ −
� �� �

 = ˆ ˆˆ ˆ ˆ ˆ(6 2 8 ) (4 4 2 ) 24 8 16 0i j k i j k+ − ⋅ − + = − − =

vr%     a b a b+ −
� �� �

vkjS  yacor~ lfn'k gSaA
mnkgj.k 16  lfn'k ˆˆ ˆ2 3 2a i j k= + +

�
 dk] lfn'k ˆˆ ˆ2b i j k= + +

�
ij iz{ksi Kkr dhft,A

gy  lfn'k a
�

 dk lfn'k b
�

 ij iz{ksi

1
( )

| |
a b

b
⋅
��

�  = 
2 2 2

1 10 5
(2 .1 3 . 2 2 .1) 6

36(1) (2) (1)
+ + = =

+ +
 gSA

mnkgj.k 17 ;fn nks lfn'k a b
��vkjS bl izdkj gSa fd | | 2, | | 3

��
a b= =  vkSj 4a b⋅ =

�� rks | |a b−
��

Kkr dhft,A
gy ge ikrs gSa fd

2

a b−
��

 = ( ) ( )a b a b− ⋅ −
� �� �

= .a a a b b a b b− ⋅ − ⋅ + ⋅
� � � �� � � �

=
2 2| | 2( ) | |a a b b− ⋅ +

� �� �

=
2 2(2) 2(4) (3)− +

blfy, | |a b−
��

 = 5

mnkgj.k 18 ;fn a
�

 ,d ek=kd lfn'k gS vkSj ( ) ( ) 8x a x a− ⋅ + =
� � � �

, rks | |x
�

Kkr dhft,A

gy  D;ksafd a
�

 ,d ek=kd lfn'k gS] blfy, | | 1
�
a = . ;g Hkh fn;k gqvk gS fd

( ) ( )x a x a− ⋅ +
� � � �

 = 8

vFkok x x x a a x a a⋅ + ⋅ − ⋅ − ⋅
� � � � � � � �

 = 8

vFkok 2| | 1x −
�

 = 28  | | 9x =
�vFkkZr ~

blfy, | |x
�

 = 3(D;ksafd lfn'k dk ifjek.k lnSo 'kwU;srj gksrk gS)
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mnkgj.k 19  nks lfn'kksa a b
�� vkjS , osQ fy, lnSo | | | | | |a b a b⋅ ≤

� �� �
  (Cauchy-Schwartz

vlfedk)A

gy  nh gqbZ vlfedk lgt :i esa Li"V gS ;fn 0    0a b= =
�� ��

vFkok . okLro esa bl fLFkfr esa

ge ikrs gSa fd | | 0 | | | |a b a b⋅ = =
� �� �

. blfy, ge dYiuk djrs gSa fd | | 0 | |a b≠ ≠
��

rc gesa

| |

| || |

a b

a b

⋅
��

��  = | cos | 1θ ≤  feyrk gSA

blfy, | |a b⋅
��

 ≤ | | | |a b
��

mnkgj.k 20 nks lfn'kksa a b
�� rFkk  osQ fy, lnSo | | | | | |a b a b+ ≤ +

� �� �
(f=kHkqt&vlfedk)

gy  nh gqbZ vlfedk] nksuksa fLFkfr;ksa 0 0a b= =
�� ;k  esa lgt :i ls Li"V gS (D;ksa ?)A blfy,

eku yhft, fd | | 0 | |a b≠ ≠
���

 rc
2| |a b+
��

 =
2( ) ( ) ( )a b a b a b+ = + ⋅ +
� � �� � �

= a a a b b a b b⋅ + ⋅ + ⋅ + ⋅
� � � �� � � �

=
2 2| | 2 | |a a b b+ ⋅ +

� �� �
 (vfn'k xq.kuiQy Øe fofue; gS)

≤ 2 2| | 2 | | | |a a b b+ ⋅ +
� �� �

(D;ksafd  | |x x x≤ ∀ ∈R )

≤ 2 2| | 2 | || | | |a a b b+ +
� �� �

(mnkgj.k 19 ls)

=
2(| | | |)a b+

��

vr% | | | | | |a b a b+ ≤ +
� �� �

AfVIi.kh   ;fn f=kHkqt&vlfedk esa lfedk /kj.k gksrh gS (mi;qZDr mnkgj.k 20 esa) vFkkZr~~

| |a b+
��

 = | | | |a b+
��

, rc

| AC |
����

 = | AB | | BC |+
���� ����

¯cnq A, B vkSj C lajs[k n'kkZrk gSA

mnkgj.k 21 n'kkZb, fd ¯cnq ˆ ˆˆ ˆ ˆ ˆA( 2 3 5 ),  B( 2 3 )i j k i j k− + + + +  vkSj ˆˆC(7 )i k−  lajs[k gSA

gy ge izkIr djrs gSa%

 AB
����

 = ˆ ˆˆ ˆ ˆ ˆ(1 2) (2 3) (3 5) 3 2i j k i j k+ + − + − = − −

vko`Qfr 10-21
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BC
����

 = ˆ ˆˆ ˆ ˆ ˆ(7 1) (0 2) ( 1 3) 6 2 4i j k i j k− + − + − − = − −

AC
����

 = ˆ ˆˆ ˆ ˆ ˆ(7 2) (0 3) ( 1 5) 9 3 6i j k i j k+ + − + − − = − −

| AB |
����

 = 14, BC 2 14     | AC | 3 14= =
���� ����

vkSj

blfy, AC
����

 = | AB | | BC |+
���� ����

vr% ¯cnq A, B vkSj C lajs[k gSaA

AfVIi.kh mnkgj.k 21 esa è;ku nhft, fd  AB BC CA 0+ + =
���� ���� ���� �

 ijarq fiQj Hkh ̄ cnq A,

B vkSj C f=kHkqt osQ 'kh"kks± dk fuekZ.k ugha djrs gSaA

iz'ukoyh 10-3

1. nks lfn'kksa   a b
��

rFkk  osQ ifjek.k Øe'k% 3 2,oa  gSa vkSj 6a b⋅ =
��  gS rks   a b

��
rFkk

osQ chp dk dks.k Kkr dhft,A

2. lfn'kksa ˆ ˆˆ ˆ ˆ ˆ2 3     3 2i j k i j k− + − +vkjS osQ chp dk dks.k Kkr dhft,A

3. lfn'k ˆ ˆi j+  ij lfn'k ˆ ˆi j−  dk iz{ksi Kkr dhft,A

4. lfn'k  ˆˆ ˆ3 7i j k+ +  dk] lfn'k ˆˆ ˆ7 8i j k− + ij iz{ksi Kkr dhft,A

5. n'kkZb, fd fn, gq, fuEufyf[kr rhu lfn'kksa esa ls izR;sd ek=kd lfn'k gS]

1 1 1ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ(2 3 6 ),  (3 6 2 ),   (6 2 3 )
7 7 7

i j k i j k i j k+ + − + + −

;g Hkh n'kkZb, fd ;s lfn'k ijLij ,d nwljs osQ yacor~ gSaA

6.  ;fn ( ) ( ) 8 | | 8 | |a b a b a b+ ⋅ − = =
� � �� � �

vkSj  gks rks | |a
�

 ,oa | |b
�

 Kkr dhft,A

7. (3 5 ) (2 7 )a b a b− ⋅ +
� �� � dk eku Kkr dhft,A

8. nks lfn'kksa   a b
��

vkjS  osQ ifjek.k Kkr dhft,] ;fn buosQ ifjek.k leku gS vkSj bu osQ chp

dk dks.k 60° gS rFkk budk vfn'k xq.kuiQy 
1

2
 gSA

9. ;fn ,d ek=kd lfn'k a
�

,  osQ fy, ( ) ( ) 12x a x a− ⋅ + =
� � � �

 gks rks | |x
�
 Kkr dhft,A

10. ;fn ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ2 2 3 , 2 3a i j k b i j k c i j= + + = − + + = +
�� �vkjS  bl izdkj gS fd a b+ λ

��
, c
�

ij yac gS] rks λ dk eku Kkr dhft,A
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11. n'kkZb, fd nks 'kwU;srj lfn'kksa   a b
��

vkjS  osQ fy,  | | | |a b b a+
� �� �

,  | | | |a b b a−
� �� �

 ij yac gSA

12. ;fn 0    0a a a b⋅ = ⋅ =
�� � �

vkjS , rks lfn'k b
�

 osQ ckjs esa D;k fu"d"kZ fudkyk tk ldrk gS?

13. ;fn , ,a b c
�� �

 ek=kd lfn'k bl izdkj gS fd 0a b c+ + =
� �� �

 rks a b b c c a⋅ + ⋅ + ⋅
� �� � � �dk eku

Kkr dhft,A

14. ;fn 0   0,     0a b a b= = ⋅ =
� �� �� �vFkok rc  ijarq foykse dk lR; gksuk vko';d ugha gSA

,d mnkgj.k }kjk vius mÙkj dh iqf"V dhft,A

15. ;fn fdlh f=kHkqt ABC osQ 'kh"kZ A, B, C Øe'k% (1, 2, 3), (–1, 0, 0), (0, 1, 2) gSa rks

∠ABC Kkr dhft,A  [∠ABC, lfn'kksa BA
����

 ,oa BC
����

 osQ chp dk dks.k gS ]

16. n'kkZb, fd ¯cnq A(1, 2, 7), B(2, 6, 3) vkSj C(3, 10, –1) lajs[k gSaA

17. n'kkZb, fd lfn'k ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ2 , 3 5 3 4 4i j k i j k i j k− + − − − −vkSj  ,d ledks.k f=kHkqt osQ
'kh"kks± dh jpuk djrs gSaA

18. ;fn 'kwU;srj lfn'k a
�

 dk ifjek.k ‘a’ gS vkSj λ ,d 'kwU;rsj vfn'k gS rks λ a
�

 ,d ek=kd
lfn'k gS ;fn
(A) λ = 1 (B) λ = – 1 (C) a = |λ | (D) a = 1/| λ |

10.6.3  nks lfn'kksa dk lfn'k xq.kuiQy [Vector (or cross) product of two vectors]

ifjPNsn 10-2 esa geus f=k&foeh; nf{k.kkorhZ ledksf.kd funsZ'kkad i¼fr dh ppkZ dh FkhA bl
i¼fr esa /ukRed x-v{k dks okekorZ ?kqekdj /ukRed y-v{k ij yk;k tkrk gS rks /ukRed
z-v{k dh fn'kk esa ,d nf{k.kkorhZ (izkekf.kd) isap vxzxr gks tkrh gS [vko`Qfr 10.22(i)]A

,d nf{k.kkorhZ funsZ'kkad i¼fr esa tc nk,¡ gkFk dh m¡xfy;ksa dks /ukRed x-v{k dh fn'kk
ls nwj /ukRed y-v{k dh rji+ Q oqaQry fd;k tkrk gS rks v¡xwBk /ukRed z-v{k dh vksj laosQr djrk
[vko`Qfr 10-22 (ii)] gSA

vko`Qfr 10-22
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ifjHkk"kk 3 nks 'kwU;srj lfn'kksa     a b
��

rFkk , dk lfn'k xq.kuiQy a b×
��

 ls

fufnZ"V fd;k tkrk gS vkSj a b×
��

 = ˆ| || | sina b nθ
��

 osQ :i esa ifjHkkf"kr

fd;k tkrk gS tgk¡ θ, a b
��

vkjS  osQ chp dk dks.k gS vkSj 0 ≤ θ ≤ π  gSA

;gk¡ n̂  ,d ek=kd lfn'k gS tks fd lfn'k a b
��

vkjS , nksuksa ij yac gSA

bl izdkj ˆ,    a b n
�� rFkk  ,d nf{k.kkorhZ i¼fr dks fufeZr djrs gSa

(vko`Qfr 10-23) vFkkZr~~ nf{k.kkorhZ i¼fr dks a b
�� l s  dh rji+ Q ?kqekus ij ;g n̂  dh fn'kk esa

pyrh gSA

;fn 0 0a b= =
�� �� vFkok , rc θ ifjHkkf"kr ugha gS vkSj bl fLFkfr eas ge 0a b× =

� ��
 ifjHkkf"kr

djrs gSaA

izs{k.k%

1. a b×
��

 ,d lfn'k gSA

2. eku yhft,     a b
��

vkjS  nks 'kwU;srj lfn'k gSa rc 0a b× =
� ��

 ;fn vkSj osQoy ;fn

a b
��

vkjS ,d nwljs osQ lekarj (vFkok lajs[k) gSa vFkkZr~~
a b×
��

 = 0 a b⇔
�� �
�

fof'k"Vr% 0a a× =
�� �

  vkSj ( ) 0a a× − =
�� �

, D;ksafd izFke fLFkfr esa θ = 0 rFkk f}rh;
fLFkfr esa θ = π, ftlls nksuksa gh fLFkfr;ksa esa sin θ dk eku 'kwU; gks tkrk gSA

3. ;fn 
2

π
θ =  rks | || |a b a b× =

� �� �

4. izs{k.k 2 vkSj 3 osQ lanHkZ esa ijLij yacor~ ek=kd lfn'kksa ˆˆ ˆ,i j kvkSj osQ
fy, (vko`Qfr 10-24), ge ikrs gSa fd

ˆ ˆi i×  = ˆ ˆˆ ˆ 0j j k k× = × =
�

ˆ ˆi j× = ˆ ˆ ˆˆ ˆ ˆ ˆ, ,   k j k i k i j× = × =

5. lfn'k xq.kuiQy dh lgk;rk ls nks lfn'kksa     a b
��

rFkk   osQ chp dk dks.k
θ fuEufyf[kr :i esa izkIr gksrk gS

 sinθ =
| |

| || |

a b

a b

×
��

��

6. ;g loZnk lR; gS fd lfn'k xq.kuiQy Øe fofue; ugha gksrk gS D;ksafd a b×
��

 = b a− ×
� �

okLro esa ˆ| || | sina b a b n× = θ
� �� �

, tgk¡ ˆ,    a b n
�� vkSj  ,d nf{k.kkorhZ i¼fr dks fu£er djrs

vkòQfr 10-23

vko`Qfr 10-24
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gSa vFkkZr~~ θ, a b
�� ls  dh rjiQ pØh; Øe gksrk gSA vko`Qfr 10-25(i) tcfd

1̂| || | sinb a a b n× = θ
� �� �

, tgk¡ 
1̂,   b a n

� � vkjS  ,d nf{k.kkorhZ i¼fr dks fufeZr djrs gSa

vFkkZr~~ θ,b a
� �ls  dh vksj pØh; Øe gksrk gS vko`Qfr 10-25(ii)A

vko`Qfr 10-25

vr% ;fn ge ;g eku ysrs gSa fd a b
��

vkjS  nksuksa ,d gh dkx”k osQ ry esa gSa rks 1
ˆ ˆ  n nvkjS

nksuksa dkx”k osQ ry ij yac gksaxs ijarq n̂  dkx”k ls Åij dh rji+ Q fn"V gksxk vkSj 1̂n  dkx”k

ls uhps dh rji+ Q fn"V gksxk vFkkZr~~ 1̂ ˆn n= −

bl izdkj a b×
��

 = ˆ| || | sina b nθ
��

= 1̂| || | sina b n− θ
��

b a= − ×
� �

7. izs{k.k 4 vkSj 6 osQ lanHkZ esa
ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ,j i k k j i i k j× = − × = − × = − gASvkjS

8. ;fn a b
��

vkjS f=kHkqt dh layXu Hkqtkvksa dks fu:fir djrs gSa rks f=kHkqt dk {ks=kiQy

1
| |

2
a b×
��

osQ :i esa izkIr gksrk gSA

f=kHkqt osQ {ks=kiQy dh ifjHkk"kk osQ vuqlkj ge vkòQfr 10-26

ls ikrs gSa fd f=kHkqt ABC  dk {ks=kiQy = 
1

AB CD
2

⋅ .

ijarq AB | |b=
�

 (fn;k gqvk gS) vkSj CD = | |a
�

sinθ

vr% f=kHkqt  ABC dk {ks=kiQy = 
1

| || | sin
2

b a θ
� �

 
1

| |
2

a b= ×
��

9. ;fn a b
��

vkjS  lekarj prqHkZqt dh layXu Hkqtkvksa dks fu:fir djrs gSa rks lekarj prqHkqZt dk

{ks=kiQy | |a b×
��  osQ :i esa izkIr gksrk gSA

vko`Qfr 10-26
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vko`Qfr 10-27 ls ge ikrs gSa fd lekarj
prqHkaZt ABCD dk {ks=kiQy = AB. DE.

ij ar q  AB | |b=
�

 (fn;k g qvk g S), vk Sj

DE | | sina= θ
�

 vr%

lekarj prqHkq Zt ABCD dk {ks=kiQy =

| || | sinb a θ
� �

 | |a b= ×
��

vc ge lfn'k xq.kuiQy osQ nks egRoiw.kZ xq.kksa dks vfHkO;Dr djsaxsA

xq.k/eZ  lfn'k xq.kuiQy dk ;ksxiQy ij forj.k fu;e (Distributivity of vector product

over addition) ;fn ,a b c
�� �vkSj  rhu lfn'k gSa vkSj λ ,d vfn'k gS rks

(i) ( )a b c× +
�� �

 = a b a c× + ×
�� � �

(ii) ( )a bλ ×
��

 = ( ) ( )a b a bλ × = × λ
� �� �

eku yhft, nks lfn'k      a b
��

vkjS   ?kVd :i esa Øe'k% 1 2 3
ˆˆ ˆa i a j a k+ + vkSj 

1 2 3
ˆˆ ˆb i b j b k+ +

fn, gq, gSa rc mudk lfn'k xq.kuiQy a b×
��

 =  1 2 3

1 2 3

ˆˆ ˆi j k

a a a

b b b

  }kjk fn;k tk ldrk gSA

O;k[;k ge ikrs gSa

a b×
��

 = 1 2 3 1 2 3
ˆ ˆˆ ˆ ˆ ˆ( ) ( )a i a j a k b i b j b k+ + × + +

= 1 1 1 2 1 3 2 1
ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )a b i i a b i j a b i k a b j i× + × + × + ×

+ 2 2 2 3
ˆˆ ˆ ˆ( ) ( )a b j j a b j k× + ×

+  
3 1 3 2 3 3

ˆ ˆ ˆ ˆˆ ˆ( ) ( ) ( )a b k i a b k j a b k k× + × + × ( xq.k/eZ 1 ls)

=
1 2 1 3 2 1

ˆˆ ˆ ˆ ˆ ˆ( ) ( ) ( )a b i j a b k i a b i j× − × − ×

+  
2 3 3 1 3 2

ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( )a b j k a b k i a b j k× + × − ×

vko`Qfr 10-27
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ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( 0   , )i i j j k k i k k i j i i j k j j k× = × = × = × = − × × = − × × = − ×D;kfsa d vkjS vkSj

= 1 2 1 3 2 1 2 3 3 1 3 2
ˆ ˆˆ ˆ ˆ ˆa b k a b j a b k a b i a b j a b i− − + + −

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ,     )i j k j k i k i j× = × = × =D;kasfd vkSj

= 2 3 3 2 1 3 3 1 1 2 2 1
ˆˆ ˆ( ) ( ) ( )a b a b i a b a b j a b a b k− − − + −

= 1 2 3

1 2 3

ˆˆ ˆi j k

a a a

b b b

mnkgj.k 22  ;fn ˆ ˆˆ ˆ ˆ ˆ2 3     3 5 2 , | |
� �� �

a i j k b i j k a b= + + = + − ×vkjS rks  Kkr dhft,A

gy ;gk¡

a b×
��

 =

ˆˆ ˆ

2 1 3

3 5 2

i j k

−

= ˆˆ ˆ( 2 15) ( 4 9) (10 – 3)i j k− − − − − + ˆˆ ˆ17 13 7i j k= − + +

vr% a b×
��

 = 2 2 2( 17) (13) (7) 507− + + =

mnkgj.k 23 lfn'k ( )a b+
��

 vkSj ( )a b−
��

 esa ls izR;sd osQ yacor~ ek=kd lfn'k Kkr

dhft, tgk¡ ˆ ˆˆ ˆ ˆ ˆ, 2 3a i j k b i j k= + + = + +
��

 gSaA

gy ge ikrs gSa fd ˆ ˆˆ ˆ ˆ2 3 4 2a b i j k a b j k+ = + + − = − −
� �� �vkSj

,d lfn'k] tks a b a b+ −
� �� �
vkjS  nksuks ij yac gS] fuEufyf[kr }kjk iznÙk gS

( ) ( )a b a b+ × −
� �� �

 =

ˆˆ ˆ

ˆˆ ˆ2 3 4 2 4 2 ( ,  )

0 1 2

i j k

i j k c= − + − =

− −

�
eku yhft,

vc | |c
�

 = 4 16 4 24 2 6+ + = =

vr% vHkh"V ek=kd lfn'k

| |

c

c

�

�  =
1 2 1 ˆˆ ˆ
6 6 6

i j k
−

+ −  gSA
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AfVIi.kh  fdlh ry ij nks yacor~ fn'kk,¡ gksrh gSaA vr% a b a b+ −
� �� �vkjS  ij nwljk yacor~

ek=kd lfn'k 
1 2 1 ˆˆ ˆ
6 6 6

i j k− +  gksxkA ijarq ;g ( ) ( )a b a b− × +
� �� �

 dk ,d ifj.kke gSA

mnkgj.k 24  ,d f=kHkqt dk {ks=kiQy Kkr dhft, ftlosQ 'kh"kZ ¯cnq A(1, 1, 1),  B(1, 2, 3)

vkSj C(2, 3, 1) gSaA

gy ge ikrs gS a fd ˆˆ ˆ ˆAB 2 AC 2j k i j= + = +
���� ����

vkjS . fn, gq, f=kHkqt dk {ks=kiQy

1
| AB AC |

2
×

���� ����
 gSA

vc AB AC×
���� ����

 =

ˆˆ ˆ

ˆˆ ˆ0 1 2 4 2

1 2 0

i j k

i j k= − + −

blfy, | AB AC |×
���� ����

 = 16 4 1 21+ + =

vr% vHkh"V {ks=kiQy 
1

21
2

 gSA

mnkgj.k 25 ml lekarj prqHkqZt dk {ks=kiQy Kkr dhft, ftldh layXu Hkqtk,¡ ˆˆ ˆ3 4a i j k= + +
�

vkSj ˆˆ ˆb i j k= − +
�

 }kjk nh xbZ gSaA

gy fdlh lekarj prqHkqZt dh layXu Hkqtk,¡     a b
��

vkjS  gSa rks mldk {ks=kiQy | |a b×
��

 }kjk

izkIr gksrk gSA

vc a b×
��

 =

ˆˆ ˆ

ˆˆ ˆ3 1 4 5 4

1 1 1

i j k

i j k= + −

−

blfy, | |a b×
��

 = 25 1 16 42+ + =

bl izdkj vko';d {ks=kiQy 42  gSA
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iz'ukoyh 10-4

1. ˆ ˆˆ ˆ ˆ ˆ  7 7 3 2 2 | |a i j k b i j k a b= − + = − + ×
� �� �

;fn vkSj rk s Kkr dhft,A

2. lfn'k a b a b+ −
� �� �vkjS  dh yac fn'kk esa ek=kd lfn'k Kkr dhft, tgk¡ ˆˆ ˆ3 2 2a i j k= + +

�

vkSj ˆˆ ˆ2 2b i j k= + −
�

 gSA

3. ;fn ,d ek=kd lfn'k a
�

, ˆˆ ˆ,
3 4

i j k
π π

oQs lkFk osQ lkFk vkSj osQ lkFk ,d U;wu dks.k θ

cukrk gS rks θ dk eku Kkr dhft, vkSj bldh lgk;rk ls a�  osQ ?kVd Hkh Kkr dhft,A

4. n'kkZb, fd ( ) ( )a b a b− × +
� �� �

 = 2( )a b×
��

5. λ vkSj µ Kkr dhft,] ;fn ˆ ˆˆ ˆ ˆ ˆ(2 6 27 ) ( ) 0i j k i j k+ + × + λ + µ =
�

6. fn;k gqvk gS fd 0a b⋅ =
��

 vkSj 0a b× =
� ��

. lfn'k    a b
��

vkjS   osQ ckjs esa vki D;k fu"d"kZ
fudky ldrs gSa?

7. eku yhft, lfn'k , ,a b c
�� �

 Øe'k% 1 2 3 1 2 3
ˆ ˆˆ ˆ ˆ ˆ, ,a i a j a k b i b j b k+ + + +  1 2 3

ˆˆ ˆc i c j c k+ + osQ

:i esa fn, gq, gSa rc n'kkZb, fd ( )a b c a b a c× + = × + ×
� �� � � � �

8. ;fn 0 0a b= =
�� ��

vFkok  rc 0a b× =
� ��

 gksrk gSA D;k foykse lR; gS\ mnkgj.k lfgr vius
mÙkj dh iqf"V dhft,A

9. ,d f=kHkqt dk {ks=kiQy Kkr dhft, ftlosQ 'kh"kZ  A(1, 1, 2), B(2, 3, 5) vkSj C(1, 5, 5) gSaA

10. ,d lekarj prqHkqZt dk {ks=kiQy Kkr dhft, ftldh layXu Hkqtk,¡ lfn'k ˆˆ ˆ 3a i j k= − +
�

vkSj
ˆˆ ˆ2 7b i j k= − +

�
}kjk fu/kZfjr gSaA

11. eku yhft, lfn'k a b
��

vkjS  bl izdkj gSa fd 
2

| | 3 | |
3

a b= =
��

vkjS , rc a b×
��

 ,d

ek=kd lfn'k gS ;fn a b
��

vkjS  osQ chp dk dks.k gS%
(A) π/6 (B) π/4 (C) π/3 (D) π/2

12. ,d vk;r osQ 'kh"kks±  A, B, C vkSj D ftuosQ fLFkfr lfn'k Øe'k%

1 1ˆ ˆˆ ˆ ˆ ˆ– 4 , 4
2 2

i j k i j k+ + + + , 
1 ˆˆ ˆ 4
2

i j k− +  vkSj 1 ˆˆ ˆ– 4
2

i j k− + , gSa dk {ks=kiQy gS%

(A)
1

2
(B) 1

(C) 2 (D) 4
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fofo/ mnkgj.k

mnkgj.k 26  XY-ry esa lHkh ek=kd lfn'k fyf[k,A

gy eku yhft, fd r x i y j
∧ ∧

= +
�

, XY-ry esa ,d ek=kd lfn'k gS (vko`Qfr 10-28)A rc

vko`Qfr osQ vuqlkj ge ikrs gSa fd x = cos θ vkSj y = sin θ (D;ksafd | r
�
| = 1). blfy, ge lfn'k

r
�
dks]

( )OPr =
�����

= ˆ ˆcos sini jθ + θ ... (1)

osQ :i esa fy[k ldrs gSaA
Li"Vr% | |r

�
 = 2 2

cos sin 1θ + θ =

vko`Qfr 10-28

tSls&tSls θ, 0 ls 2π, rd ifjofrZr gksrk gS ¯cnq P (vko`Qfr 10-28) okekorZ fn'kk esa o`r
x2 + y2 = 1 dk vuqjs[k.k djrk gS vkSj bleas lHkh laHkkfor fn'kk,¡ lfEefyr gSaA vr% (1) ls  XY-

ry esa izR;sd ek=kd lfn'k izkIr gksrk gSA

mnkgj.k 27  ;fn ¯cnqvksa A, B, C vkSj D, osQ fLFkfr lfn'k Øe'k% ˆˆ ˆ ,i j k+ +  ˆ ˆ2 5i j+ ,

ˆˆ ˆ3 2 3i j k+ − ˆˆ ˆ6i j k− −vkSj  gS] rks ljy js[kkvksa  AB rFkk CD osQ chp dk dks.k Kkr dhft,A
fuxeu dhft, fd AB vkSj CD lajs[k gSaA

gy   uksV dhft, fd ;fn θ, AB vkSj CD, osQ chp dk dks.k gS rks θ, AB CD
���� ����

vkjS osQ chp dk
Hkh dks.k gSA

vc AB
����

 =  B dk fLFkfr lfn'k – A dk fLFkfr lfn'k

= ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ(2 5 ) ( ) 4i j i j k i j k+ − + + = + −
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blfy, | AB |
����

 = 2 2 2(1) (4) ( 1) 3 2+ + − =

blh izdkj CD
����

 = ˆˆ ˆ2 8 2 |CD | 6 2i j k− − + =
����

vkSj

vr% cosθ =
AB . CD

|AB||CD|

���� ����

���� ����

=
1( 2) 4( 8) ( 1)(2) 36

1
36(3 2)(6 2)

− + − + − −
= = −

D;ksafd 0 ≤ θ ≤ π, blls izkIr gksrk gS fd θ = π. ;g n'kkZrk gS fd AB rFkk CD ,d nwljs
osQ lajs[k gSaA

fodYir% 
1

AB CD
2

=−
���� ����

] blls dg ldrs fd AB
����  vkSj CD

����
 lajs[k lfn'k gSaA

mnkgj.k 28  eku yhft, ,a b c
�� �vkSj  rhu lfn'k bl izdkj gSa fd | | 3, | | 4, | | 5a b c= = =

�� �

vkSj buesa ls izR;sd] vU; nks lfn'kksa osQ ;ksxiQy ij yacor~ gaS rks] | |a b c+ +
�� �  Kkr dhft,A

gy  fn;k gqvk gS fd ( )a b c⋅ +
�� �

 = 0, ( ) 0, ( ) 0b c a c a b⋅ + = ⋅ + =
� �� � � �

vc 2| |a b c+ +
�� �

 = ( ) ( )a b c a b c+ + ⋅ + +
� �� � � �

= ( ) ( )a a a b c b b b a c⋅ + ⋅ + + ⋅ + ⋅ +
� � � �� � � � � �

+ .( ) .c a b c c+ +
�� � � �

= 2 2 2| | | | | |a b c+ +
�� �

= 9 + 16 + 25 = 50

blfy, | |a b c+ +
�� �

 = 50 5 2=

mnkgj.k 29  rhu lfn'k ,a b c
�� �
vkSj  izfrca/ 0a b c+ + =

� �� �
 dks larq"V djrs gSaA ;fn

| | 3, | | 4   | | 2   = = = µ = ⋅ + ⋅ + ⋅
� � �� � � � � �

a b c a b b c c avkSj rks jkf'k dk eku Kkr dhft,A

gy  D;ksafd 0a b c+ + =
� �� �

, blfy, ge ikrs gSa fd

( )a a b c⋅ + +
�� � �

 = 0

vFkok a a a b a c⋅ + ⋅ + ⋅
� �� � � �

 = 0

blfy, a b a c⋅ + ⋅
� �� �

 =
2

9− = −
�
a ... (1)

iqu% ( )b a b c⋅ + +
� �� �

 = 0
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vFkok a b b c⋅ + ⋅
� � ��

 =
2

16b− = −
�

                                       ... (2)

blh izdkj a c b c⋅ + ⋅
�� � �

 = – 4 ... (3)
(1)] (2) vkSj (3) dks tksM+us ij ge ikrs gSa fd

2 ( )a b b ac c⋅ + ⋅ + ⋅
� � �� ��

 = – 29

;k 2µ = – 29, i.e., µ =
29

2

−

mnkgj.k 30 ;fn ijLij yacor~ ek=kd lfn'kksa  ˆˆ ˆ,   ,i j kvkSj  dh nf{k.kkorhZ i¼fr osQ lkis{k

ˆˆ ˆ ˆ ˆ3 ,   2 – 3i j i j kα = − β = +
��

, rks β
�

 dks 
1 2β = β + β

� � �
 osQ :i esa vfHkO;Dr dhft, tgk¡ 1β

�
]

α
�
osQ lekarj gS vkSj  2

β
�

, α
�

 osQ yacor~ gSA

gy eku yhft, fd 
1

,β = λα λ
� �

 ,d vfn'k gS vFkkZr~~  
1

ˆ ˆ3 i jβ = λ − λ
�

vc
2 1β = β − β
� � �

 = ˆˆ ˆ(2 3 ) (1 ) 3i j k− λ + + λ −

D;ksafd 2
β
�

, α
�

 ij yac gS blfy, 
2 0α ⋅β =
��

vFkkZr~~ 3(2 3 ) (1 )− λ − + λ  = 0

vFkok λ = 
1

2

blfy,
1β
�

 = 
3 1ˆ ˆ
2 2

i j−   vkSj  2

1 3 ˆˆ ˆ – 3
2 2

i j kβ = +
�

vè;k; 10 ij fofo/ iz'ukoyh

1. XY-ry esa] x-v{k dh /ukRed fn'kk osQ lkFk okekorZ fn'kk esa 30° dk dks.k cukus okyk
ek=kd lfn'k fyf[k,A

2. ¯cnq P(x
1
, y

1
, z

1
) vkSj Q(x

2
, y

2
, z

2
)  dks feykus okys lfn'k osQ vfn'k ?kVd vkSj ifjek.k

Kkr dhft,A
3.  ,d yM+dh if'pe fn'kk esa 4 km pyrh gSA mlosQ i'pkr~ og mÙkj ls 30°  if'pe dh

fn'kk esa 3 km pyrh gS vkSj :d tkrh gSA izLFkku osQ izkjafHkd ̄cnq ls yM+dh dk foLFkkiu
Kkr dhft,A

4.  ;fn  a b c= +
�� �

, rc D;k ;g lR; gS fd | | | | | |a b c= +
�� �

?  vius mÙkj dh iqf"V dhft,A

5. x  dk og eku Kkr dhft, ftlosQ fy, ˆˆ ˆ( )x i j k+ +   ,d ek=kd lfn'k gSA

6.  lfn'kksa  ˆ ˆˆ ˆ ˆ ˆ2 3     2a i j k b i j k= + − = − +
�� vkSj  osQ ifj.kkeh osQ lekarj ,d ,slk lfn'k

Kkr dhft, ftldk ifjek.k 5 bdkbZ gSA
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7. ;fn ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ,   2 3   2a i j k b i j k c i j k= + + = − + = − +
�� �vkSj , rks lfn'k 2 –  3a b c+

�� � osQ

lekarj ,d ek=kd lfn'k Kkr dhft,A
8. n'kkZb, fd ¯cnq A(1, – 2, – 8), B(5, 0, – 2) vkSj C(11, 3, 7) lajs[k gS vkSj B }kjk AC

dks foHkkftr djus okyk vuqikr Kkr dhft,A

9. nks ̄ cnqvksa P (2 ) Q ( – 3 )a b a b+
� �� �vkjS  dks feykus okyh js[kk dks 1% 2 osQ vuqikr es cká

foHkkftr djus okys ¯cnq  R dk fLFkfr lfn'k Kkr dhft,A ;g Hkh n'kkZb, fd ¯cnq P

js[kk[kaM RQ dk eè; ¯cnq gSA

10. ,d lekarj prqHkqZt dh layXu Hkqtk,¡ ˆ ˆˆ ˆ ˆ ˆ2 4 5    2 3i j k i j k− + − −vkjS  gaSA blosQ fod.kZ osQ

lekarj ,d ek=kd lfn'k Kkr dhft,A bldk {ks=kiQy Hkh Kkr dhft,A
11. n'kkZb, fd OX, OY ,oa OZ v{kksa osQ lkFk cjkcj >qosQ gq, lfn'k dh fno~Q&dkslkbu

dksT;k,¡ 
1 1 1

, ,
3 3 3

 
±  
 

 gSA

12. eku yhft, ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ4 2 , 3 2 7     2 4a i j k b i j k c i j k= + + = − + = − +
�� �vkjS . ,d ,slk lfn'k

d
�

 Kkr dhft, tks    a b
�� vkSj  nksuksa ij yac gS vkSj 15c d⋅ =

��

13. lfn'k ˆˆ ˆi j k+ +  dk] lfn'kksa ˆˆ ˆ2 4 5i j k+ −  vkSj ˆˆ ˆ2 3i j kλ + +  osQ ;ksxiQy dh fn'kk esa

ek=kd lfn'k osQ lkFk vfn'k xq.kuiQy 1 osQ cjkcj gS rks λ  dk eku Kkr dhft,A

14. ;fn , , ca b
� ��

 leku ifjek.kksa okys ijLij yacor~ lfn'k gSa rks n'kkZb, fd lfn'k a b c+ +
�� �

lfn'kksa ,a b c
�� �rFkk osQ lkFk cjkcj >qdk gqvk gSA

15. fl¼ dhft, fd  2 2( ) ( ) | | | |a b a b a b+ ⋅ + = +
� � �� � �

, ;fn vkSj osQoy ;fn ,a b
��

 yacor~ gSaA

;g fn;k gqvk gS fd 0, 0a b≠ ≠
�� ��

16 ls 19 rd osQ iz'uksa esa lgh mÙkj dk p;u dhft,A

16. ;fn nks lfn'kksa    a b
��

vkSj  osQ chp dk dks.k θ gS rks 0a b⋅ ≥
��

 gksxk ;fn%

(A) 0
2

π
< θ < (B) 0

2

π
≤ θ ≤

(C) 0 < θ < π (D) 0 ≤ θ ≤ π

17. eku yhft, a b
��

vkjS  nks ek=kd lfn'k gSa vkSj muosQ chp dk dks.k θ gS rks a b+
��

 ,d
ek=kd lfn'k gS ;fn%

(A)
4

π
θ = (B)

3

π
θ = (C)

2

π
θ = (D)

2

3

π
θ =
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18. ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ.( ) .( ) .( )i j k j i k k i j× + × + ×  dk eku gS
(A) 0 (B) –1 (C) 1 (D) 3

19. ;fn nks lfn'kksa    a b
��

vkSj osQ chp dk dks.k θ gS rks | | | |a b a b⋅ = ×
� �� �

 tc θ cjkcj gS%

(A) 0 (B)
4

π
(C)

2

π
(D) π

lkjak'k

® ,d ¯cnq P(x, y, z) dh fLFkfr lfn'k ˆˆ ˆOP( )r xi yj zk= = + +
���� �

 gS vkSj ifjek.k

2 2 2x y z+ +  gSA

® ,d lfn'k osQ vfn'k ?kVd blosQ fno~Q&vuqikr dgykrs gSa vkSj Øekxr v{kksa osQ lkFk
blosQ iz{ksi dks fu:fir djrs gSaA

® ,d lfn'k dk ifjek.k (r), fno~Q&vuqikr a, b, c vkSj fno~Q&dkslkbu (l, m, n)

fuEufyf[kr :i esa lacaf/r gSa%

, ,
a b c

l m n
r r r

= = =

® f=kHkqt dh rhuksa Hkqtkvksa dks Øe esa ysus ij mudk lfn'k ;ksx 0
�
gSA

® nks lg&vkfne lfn'kksa dk ;ksx ,d ,sls lekarj prqHkqZt osQ fod.kZ ls izkIr gksrk gS
ftldh layXu Hkqtk,¡ fn, gq, lfn'k gSaA

® ,d lfn'k dk vfn'k λ ls xq.ku blosQ ifjek.k dks  |λ | osQ xq.kt esa ifjofrZr dj nsrk
gS vkSj λ dk eku /ukRed vFkok ½.kkRed gksus osQ vuqlkj bldh fn'kk dks leku
vFkok foijhr j[krk gSA

® fn, gq, lfn'k a
�

 osQ fy, lfn'k ˆ
| |

a
a

a
=

�

� ] a
�dh fn'kk esa ek=kd lfn'k gSA

® fcnqvksa P vkSj Q ftuosQ fLFkfr lfn'k Øe'k% a b
�� vkjS  gSa] dks feykus okyh js[kk dks

m : n osQ vuqikr esa foHkkftr djus okys ¯cnq R dk fLFkfr lfn'k  (i) na mb

m n

+

+

��

var%

foHkktu ij  (ii) 
mb na

m n

−

−

� �

 cká foHkktu ij] osQ :i esa izkIr gksrk gSA
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® nks lfn'kksa a b
�� vkjS  osQ chp dk dks.k θ gS rks mudk vfn'k xq.kuiQy | || | cosa b a b⋅ = θ

� �� �

osQ :i esa izkIr gksrk gSA ;fn a b⋅
��

 fn;k gqvk gS rks lfn'kksa a b
�� vkjS  osQ chp dk dks.k

‘θ’,  cosθ = 
| || |

a b

a b

⋅
��

��  ls izkIr gksrk gSA

® ;fn nks lfn'kksa a b
�� vkjS  osQ chp dk dks.k θ gS rks mudk lfn'k xq.kuiQy

a b×
��

= ˆ| || | sina b nθ
��

osQ :i esa izkIr gksrk gSA tgk¡ n̂  ,d ,slk ek=kd lfn'k gS tks

a b
�� vkjS dks lfEefyr djus okys ry osQ yacor~ gS rFkk ˆ,a b n

�� vkSj nf{k.kkorhZ

ledksf.kd funsZ'kkad i¼fr dks fufeZr djrs gSaA

® ;fn 1 2 3
ˆˆ ˆa a i a j a k= + +

�
 rFkk 1 2 3

ˆˆ ˆb b i b j b k= + +
�

 vkSj λ  ,d vfn'k gS rks

a b+
��

 = 1 1 2 2 3 3
ˆˆ ˆ( ) ( ) ( )a b i a b j a b k+ + + + +

aλ
�

 = 1 2 3
ˆˆ ˆ( ) ( ) ( )a i a j a kλ + λ + λ

.a b
��

 = 1 1 2 2 3 3a b a b a b+ +

vkSj a b×
��

 = 1 1 1

2 2 2

ˆˆ ˆi j k

a b c

a b c

,sfrgkfld i`"BHkwfe

lfn'k 'kCn dk O;qRiUu ySfVu Hkk"kk osQ ,d 'kCn osDVl (vectus) ls gqvk gS ftldk
vFkZ gS gLrxr djukA vk/qfud lfn'k fl¼kar osQ Hkzw.kh; fopkj dh frfFk lu~ 1800 osQ
vklikl ekuh tkrh gS] tc Caspar Wessel (1745&1818 bZ-) vkSj Jean Robert

Argand (1768-1822bZ-) us bl ckr dk o.kZu fd;k fd ,d funsZ'kkad ry esa fdlh fn"V
js[kk[kaM dh lgk;rk ls ,d lfEeJ la[;k a + ib dk T;kferh; vFkZ fuoZpu dSls fd;k
tk ldrk gSA ,d vk;fj'k xf.krK] William Rowen Hamilton (1805-1865 bZ-) us viuh
iqLrd] "Lectures on Quaternions" (1853 bZ-) esa fn"V js[kk[kaM osQ fy, lfn'k 'kCn dk
iz;ksx lcls igys fd;k FkkA prq"V;h;ksa (quaternians) [oqQN fuf'pr chth; fu;eksa dk

ikyu djrs gq, ˆ ˆˆ ˆ ˆ ˆ, , ,a b i c j d k i j k+ + +  osQ :i okys pkj okLrfod la[;kvksa dk
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leqPp;] dh gSfeYVu fof/ lfn'kksa dks f=k&foeh; varfj{k esa xq.kk djus dh leL;k dk ,d
gy FkkA rFkkfi ge ;gk¡ bl ckr dk ftØ vo'; djsaxs fd lfn'k dh ladYiuk vkSj muosQ
;ksxiQy dk fopkj cgqr& fnuksa igys ls Plato (384-322 bZlk iwoZ) osQ ,d f'k"; ,oa ;wukuh
nk'kZkfud vkSj oSKkfud Aristotle (427-348 bZlk iwoZ) osQ dky ls gh FkkA ml le; bl
tkudkjh dh dYiuk Fkh fd nks vFkok vf/d cyksa dh la;qDr fØ;k mudks lekarj prqHkqZt
osQ fu;ekuqlkj ;ksx djus ij izkIr dh tk ldrh gSA cyksa osQ la;kstu dk lgh fu;e] fd
cyksa dk ;ksx lfn'k :i esa fd;k tk ldrk gS] dh [kkst Sterin Simon(1548-1620bZ-) }kjk
yacor~ cyksa dh fLFkfr esa dh xbZA lu~ 1586 esa mUgksaus viuh 'kks/iqLrd] "DeBeghinselen

der Weeghconst" (otu djus dh dyk osQ fl¼kar) esa cyksa osQ ;ksxiQy osQ T;kferh;
fl¼kar dk fo'ys"k.k fd;k Fkk ftlosQ dkj.k ;kaf=kdh osQ fodkl esa ,d eq[; ifjorZu gqvkA
ijarq blosQ ckn Hkh lfn'kksa dh O;kid ladYiuk osQ fuekZ.k esa 200 o"kZ yx x,A

lu~ 1880 esa ,d vesfjdh HkkSfrd 'kkL=kh ,oa xf.krK  Josaih Willard Gibbs

(1839-1903 bZ-) vkSj ,d vaxzst vfHk;ark Oliver Heaviside (1850-1925 bZ-) us ,d
prq"V;h osQ okLrfod (vfn'k) Hkkx dks dkYifud (lfn'k) Hkkx ls i`Fko~Q djrs gq, lfn'k
fo'ys"k.k dk l`tu fd;k FkkA lu~ 1881 vkSj 1884 esa Gibbs us "Entitled Element of

Vector Analysis" uked ,d 'kks/ iqfLrdk NiokbZA bl iqLrd esa lfn'kksa dk ,d Øec¼
,oa laf{kIr fooj.k fn;k gqvk FkkA rFkkfi lfn'kksa osQ vuqiz;ksx dk fu:i.k djus dh dhfrZ
D. Heaviside vkSj P.G. Tait (1831-1901 bZ-) dks izkIr gS ftUgksaus bl fo"k; osQ fy, lkFkZd
;ksxnku fn;k gSA

—vvvvv—
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vThe moving power of mathematical invention is not

reasoning but imagination. – A.DEMORGAN v

11.1  Hkwfedk (Introduction)

d{kk XI esa] oS'ysf"kd T;kfefr dk vè;;u djrs le; f}&foeh;
vkSj f=k&foeh; fo"k;ksa osQ ifjp; esa geus Lo;a dks osQoy dkrhZ;
fof/ rd lhfer j[kk gSA bl iqLrd osQ fiNys vè;k; esa geus
lfn'kksa dh ewy ladYiukvksa dk vè;;u fd;k gSA vc ge lfn'kksa
osQ chtxf.kr dk f=k&foeh; T;kfefr esa mi;ksx djsaxsA f=k&foeh;
T;kfefr esa bl mikxe dk mn~ns'; gS fd ;g blosQ vè;;u dks
vR;ar ljy ,oa lq#fpiw.kZ (lqxzkg;) cuk nsrk gSA*
   bl vè;k; esa ge nks ¯cnqvksa dks feykus okyh js[kk osQ
fnd~&dksT;k o fno~Q&vuqikr dk vè;;u djsaxs vkSj fofHkUu
fLFkfr;ksa esa varfj{k esa js[kkvksa vkSj ryksa osQ lehdj.kksa] nks js[kkvksa]
nks ryksa o ,d js[kk vkSj ,d ry osQ chp dk dks.k] nks
fo"keryh; js[kkvksa osQ chp U;wure nwjh o ,d ry dh ,d ̄ cnq
ls nwjh osQ fo"k; esa Hkh fopkj foe'kZ djsaxsA mijksDr ifj.kkeksa esa ls
vf/dka'k ifj.kkeksa dks lfn'kksa osQ :i esa izkIr djrs gSaA rFkkfi ge
budk dkrhZ; :i esa Hkh vuqokn djsaxs tks dkykarj esa fLFkfr dk Li"V T;kferh; vkSj fo'ys"k.kkRed
fp=k.k izLrqr dj losQxkA

11.2  js[kk osQ fno~Q&dkslkbu vkSj fno~Q&vuqikr (Direction Cosines and Direction
Ratios of a Line)

vè;k; 10 esa] Lej.k dhft,] fd ewy ¯cnq ls xqtjus okyh lfn'k js[kk L }kjk x, y vkSj z-v{kksa
osQ lkFk Øe'k α] β vkSj γ cuk, x, dks.k fno~Q&dks.k dgykrs gSa rc bu dks.kksa dh dkslkbu uker%
cosα, cosβ vkSj cosγ js[kk L osQ fno~Q&dkslkbu (direction cosines or dc's)dgykrh gSa A

vè;k;

f=k&foeh; T;kfefr
(Three Dimensional Geometry)

11

* For various activities in three dimensional geometry, one may refer to the Book

“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005

Leonhard Euler

(1707-1783)
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;fn ge L dh fn'kk foijhr dj nsrs gSa rks fno~Q&dks.k] vius laiwjdksa esa vFkkZr~ π-α, π-β vkSj
π-γ ls cny tkrs gSaA bl izdkj] fno~Q&dkslkbu osQ fpÉ cny tkrs gSaA

vko`Qfr 11-1

è;ku nhft,] varfj{k esa nh xbZ js[kk dks nks foijhr fn'kkvksa esa c<+k ldrs gSa vkSj blfy, blosQ
fno~Q&dkslkbu osQ nks lewg gSaA blfy, varfj{k esa Kkr js[kk osQ fy, fno~Q&dkslkbu osQ vf}rh;
lewg osQ fy,] gesa Kkr js[kk dks ,d lfn'k js[kk ysuk pkfg,A bu vf}rh; fno~Q&dkslkbu dks
l, m vkSj n osQ }kjk fufnZ"V fd, tkrs gSaA

fVIi.kh  varfj{k esa nh xbZ js[kk ;fn ewy ̄ cnq ls ugha xqtjrh gS rks bldh fno~Q&dkslkbu dks Kkr
djus osQ fy,] ge ewy ¯cnq ls nh xbZ js[kk osQ lekarj ,d js[kk [khaprs gSaA vc ewy ¯cnq ls buesa
ls ,d lfn'k js[kk osQ fno~Q&vuqikr Kkr djrs gSa D;ksafd nks lekarj js[kkvksa osQ fno~Q&vuqikrksa osQ
lewg leku (ogh) gksrs gSaA

,d js[kk osQ fno~Q&dkslkbu osQ lekuqikrh la[;kvksa dks js[kk osQ fno~Q&vuqikr (direction

ratios or dr's) dgrs gSaA ;fn ,d js[kk osQ fno~Q&dkslkbu l, m, n o fno~Q&vuqikr a, b, c gksa rc
fdlh 'kwU;srj λ ∈ R osQ fy, a = λl, b=λm vkSj c = λn

AfVIi.kh oqQN ys[kd fno~Q&vuqikrksa dks fno~Q&la[;k,¡ Hkh dgrs gSaA

eku yhft, ,d js[kk osQ fno~Q&vuqikr a, b, c vkSj js[kk dh fno~Q&dkslkbu l, m, n gSA rc

l

a
 = 

m

b
 =

n
k

c
=  (eku yhft,), k ,d vpj gSA
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vko`Qfr 11-2

blfy, l = ak, m = bk, n = ck ... (1)

ijarq l2 + m2 + n2 = 1

blfy, k2 (a2 + b2 + c2) = 1

;k k =
2 2 2

1

a b c
±

+ +
vr% (1) ls] js[kk dh fno~Q&dkslkbu (d.c.’s )

2 2 2 2 2 2 2 2 2
, ,

a b c
l m n

a b c a b c a b c
=± = ± = ±

+ + + + + +

fdlh js[kk osQ fy, ;fn js[kk osQ fno~Q&vuqikr Øe'k% a, b, c gS] rks ka, kb, kc; k ≠ 0 Hkh
fno~Q&vuqikrksa dk ,d lewg gSA blfy, ,d js[kk osQ fno~Q&vuqikrksa osQ nks lewg Hkh lekuqikrh gksaxsA
vr% fdlh ,d js[kk osQ fno~Q&vuqikrksa osQ vla[; lewg gksrs gSaA

11.2.1 nks ̄ cnqvksa dks feykus okyh js[kk dh fno~Q&dkslkbu (Direction cosines of a line

passing through two points)

D;ksafd nks fn, ¯cnqvksa ls gksdj tkus okyh js[kk vf}rh; gksrh gSA blfy, nks fn, x, ¯cnqvksa
P(x

1
, y

1
, z

1
) vkSj Q(x

2
, y

2
, z

2
) ls xqtjus okyh js[kk dh fno~Q&dkslkbu dks fuEu izdkj ls Kkr

dj ldrs gSa (vko`Qfr 11-3 (a)A
eku yhft, fd js[kk PQ dh fno~Q&dkslkbu l, m, n gSa vkSj ;g x, y vkSj z-v{k osQ lkFk dks.k

Øe'k% α, β, γ cukrh gSaA

eku yhft, P vkSj Q ls yac [khafp, tks XY-ry dks R rFkk S ij feyrs gSaA P ls ,d
vU; yac [khafp, tks QS dks N ij feyrk gSA vc ledks.k f=kHkqt PNQ esa, ∠PQN = γ

(vko`Qfr 11.2 (b)) blfy,
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cosγ =
2 1NQ

PQ PQ

z z−
=

blh izdkj cosα = 2 1 2 1cos
PQ PQ

x x y y− −
β =vkSj

vr% ¯cnqvksa P(x
1
, y

1
, z

1
) rFkk Q(x

2
, y

2
, z

2
) dks tksM+us okys js[kk[kaM PQ fd fno~Q&dkslkbu

2 1

PQ

x x−
, 

2 1

PQ

y y−
, 

2 1

PQ

z z−
 gSaA

tgk¡ PQ = ( )
22 2

2 1 2 1 2 1( ) ( )x x y y z z− + − + −

fVIi.kh  ¯cnqvksa P(x
1
, y

1
, z

1
) rFkk Q(x

2
, y

2
, z

2
) dks tksM+us okys js[kk[kaM osQ fno~Q&vuqikr fuEu

izdkj ls fy, tk ldrs gSaA
x

2 
– x

1
, y

2 
– y

1
, z

2 
– z

1
, ;k  x

1 
– x

2
, y

1 
– y

2
, z

1 
– z

2

mnkgj.k 1  ;fn ,d js[kk x, y rFkk z-v{kksa dh /ukRed fn'kk osQ lkFk Øe'k% 90°, 60° rFkk 30°

dk dks.k cukrhs gS rks fno~Q&dkslkbu Kkr dhft,A

gy  eku yhft, js[kk dh fno~Q&dkslkbu l, m, n gSA rc l = cos 90° = 0, m = cos 60° = 
1

2
,

n = cos 30° = 
2

3

mnkgj.k 2  ;fn ,d js[kk osQ fno~Q&vuqikr 2] &1] &2 gSa rks bldh fno~Q&dkslkbu Kkr dhft,A

gy  fno~Q&dkslkbu fuEuor~ gSa

2 2 2

2

2 ( 1) ( 2)+ − + −
,  

2 2 2

1

2 ( 1) ( 2)

−

+ − + −
,  

( )
22 2

2

2 1 ( 2)

−

+ − + −

vFkkZr~
2 1 2

,,
3 3 3

− −

mnkgj.k 3  nks ¯cnqvksa (– 2, 4, – 5) vkSj (1, 2, 3) dks feykus okyh js[kk dh fno~Q&dkslkbu Kkr
dhft,A

gy  ge tkurs gSa fd nks ¯cnqvksa P(x
1
, y

1
, z

1
) vkSj Q(x

2
, y

2
, z

2
) dks feykus okyh js[kk dh

fno~Q&dkslkbu

2 1 2 1 2 1,,
PQ PQ PQ

x x y y z z− − −
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gSa] tgk¡ PQ = ( )
22 2

2 1 2 1 2 1( ) ( )x x y y z z− + − + −

;gk¡ P vkSj Q Øe'k% (– 2, 4, – 5) vkSj (1, 2, 3) gSaA

blfy, PQ = 2 2 2
(1 ( 2)) (2 4) (3 ( 5))− − + − + − −  = 77

blfy, nks ¯cnqvksa dks feykus okyh js[kk dh fno~Q&dkslkbu gSa%

3 2 8
, ,

77 77 77

−

mnkgj.k 4  x, y vkSj z-v{kksa dh fno~Q&dkslkbu Kkr dhft,A

gy x-v{k Øe'k%  x, y vkSj z-v{k osQ lkFk 0°, 90° vkSj 90° osQ dks.k cukrk gSA blfy, x-v{k
dh fno~Q&dkslkbu cos 0°, cos 90°, cos 90° vFkkZr~ 1,0,0 gSaA
blh izdkj y-v{k vkSj z-v{k dh fno~Q&dkslkbu Øe'k% 0, 1, 0 vkSj 0, 0, 1 gSaA

mnkgj.k 5 n'kkZb, fd ¯cnq A (2, 3, – 4), B (1, – 2, 3) vkSj C (3, 8, – 11) lajs[k gSaA

gy  A vkSj B dks feykus okyh js[kk osQ fno~Q&vuqikr

1 –2, –2 –3, 3 + 4 vFkkZr~ – 1, – 5, 7 gSaA

B vkSj C dks feykus okyh js[kk osQ fno~Q&vuqikr 3 –1, 8 + 2, – 11 – 3, vFkkZr~, 2, 10, – 14 gSaA

Li"V gS fd AB vkSj BC osQ fno~Q&vuqikr lekuqikrh gSaA vr% AB vkSj BC lekarj gSaAq ijarq
AB vkSj BC nksuksa esa B mHk;fu"B gSA vr% A, B, vkSj C lajs[k ¯cnq gSaA

iz'ukoyh 11-1

1. ;fn ,d js[kk x, y vkSj z-v{k osQ lkFk Øe'k% 90°, 135°, 45° osQ dks.k cukrh gS rks bldh
fno~Q&dkslkbu Kkr dhft,A

2. ,d js[kk dh fno~Q&dkslkbu Kkr dhft, tks funsZ'kka{kksa osQ lkFk leku dks.k cukrh gSA

3. ;fn ,d js[kk osQ fno~Q&vuqikr –18, 12, – 4, gSa rks bldh fno~Q&dkslkbu D;k gSa\

4. n'kkZb, fd ¯cnq  (2, 3, 4), (– 1, – 2, 1), (5, 8, 7) lajs[k gSaA

5. ,d f=kHkqt dh Hkqtkvksa dh fno~Q&dkslkbu Kkr dhft, ;fn f=kHkqt osQ 'kh"kZ ¯cnq
(3, 5, – 4), (– 1, 1, 2) vkSj (– 5, – 5, – 2) gSaA

11.3 varfj{k esa js[kk dk lehdj.k (Equation of a Line in Space)

d{kk XI esa f}&foeh; ry esa js[kkvksa dk vè;;u djus osQ i'pkr~ vc ge varfj{k esa ,d js[kk
osQ lfn'k rFkk dkrhZ; lehdj.kksa dks Kkr djsaxsA
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,d js[kk vf}rh;r% fu/kZfjr gksrh gS] ;fn

(i) ;g fn, ¯cnq ls nh xbZ fn'kk ls gksdj tkrh gS] ;k

(ii) ;g nks fn, x, ¯cnqvksa ls gksdj tkrh gSA

11.3.1 fn, x, ̄ cnq A ls tkus okyh rFkk fn, x, lfn'k 
�
b  osQ lekarj js[kk dk lehdj.k

(Equation of a line through a given point A and parallel to a given vector 
�
b )

ledksf.kd funsZ'kka{k fudk; osQ ewy ¯cnq O osQ lkis{k
eku yhft, fd ̄cnq A dk lfn'k a

�
 gSA eku yhft, fd

¯cnq A ls tkus okyh rFkk fn, x, lfn'k b
�

 osQ lekarj
js[kk  l gSA eku yhft, fd l ij fLFkr fdlh LosPN ̄ cnq
P dk fLFkfr lfn'k r

�
 gS (vko`Qfr 11-3)A

rc AP
����

 lfn'k b
�
 osQ lekarj gS vFkkZr~ AP

����
= λ b
�

,  tgk¡
λ ,d okLrfod la[;k gSA

ijarq AP
����

 = OP – OA
���� ����

vFkkZr~ λ b
�

 = r a−
� �

foykser% izkpy λ osQ izR;sd eku osQ fy, ;g lehdj.k js[kk osQ fdlh ¯cnq  P dh fLFkfr iznku
djrk gSA vr% js[kk dk lfn'k lehdj.k gS%

�
r  = +

��
a bλλλλ ... (1)

fVIi.kh  ;fn ˆˆ ˆb ai bj ck= + +
�

 gS rks js[kk osQ fno~Q&vuqikr a, b, c gS vkSj foykser% ;fn ,d js[kk

osQ fno~Q&vuqikr a, b, c gksa rks ˆˆ ˆb ai bj ck= + +
�

js[kk osQ lekarj gksxkA ;gk¡ b dks | |b
�

u le>k tk,A

lfn'k :i ls dkrhZ; :i O;qRiUu djuk (Derivation of Cartesian Form from Vector

Form)

eku yhft, fd fn, ¯cnq  A osQ funsZ'kkad (x
1
, y

1
, z

1
) gSa vkSj js[kk dh fno~Q&dkslkbu

a, b, c gSa eku yhft, fdlh ¯cnq P osQ funsZ'kkad (x, y, z) gSaA rc

kzjyixr ˆˆˆ ++=
�

; kzjyixa ˆˆˆ
111 ++=

�

vkSj ˆˆ ˆb a i b j c k= + +
�

bu ekuksa dks (1) esa izfrLFkkfir djosQ ˆ ˆ,i j  vkSj k̂ , osQ xq.kkadksa dh rqyuk djus ij ge ikrs
gSa fd

x = x
1
 + λa;  y = y

1
 + λ b;  z = z

1
+ λc ... (2)

vko`Qfr 11-3
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;s js[kk osQ izkpy lehdj.k gSaA (2) ls izkpy λ dk foyksiu djus ij] ge ikrs gSa%

1x x

a

−
 = 

1 1y y z z

b c

− −
= ... (3)

;g js[kk dk dkrhZ; lehdj.k gSA

fVIi.kh  ;fn js[kk dh fno~Q&dkslkbu l, m, n gSa] rks js[kk dk lehdj.k

1x x

l

−
 = 

1 1y y z z

m n

− −
=  gSaA

mnkgj.k 6  ¯cnq (5, 2, – 4) ls tkus okyh rFkk lfn'k ˆˆ ˆ3 2 8i j k+ −  osQ lekarj js[kk dk lfn'k

rFkk dkrhZ; lehdj.kksa dks Kkr dhft,A

gy  gesa Kkr gS] fd

a
�

 = ˆ ˆˆ ˆ ˆ ˆ5 2 4 3 2 8i j k b i j k+ − = + −
�

vkSj

blfy,] js[kk dk lfn'k lehdj.k gS%

r
�

= ˆ ˆˆ ˆ ˆ ˆ5 2 4 ( 3 2 8 )i j k i j k+ − + λ + −  [(1) ls]

pw¡fd js[kk ij fLFkr fdlh ¯cnq P(x, y, z) dh fLFkfr lfn'k r
�

 gS] blfy,
ˆˆ ˆxi y j z k+ +  = ˆ ˆˆ ˆ ˆ ˆ5 2 4 ( 3 2 8 )i j k i j k+ − + λ + −

= � �(5 3 ) (2 2 ) ( 4 8 )i j k+ λ + + λ + − − λ�

λ dk foyksiu djus ij ge ikrs gSa fd

5

3

x−
 =

2 4

2 8

y z− +
=

−

tks js[kk osQ lehdj.k dk dkrhZ; :i gSA

11.4  nks js[kkvksa osQ eè; dks.k (Angle between two lines)

eku yhft, fd  L
1
 vkSj L

2
 ewy ¯cnq ls xqtjus okyh nks js[kk,¡ gSa ftuosQ fno~Q&vuqikr Øe'k%

a
1
, b

1
, c

1
 vkSj a

2
, b

2
, c

2
, gSA iqu% eku yhft,fd  L

1
 ij ,d ¯cnq P rFkk L

2
 ij ,d ¯cnq Q  gSA

vko`Qfr 11-4 esa fn, x, lfn'k OP vkSj OQ ij fopkj dhft,A eku yhft, fd OP vkSj OQ

osQ chp U;wu dks.k θ gSA vc Lej.k dhft, fd lfn'kksa OP vkSj OQ osQ ?kVd Øe'k% a
1
, b

1
,

c
1
 vkSj a

2
, b

2
, c

2 
gSaA blfy, muosQ chp dk dks.k θ
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cosθ = 
1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a a b b c c

a b c a b c

+ +

+ + + +
 }kjk iznÙk gSA

iqu% sin θ osQ :i esa] js[kkvksa osQ chp dk dks.k

sin θ = θ2cos1 −  ls iznÙk gS

=
( )( )

2
1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

( )
1

a a b b c c

a b c a b c

+ +
−

+ + + +

=

( )( ) ( )

( ) ( )

22 2 2 2 2 2
1 1 1 2 2 2 1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a b c a b c a a b b c c

a b c a b c

+ + + + − + +

+ + + +

=

2 2 2
1 2 2 1 1 2 2 1 1 2 2 1

2 2 2 2 2 2
1 1 1 2 2 2

( ) ( ) ( )

(

a b a b b c b c c a c a

a b c a b c

− + − + −

+ + + +
... (2)

AfVIi.kh  ml fLFkfr esa tc js[kk,¡ L
1 
vkSj L

2
 ewy ¯cnq ls ugha xqtjrh gS rks ge

1 2L LvkjS osQ lekarj] ewy ¯cnq ls xqtjus okyh js[kk,¡ Øe'k% 1 2L L′ ′o  ysrs gSaA ;fn js[kkvksa

L
1
 vkSj L

2 
osQ fno~Q&vuqikrksa osQ ctk; fno~Q&dkslkbu nh xbZ gks tSls L

1
 osQ fy, l

1
, m

1
, n

1
 vkSj

L
2
 osQ fy, l

2
, m

2
, n

2
 rks (1) vkSj (2) fuEufyf[kr izk:i ysaxsA

cos θ = |l
1 
l
2
 + m

1
m

2
 + n

1
n

2
| (D;ksafd 2 2 2

1 1 1 1l m n+ + = 2 2 2
2 2 2l m n= + + ) ... (3)

vkSj sin θ = ( )
2 2 2

1 2 2 1 1 2 2 1 1 2 2 1( ) ( )l m l m m n m n n l n l− − − + −                    ... (4)

fno~Q&vuqikr a
1
, b

1
, c

1
 vkSj a

2
, b

2
, c

2
 okyh js[kk,¡

(i) yacor~~ gS] ;fn θ = 90°, vFkkZr~ (1) ls a
1
a

2
 + b

1
b

2
 + c

1
c

2
 = 0

(ii) lekarj gS] ;fn θ = 0, vFkkZr~ (2) ls 1

2

a

a
 = =1 1

2 2

b c

b c

vc ge nks js[kkvksa osQ chp dk dks.k Kkr djsaxs ftuosQ lehdj.k fn, x, gSaA ;fn mu js[kkvksa

r
�

 = 1 1a b+ λ
��

 vkSj r
�

 = 2 2a b+ µ
��

 osQ chp U;wu dks.k θ gS

vko`Qfr 11-4
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rc cosθ =
1 2

1 2

b b

b b

⋅
� �

� �

dkrhZ; :i esa ;fn js[kkvksa% 1

1

x x

a

−
 =

1 1

1 1

y y z z

b c

− −
= ... (1)

vkSj 2

2

x x

a

−
 =

2 2

2 2

y y z z

b c

− −
= ... (2)

osQ chp dk dks.k θ gS tgk¡ js[kk,¡ (1) o (2) osQ fno~Q&vuqikr Øe'k% a
1
, b

1,
 c

1 
rFkk

a
2,
 b

2
, c

2 
gS rc

cos θ =
1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a a b b c c

a b c a b c

+ +

+ + + +

mnkgj.k 7  fn, x, js[kk&;qXe

r
�  = ˆ ˆˆ ˆ ˆ ˆ3 2 4 ( 2 2 )i j k i j k+ − + λ + +

vkSj r
�  = ˆˆ ˆ ˆ ˆ5 2 (3 2 6 )i j i j k− + µ + +

osQ eè; dks.k Kkr dhft,

gy  eku yhft, 
1b
�

 = ˆˆ ˆ2 2i j k+ +  vkSj 
2b
�

 = ˆˆ ˆ3 2 6i j k+ +

nksuksa js[kkvksa osQ eè; dks.k θ gS] blfy,

cos θ =
1 2

1 2

ˆ ˆˆ ˆ ˆ ˆ( 2 2 ) (3 2 6 )

1 4 4 9 4 36

b b i j k i j k

b b

⋅ + + ⋅ + +
=

+ + + +

� �

� �

=
3 4 12 19

3 7 21

+ +
=

×

vr% θ = cos–1 
19

21

 
 
 

mnkgj.k 8  js[kk&;qXe%

3

3

x +
 =

1 3

5 4

y z− +
=

vkSj
1

1

x +
 =

4 5

1 2

y z− −
=

osQ eè; dks.k Kkr dhft,A

gy  igyh js[kk osQ fno~Q&vuqikr 3] 5] 4 vkSj nwljh js[kk osQ fno~Q&vuqikr 1] 1] 2 gSaA ;fn muosQ
chp dk dks.k θ gks rc
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cos θ =
2 2 2 2 2 2

3.1 5.1 4.2 16 16 8 3

1550 6 5 2 63 5 4 1 1 2

+ +
= = =

+ + + +

vr% vHkh"V dks.k cos–1
8 3

15

 
  
 

 gSA

11.5  nks js[kkvksa osQ eè; U;wure nwjh (Shortest Distance between two lines)

varfj{k esa ;fn nks js[kk,¡ ijLij izfrPNsn djrh gS
rks muosQ chp dh U;wure nwjh 'kwU; gSA vkSj
varfj{k esa ;fn nks js[kk,¡ lekarj gS rks muosQ chp
dh U;wure nwjh] muosQ chp yacor~~ nwjh gksxh
vFkkZr~ ,d js[kk osQ ,d ¯cnq ls nwljh js[kk ij
[khapk x;k yacA

blosQ vfrfjDr varfj{k esa] ,slh Hkh js[kk,¡
gksrh gS tks u rks izfrPNsnh vkSj u gh lekarj
gksrh gSA okLro esa ,slh js[kkvksa osQ ;qXe
vleryh; gksrs gSa vkSj bUgsa fo"keryh; js[kk,¡
(skew lines) dgrs gSaA mnkgj.kr;k ge vko`Qfr 11-5 esa x, y vkSj z-v{k osQ vuqfn'k Øe'k%
1] 3] 2 bdkbZ osQ vkdkj okys dejs ij fopkj djrs gSaA

js[kk GE Nr osQ fod.kZ osQ vuqfn'k gS vkSj js[kk DB, A osQ Bhd Åij Nr osQ dksus ls xqtjrh
gqbZ nhokj osQ fod.kZ osQ vuqfn'k gSA ;s js[kk,¡ fo"keryh; gSa D;ksafd os lekarj ugha gS vkSj dHkh
feyrh Hkh ugha gSaA

nks js[kkvksa osQ chp U;wure nwjh ls gekjk vfHkizk; ,d ,sls js[kk[kaM ls gS tks ,d js[kk ij fLFkr
,d ̄ cnq dks nwljh js[kk ij fLFkr vU; ̄ cnq dks feykus ls izkIr gksa rkfd bldh yackbZ U;wure gksA

U;wure nwjh js[kk[kaM nksuksa fo"keryh; js[kkvksa ij yac gksxkA

11.5.1  nks fo"keryh; js[kkvksa osQ chp dh nwjh (Distance between two skew lines)

vc ge js[kkvksa osQ chp dh U;wure nwjh fuEufyf[kr fof/ ls
Kkr djrs gSaA eku yhft, l

1 
vkSj l

2  
nks fo"keryh; js[kk,¡ gS

ftuosQ lehdj.k (vko`Qfr 11.6) fuEufyf[kr gSa%

r
�

 = 1 1a b+ λ
��

                                           ... (1)

vkSj r
�

 = 2 2a b+ µ
��

                                           ... (2)

vko`Qfr 11-5

vko`Qfr 11-6



396        xf.kr

js[kk l
1
 ij dksbZ ¯cnq S ftldh fLFkfr lfn'k 

1a
�

 
vkSj l

2 
ij dksbZ ¯cnq T  ftldh fLFkfr lfn'k

 2a
�

.

gS] yhft,A rc U;wure nwjh lfn'k dk ifjek.k] ST dk U;wure nwjh dh fn'kk esa iz{ksi dh eki osQ
leku gksxk (vuqPNsn 10.6.2)A

;fn  l
1 
vkSj l

2 
 osQ chp dh U;wure nwjh lfn'k PQ

����
 gS rks ;g nksuksa 

1b
�

 vkSj  
2b
�

 ij yac gksxhA  PQ
����

dh fn'kk esa bdkbZ lfn'k n̂  bl izdkj gksxh fd

n̂  =
1 2

1 2| |

b b

b b

×

×

� �

� � ... (3)

rc PQ
����

 = d

tgk¡ d, U;wure nwjh lfn'k dk ifjek.k gSA eku yhft, ST
���

 vkSj PQ
����

 osQ chp dk dks.k θ gS] rc

PQ = ST |cos θ|

ijarq cos θ =
PQ ST

| PQ | | ST |

⋅
���� ���

����� ���

 =
2 1

ˆ ( )

ST

d n a a

d

⋅ −
� �

  (D;ksafd  
2 1ST )a a= −

��� � �

=
1 2 2 1

1 2

( ) ( )

ST

b b a a

b b

× ⋅ −

×

� � � �

� �     ((3) osQ }kjk)

blfy, vHkh"V U;wure nwjh
d = PQ = ST |cos θ|

;k d =
1 2 2 1

1 2

( ) ( )

| |

� � � �

� �
b b a a

b b

× ⋅ −

×
gSA

dkrhZ; :i (Cartesian Form)

js[kkvksa%

l
1 
: 

1

1

x x

a

−
 =

1 1

1 1

y y z z

b c

− −
=
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vkSj l
2  

: 
2

2

x x

a

−
 =

2 2

2 2

y y z z

b c

− −
=

osQ chp dh U;wure nwjh gS%

2 1 2 1 2 1

1 1 1

2 2 2

2 2 2
1 2 2 1 1 2 2 1 1 2 2 1( ) ( ) ( )

x x y y z z

a b c

a b c

b c b c c a c a a b a b

− − −

− + − + −

11.5.2 lekarj js[kkvksa osQ chp dh nwjh (Distance between parallel lines)

;fn nks js[kk,¡ l
1
 ;fn  l

2 
lekarj gSa rks os leryh; gksrh gSaA ekuk nh xbZ js[kk,¡ Øe'k%

r
�  =

1a b+ λ
��

... (1)

vkSj r
�  =

2a b+ µ
��

… (2)

gSa] tgk¡ l
1 
 ij ¯cnq  S  dk fLFkfr lfn'k 

1a
� vkSj l

2 
ij ¯cnq T

dk fLFkfr lfn'k 2a
�

 
gS (vko`Qfr 11.7)

D;ksafd l
1
,  vkSj  l

2 
leryh; gSA ;fn ¯cnq T ls l

1
 ij

Mkys x, yac dk ikn P  gS rc js[kkvksa l
1 
vkSj l

2 
 osQ chp dh

nwjh = |TP|

eku yhft, fd lfn'kksa ST
���

vkSj b
�
osQ chp dk dks.k θ gSA rc]

STb ×
����

 = ˆ( | | | ST| sin )b nθ
����

... (3)

tgk¡ js[kkvksa  l
1 
vkSj l

2 
osQ ry ij yac bdkbZ lfn'k n̂  gSA

ijarq ST
���

 = 2 1a a−
� �

blfy, (3) ls ge ikrs gSa fd

2 1( )b a a× −
� � �

 = ˆ| | PTb n
�

        (D;ksafd PT = ST sin θ)

vFkkZr~ 2 1| ( )|b a a× −
� � �

 = | | PT 1b ⋅
�

       (as | |n̂  = 1)

blfy, Kkr js[kkvksa osQ chp U;wure nwjh

d =
2 1( )

| PT |
| |

b a a

b

× −
=

� � �
����

�  gSA

vko`Qfr 11-7
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mnkgj.k 9  js[kkvksa l
1
 vkSj l

2 
osQ chp dh U;wure nwjh Kkr dhft, ftuosQ lfn'k lehdj.k gS %

r
 

 = ˆˆ ˆ ˆ ˆ(2 )i j i j k+ + λ − + ... (1)

vkSj r
 

 = ˆ ˆˆ ˆ ˆ ˆ2 (3 5 2 )i j k i j k+ − + µ − + ... (2)

gy  lehdj.k (1) o (2) dh r
 

 = 1 1a b+ λ
  

 vkSj  
22

bar
   

µ+= , ls rqyuk djus ij ge
ikrs gSa fd

1a
 

 = 1
ˆˆ ˆ ˆ ˆ, 2i j b i j k+ = − +

 

2a
 

 = 2 î  + ĵ – k̂  vkSj 2b
 

 = 3 î  – 5 ĵ  + 2 k̂

blfy, 2 1a a−
  

 = ˆî k−

vkSj
1 2b b×
  

 = ˆ ˆˆ ˆ ˆ ˆ( 2 ) ( 3 5 2 )i j k i j k− + × − +

=

ˆˆ ˆ

ˆˆ ˆ2 1 1 3 7

3 5 2

i j k

i j k− = − −

−

bl izdkj
1 2| |b b×
  

 = 9 1 49 59+ + =

blfy, nh xbZ js[kkvksa osQ chp dh U;wure nwjh

d  =
1 2 2 1

1 2

( ) ( )

| |

b b a a

b b

× ⋅ −

×

    
    

59

10

59

|703|
=

+−
=

mnkgj.k 10  fuEufyf[kr nh xbZ js[kkvksa l
1
 vkSj l

2 
:

r
 

 = ˆ ˆˆ ˆ ˆ ˆ2 4 ( 2 3 6 )i j k i j k+ − + λ + +

vkSj r
 

 = ˆ ˆˆ ˆ ˆ ˆ3 3 5 ( 2 3 6 )i j k i j k+ − + µ + + osQ chp U;wure nwjh Kkr dhft,A
gy   nksuksa js[kk,¡ lekraj gSaA (D;ksa\) gesa izkIr gS fd

1a
 

 = ˆˆ ˆ2 4i j k+ − , 2a
 

 = ˆˆ ˆ3 3 5i j k+ −  vkSj b
 

 = ˆˆ ˆ2 3 6i j k+ +

blfy, js[kkvksa osQ chp dh nwjh

d =
2 1( )

| |

b a a

b

× −
   

  = 

ˆˆ ˆ

2 3 6

2 1 1

4 9 36

i j k

−

+ +

=
ˆˆ ˆ| 9 14 4 | 293 293

749 49

i j k− + −
= =  gSA
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iz'ukoyh 11-2

1. n'kkZb, fd fno~Q&dkslkbu 
12 3 4 4 12 3 3 4 12

, , ; , , ; , ,
13 13 13 13 13 13 13 13 13

− − −
 okyh rhu

js[kk,¡ ijLij yacor~ gSaA

2. n'kkZb, fd ¯cnqvksa (1, – 1, 2), (3, 4, – 2) ls gksdj tkus okyh js[kk ¯cnqvksa (0, 3, 2) vkSj
(3, 5, 6) ls tkus okyh js[kk ij yac gSA

3. n'kkZb, fd ̄ cnqvksa (4, 7, 8), (2, 3, 4) ls gksdj tkus okyh js[kk] ̄ cnqvksa (– 1, – 2, 1),

(1, 2, 5) ls tkus okyh js[kk osQ lekarj gSA

4. ¯cnq (1, 2, 3) ls xq”kjus okyh js[kk dk lehdj.k Kkr dhft, tks lfn'k kji ˆ2ˆ2ˆ3 −+ osQ

lekarj gSA

5. ¯cnq ftldh fLFkfr lfn'k ˆˆ2 4i j k− + ls xq”kjus o lfn'k ˆˆ ˆ2i j k+ −  dh fn'kk esa tkus

okyh js[kk dk lfn'k vkSj dkrhZ; :iksa esa lehdj.k Kkr dhft,A

6. ml js[kk dk dkrhZ; lehdj.k Kkr dhft, tks ¯cnq (– 2, 4, – 5) ls tkrh gS vkSj
3 4 8

3 5 6

x y z+ − +
= =  osQ lekarj gSA

7. ,d js[kk dk dkrhZ; lehdj.k 5 4 6

3 7 2

x y z− + −
= =  gSA bldk lfn'k lehdj.k Kkr

dhft,A

8. fuEufyf[kr js[kk&;qXeksa osQ chp dk dks.k Kkr dhft,%

(i) ˆ ˆˆ ˆ ˆ ˆ2 5 (3 2 6 )r i j k i j k= − + + λ + +
 vkSj

ˆ ˆˆ ˆ ˆ7 6 ( 2 2 )r i k i j k= − + µ + +
 

(ii) ˆ ˆˆ ˆ ˆ ˆ3 2 ( 2 )r i j k i j k= + − + λ − −
 

 vkSj

ˆ ˆˆ ˆ ˆ ˆ2 56 (3 5 4 )r i j k i j k= − − + µ − −
 

9. fuEufyf[kr js[kk&;qXeksa osQ chp dk dks.k Kkr dhft,%

(i)
2 1 3 2 4 5

2 5 3 1 8 4

x y z x y z− − + + − −
= = = =

− −
vkjS

(ii)
25 3

2 2 1 4 1 8

y yx z x z−− −
= = = =vkjS



400        xf.kr

10. p dk eku Kkr dhft, rkfd js[kk,¡ 1 7 14 3

3 2 2

x y z

p

− − −
= =

vkSj  7 7 5 6

3 1 5

x y z

p

− − −
= =  ijLij yac gksaA

11. fn[kkb, fd js[kk,¡ 
5 2

7 5 1

x y z− +
= =

−
 vkSj 

1 2 3

x y z
= =  ijLij yac gSaA

12. js[kkvksa ˆˆ ˆ( 2 )r i j k= + +
�

 + ˆˆ ˆ( )i j kλ − +  vkSj ˆ ˆˆ ˆ ˆ ˆ2 (2 2 )r i j k i j k= − − + µ + +
� osQ

chp dh U;wure nwjh Kkr dhft,%

13. js[kkvksa 
1 1 1

7 6 1

x y z+ + +
= =

−
 vkSj  

3 5 7

1 2 1

x y z− − −
= =

−
 osQ chp dh U;wure nwjh Kkr

dhft,A
14. js[kk,¡] ftuosQ lfn'k lehdj.k fuEufyf[kr gS] osQ chp dh U;wure nwjh Kkr dhft,%

ˆˆ ˆ( 2 3 )r i j k= + +
�

 + ˆˆ ˆ( 3 2 )i j kλ − +  vkSj  ˆ ˆˆ ˆ ˆ ˆ4 5 6 (2 3 )r i j k i j k= + + + µ + +
�

15. js[kk,¡] ftudh lfn'k lehdj.k fuEufyf[kr gSa] osQ chp dh U;wure Kkr dhft,%
ˆˆ ˆ(1 ) ( 2) (3 2 )r t i t j t k= − + − + −

�
 vkSj ˆˆ ˆ( 1) (2 1) (2 1)r s i s j s k= + + − − +

�

vè;k; 11 ij fofo/ iz'ukoyh

1. mu js[kkvksa osQ eè; dks.k Kkr dhft,] ftuosQ fno~Q&vuqikr a, b, c vkSj b – c, c – a,

a – b gSaA
2. x-v{k osQ lekarj rFkk ewy&¯cnq ls tkus okyh js[kk dk lehdj.k Kkr dhft,A

3. ;fn js[kk,¡  
1 2 3 1 1 6

3 2 2 3 1 5

x y z x y z

k k

− − − − − −
= = = =

− −
vkjS  ijLij yac gksa

rks k dk eku Kkr dhft,A

4. js[kkvksa ˆ ˆˆ ˆ ˆ ˆ6 2 2 ( 2 2 )r i j k i j k= + + + λ − +
�

   vkSj

ˆ ˆˆ ˆ ˆ4 (3 2 2 )r i k i j k= − − + µ − −
�

osQ chp dh U;wure nwjh Kkr dhft,A

5. ¯cnq (1, 2, – 4) ls tkus okyh vkSj nksuksa js[kkvksa 
7

10

16

19

3

8 −
=

−

+
=

− zyx
vkSj

15

3

x −
 = 

29 5

8 5

y z− −
=

−
ij yac js[kk dk lfn'k lehdj.k Kkr dhft,A



f=k&foeh; T;kfefr        401

lkjka'k

® ,d js[kk dh fno~Q&dkslkbu js[kk }kjk funsZ'kka{kksa dh /u fn'kk osQ lkFk cuk, dks.kksa
dh dkslkbu gksrh gSA

® ;fn ,d js[kk dh fno~Q&dkslkbu  l, m, n gSa rks l2 + m2 + n2 = 1

® nks ¯cnqvksa P (x
1
, y

1
, z

1
) vkSj Q (x

2
, y

2
, z

2
) dks feykus okyh js[kk dh fno~Q&dkslkbu

2 1 2 1 2 1, ,
PQ PQ PQ

x x y y z z− − −
 gSa

tgk¡ aPQ = ( )2

12

2

12

2

12 )()( zzyyxx −+−+−

® ,d js[kk dk fno~Q&vuqikr os la[;k,¡ gSa tks js[kk dh fno~Q&dkslkbu osQ lekuqikrh
gksrh gSaA

® ;fn ,d js[kk dh fno~Q&dkslkbu  l, m, n vkSj fno~Q&vuqikr a, b, c gSa rks

l = 
222

cba

a

++
; m = 

222 cba

b

++
; n = 

222 cba

c

++

® fo"keryh; js[kk,¡  varfj{k dh os js[kk,¡ tks u rks lekarj gSa vkSj u gh izfrPNsnh gSaA
;g js[kk,¡ fofHkUu ryksa esa gksrh gSaA

® fo"keryh; js[kkvksa osQ chp dk dks.k  og dks.k gS tks ,d fdlh ̄ cnq (ojh;rk ewy
¯cnq dh) ls fo"keryh; js[kkvksa esa ls izR;sd osQ lekarj [khaph xbZ nks izfrPNsnh js[kkvksa
osQ chp esa gSA

® ;fn  l
1
, m

1
, n

1
 vkSj  l

2
, m

2
, n

2
 fno~Q&dkslkbu okyh nks js[kkvksa osQ chp U;wudks.k θ  gS

rc
cos θ  =  |l

1
l
2
 + m

1
m

2
 + n

1
n

2
|

® ;fn  a
1
, b

1
, c

1
 vkSj a

2
, b

2
, c

2
 fno~Q&vuqikrksa okyh nks js[kkvksa osQ chp dk U;wu dks.k

θ gS rc

cos θ = 
1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a a b b c c

a b c a b c

+ +

+ + + +

® ,d Kkr ̄ cnq ftldh fLFkfr lfn'k a
�

 gS ls xq”kjus okyh vkSj lfn'k b
�

 osQ lekarj js[kk

dk lfn'k lehdj.k r a b= + λ
�� � gSA
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—vvvvv—

® ¯cnq (x
1
, y

1
, z

1
) ls tkus okyh js[kk ftldh fno~Q&dkslkbu l, m, n gSa] dk lehdj.k

1 1 1x x y y z z

l m n

− − −
= =  gSA

® nks ̄ cnqvksa ftuosQ fLFkfr lfn'k  a
�

 vkSj b
�

 gS ls tkus okyh js[kk osQ lehdj.k dk lfn'k

lehdj.k ( )r a b a= + λ −
�� � � gSA

® ;fn nks js[kkvksa 
1 1r a b= + λ

�� � vkSj 2 2r a b= + λ
�� �

, osQ chp dk U;wudks.k θ gS rks

1 2

1 2

cos
| | | |

b b

b b

⋅
θ =

� �

� �

® ;fn nks js[kkvksa 
1

1

1

1

1

1

n

zz

m

yy

l

xx −
=

−
=

−
 vkSj

2

2

2

2

2

2

n

zz

m

yy

l

xx −
=

−
=

−
 osQ chp dk dks.k θ gS rc

cos θ  = |l
1
l
2
 + m

1
m

2
 + n

1
n

2
|.

® nks fo"keryh; js[kkvksa osQ chp dh U;wure nwjh og js[kk[kaM gS tks nksuksa js[kkvksa ij
yac gSaA

® nks js[kkvksa  
11 bar
���

λ+=  vkSj  
22 bar
���

µ+=  osQ chp U;wure nwjh

1 2 2 1

1 2

( ) ( – )

| |

b b a a

b b

× ⋅

×

� � � �

� �  gSA

®  nks js[kkvksa 1 1 1

1 1 1

x x y y z z

a b c

− − −
= =  vkSj  

2 2

2 2

x x y y

a b

− −
=  = 

2

2

z z

c

−
 osQ

chp U;wure nwjh

2 1 2 1 2 1

1 1 1

2 2 2

2 2 2
1 2 2 1 1 2 2 1 1 2 2 1( ) ( ) ( )

x x y y z z

a b c

a b c

b c b c c a c a a b a b

− − −

− + − + −

 gSA

® nks lekarj js[kkvksa 
1r a b= + λ

�� �  vkSj  
2r a b= + µ

�� � osQ chp dh nwjh

2 1( )

| |

b a a

b

× −
� � �

�  gSA



vThe mathematical experience of the student is incomplete if he never had

the opportunity to solve a problem invented by himself. — G POLYAv

12.1  Hkwfedk (Introduction)

fiNyh d{kkvksa esa ge jSf[kd lehdj.kksa vkSj fnu izfr fnu dh
leL;kvksa esa muosQ vuqiz;ksx ij fopkj&foe'kZ dj pqosQ gSaA d{kk
XI esa geus nks pj jkf'k;ksa okys jSf[kd vlfedkvksa vkSj jSf[kd
vlfedkvksa  osQ fudk;ksa osQ vkys[kh; fu:i.k ls gy fudkyus osQ
fo"k; esa vè;;u dj pqosQ gSaA xf.kr esa dbZ vuqiz;ksxksa esa
vlfedkvksa@lehdj.kksa osQ fudk; lfEefyr gSaA bl vè;k; esa ge
jSf[kd vlfedkvksa@lehdj.kksa osQ fudk;ksa dk uhps nh xbZ oqQN
okLrfod thou dh leL;kvksa dks gy djus esa mi;ksx djsaxsA

,d iQuhZpj O;kikjh nks oLrqvksa tSls es”k vkSj oqQ£l;ksa dk
O;olk; djrk gSA fuos'k osQ fy, mlosQ ikl Rs 50]000 vkSj
j[kus osQ fy, osQoy 60 oLrqvksasa osQ fy, LFkku gSA ,d es”k ij
Rs 2500 vkSj ,d oqQlhZ ij Rs 500 dh ykxr vkrh gSA og
vuqeku yxkrk gS fd ,d es”k dks cspdj og Rs 250 vkSj ,d oqQlhZ dks cspus ls Rs 75 dk
ykHk dek ldrk gSA eku yhft, fd og lHkh oLrqvksasa dks csp ldrk gS ftudks fd og [kjhnrk
gS rc og tkuuk pkgrk gS fd fdruh es”kksa ,oa oqQflZ;ksa dks [kjhnuk pkfg, rkfd miyC/ fuos'k
jkf'k ij mldk ldy ykHk vf/dre gksA

bl izdkj dh leL;kvksa ftuesa lkekU; izdkj dh leL;kvksa esa ykHk dk vf/drehdj.k vkSj
ykxr dk U;wurehdj.k [kkstus dk iz;kl fd;k tkrk gS] b"Vredkjh leL;k,¡ dgykrh gSaA vr%
b"Vredkjh leL;k esa vf/dre ykHk] U;wure ykxr ;k lalk/uksa dk U;wure mi;ksx lfEefyr gSA

jSf[kd izksxzkeu leL;k,¡ ,d fo'ks"k ysfdu ,d egÙoiw.kZ izdkj dh b"Vredkjh leL;k gS vkSj
mijksDr mfYyf[kr b"Vredkjh leL;k Hkh ,d jSf[kd izksxzkeu leL;k gSA m|ksx] okf.kT;]
izca/u foKku vkfn esa foLr`r lqlaxrrk osQ dkj.k jSf[kd izksxzkeu leL;k,¡ vR;f/d egÙo dh gSaA

bl vè;k; esa] ge oqQN jSf[kd izksxzkeu leL;k,¡ vkSj mudk vkys[kh fof/ }kjk gy fudkyus
dk vè;;u djsaxsA ;|fi bl izdkj leL;kvksa dk gy fudkyus osQ fy, vU; fof/;k¡ Hkh gSaA

vè;k;

jSf[kd izksxzkeu Linear Programming

12

L. Kantorovich



404        xf.kr

12.2  jSf[kd izksxzkeu leL;k vkSj mldk xf.krh; lw=khdj.k (Linear Programming

Problem and its Mathematical Formulation)

ge viuk fopkj foe'kZ mijksDr mnkgj.k osQ lkFk izkjaHk djrs gSa tks fd nks pj jkf'k;ksa okyh leL;k
osQ xf.krh; lw=khdj.k vFkok xf.krh; izfr:i dk ekxZn'kZu djsxkA bl mnkgj.k esa geus è;kuiwoZd
ns[kk fd

(i) O;kikjh viuh /u jkf'k dks es”kksa ;k oqQflZ;ksa ;k nksuksa osQ la;kstuksa esa fuos'k dj ldrk gSA
blosQ vfrfjDr og fuos'k osQ fofHkUu ;kstukRed fof/;ksa ls fofHkUu ykHk dek losQxkA

(ii) oqQN vf/d egÙoiw.kZ fLFkfr;k¡ ;k O;ojks/ksa dk Hkh lekos'k gS tSls mldk fuos'k vf/dre
Rs 50]000 rd lhfer gS rFkk mlosQ ikl vf/dre 60 oLrqvksasa dks j[kus osQ fy, LFkku
miyC/ gSA

eku yhft, fd og dksbZ oqQlhZ ugha [kjhnrk osQoy es”kksa osQ [kjhnus dk fu'p; djrk gS]
blfy, og 50,000 ÷ 2500, ;k 20 es”kksa dks [kjhn ldrk gSA bl fLFkfr esa mldk ldy ykHk
Rs (250 × 20) ;k Rs 5000 gksxkA

eku yhft, fd og dksbZ es”k u [kjhndj osQoy oqQ£l;k¡ gh [kjhnus dk p;u djrk gSA rc
og viuh miyC/ Rs 50] 000 dh jkf'k esa 50,000 ÷ 500, vFkkZr~ 100 oqQ£l;k¡ gh [kjhn ldrk
gSA ijarq og osQoy 60 uxksa dks gh j[k ldrk gSA vr% og 60 oqQ£l;k¡ ek=k [kjhnus osQ fy, ckè;
gksxkA ftlls mls ldy ykHk Rs 60 × 75 vFkkZr~ Rs 4500 gh gksxkA

,slh vkSj Hkh cgqr lkjh laHkkouk,¡ gSaA mnkgj.k osQ fy, og 10 es”kksa vkSj 50 oqQ£l;k¡ [kjhnus
dk p;u dj ldrk gS] D;ksafd mlosQ ikl 60 oLrqvksasa dks j[kus dk LFkku miyC/ gSA bl fLFkfr
esa mldk ldy ykHk Rs (10 × 250 + 50 × 75), vFkkZr~ Rs 6250 bR;kfnA

vr% ge Kkr djrs gSa fd iQuhZpj O;kikjh fofHkUu p;u fof/;ksa osQ }kjk viuh /u jkf'k dk
fuos'k dj ldrk gS vkSj fofHkUu fuos'k ;kstukvksa dks viukdj fofHkUu ykHk dek losQxkA

vc leL;k ;g gS fd mls viuh /u jkf'k dks vf/dre ykHk izkIr djus osQ fy, fdl izdkj
fuos'k djuk pkfg,\ bl iz'u dk mÙkj nsus osQ fy, gesa leL;k dk xf.krh; lw=khdj.k djus dk
iz;kl djuk pkfg,A

12.2.1 leL;k dk xf.krh; lw=khdj.k (Mathematical Formulation of the Problem)

eku yhft, fd es”kksa dh la[;k x vkSj oqQflZ;ksa dh la[;k y gS ftUgsa iQuhZpj O;kikjh [kjhnrk gSA
Li"Vr% x vkSj y ½.ksrj gSa] vFkkZr~

    
0 ... (1)

( )
... (2)0

x

y

≥  
 

≥  
½.ksrj O;ojks/

D;kasfd es”kksa vkSj oqQflZ;ksa dh la[;k ½.kkRed ugha gks ldrh gSA
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O;kikjh (O;olk;h) ij vf/dre /u jkf'k (;gk¡ ;g Rs 50]000 gS) dk fuos'k djus dk
O;ojks/ gS vkSj O;olk;h osQ ikl osQoy vf/dre oLrqvksasa (;gk¡ ;g 60 gS) dks j[kus osQ fy,
LFkku dk Hkh O;ojks/ gSA
xf.krh; :i esa O;Dr djus ij

2500x + 500y ≤ 50,000 (fuos'k O;ojks/ )

;k 5x + y ≤ 100 ... (3)

vkSj x + y ≤ 60 (laxzg.k O;ojks/) ... (4)

O;olk;h bl izdkj ls fuos'k djuk pkgrk gS mldk ykHk Z (ekuk) vf/dre gks vkSj ftls
x vkSj y osQ iQyu osQ :i esa fuEufyf[kr izdkj ls O;Dr fd;k tk ldrk gS%

Z = 250x + 75y (mís'kh; iQyu dgykrk gS)

iznÙk leL;k dk vc xf.krh; :i esa ifjofrZr gks tkrh gS%
Z = 250x + 75y dk vf/drehdj.k dhft,

tgk¡ O;ojks/ fuEufyf[kr gS
5x + y ≤ 100

x + y ≤ 60

x ≥ 0,  y ≥ 0

blfy, gesa jSf[kd iQyu Z dk vf/drehdj.k djuk gS tcfd ½.ksrj pjksa okyh jSf[kd
vlfedkvksa osQ :i oqQN fo'ks"k fLFkfr;ksa osQ O;ojks/ O;Dr fd, x, gSaA oqQN vU; leL;k,¡ Hkh
gSa ftuesa jSf[kd iQyu dk U;wurehdj.k fd;k tkrk gS tcfd ½.ksrj pj okyh jSf[kd vlfedkvksa
osQ :i esa oqQN fo'ks"k fLFkfr;ksa osQ O;ojks/ O;Dr fd, tkrs gSA ,slh leL;kvksa dks jSf[kd izksxzkeu
leL;k dgrs gSaA

vr% ,d jSf[kd izksxzkeu leL;k og leL;k gS tks fd  x vkSj y tSls oqQN vusd pjksa osQ ,d
jSf[kd iQyu Z (tks fd mís'; iQyu dgykrk gS) dk b"Vre lqlaxr@vuqowQyre lqlaxr eku
(vf/dre ;k U;wure eku) Kkr djus ls lacaf/r gSA izfrca/ ;g gS fd pj ½.ksrj iw.kk±d gSa vkSj
;s jSf[kd vlfedkvkas osQ leqPp; jSf[kd O;ojks/ksa dks larq"V djrs gSaA jSf[kd in ls rkRi;Z gS fd
leL;k esa lHkh xf.krh; laca/ jSf[kd gSa tcfd izksxzkeu ls rkRi;Z gS fd fo'ks"k izksxzke ;k fo'ks"k
fØ;k ;kstuk Kkr djukA

vkxs c<+us ls iwoZ ge vc oqQN inksa (ftudk iz;ksx Åij gks pqdk gS) dks vkSipkfjd :i ls
ifjHkkf"kr djsaxs ftudk fd iz;ksx ge jSf[kd izksxzke leL;kvksa esa djsaxs%

mís'; iQyu jSf[kd iQyu Z = ax + by, tcfd a, b  vpj  gS ftudk vf/drehdj.k ;k
U;wurehdj.k gksuk gS ,d jSf[kd mís'; iQyu dgykrk gSA
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mijksDr mnkgj.k esa Z = 250x + 75y  ,d jSf[kd mís'; iQyu gSA pj x  vkSj  y  fu.kkZ;d
pj dgykrs gSaA

O;ojks/ ,d jSf[kd izksxzkeu leL;k osQ pjksa ij jSf[kd vlfedkvksa ;k lehdj.k ;k izfrca/
O;ojks/ dgykrs gSaA izfrca/ x ≥ 0, y ≥ 0 ½.ksrj O;ojks/ dgykrs gSaA mijksDr mnkgj.k esa (1)
ls (4) rd vlfedkvksa dk leqPp; O;ojks/ dgykrs gSaA

b"Vre lqlaxr leL;k,¡ fuf'pr O;ojks/ksa osQ v/hu vlfedkvksa osQ leqPp; }kjk fu/kZfjr leL;k
tks pjksa (;Fkk nks pj x vkSj y ) esa jSf[kd iQyu dks vf/dre ;k U;wure djs] b"Vre lqlaxr
leL;k dgykrh gSA jSf[kd izksxzkeu leL;k,¡ ,d fof'k"V izdkj dh b"Vre lqlaxr leL;k gSA
lqlaxr leL;k O;kikjh }kjk es”kksa rFkk oqQflZ;ksa dh [kjhn esa iz;qDr ,d b"Vre lqlaxr leL;k rFkk
jSf[kd izksxzkeu dh leL;k dk ,d mnkgj.k gSA

vc ge foospuk djsaxs fd ,d jSf[kd izksxzkeu leL;k dks fdl izdkj gy fd;k tkrk gSA
bl vè;k; esa ge osQoy vkys[kh; fof/ ls gh lacaf/r jgsaxsA

12.2.2  jSf[kd izksxzkeu leL;kvksa dks gy djus dh vkys[kh; fof/ (Graphical Method

of Solving Linear Programming Problems)

d{kk XI, esa ge lh[k pqosQ gS fd fdl izdkj nks pjksa x vkSj y ls lacaf/r jSf[kd vlehdj.k
fudk;ksa dk vkjs[k [khaprs gSa rFkk vkjs[kh; fof/ }kjk gy Kkr djrs gSaA vc gesa vuqPNsn 12-2
esa foospu dh gqbZ es”kksa vkSj oqQflZ;ksa esa fuos'k dh leL;k dk mYys[k djsaxsA vc ge bl leL;k
dks vkjs[k }kjk gy djsaxsA vc gesa jSf[kd vlehdj.kksa osQ :i iznÙk O;ojks/ksa dk vkjs[k [khapsa%

5x + y ≤ 100 ... (1)

x + y ≤ 60 ... (2)

x ≥ 0 ... (3)

y ≥ 0 ... (4)

bl fudk; dk vkjs[k (Nk;kafdr {ks=k) esa
vlehdj.kksa (1) ls (4) rd osQ }kjk fu;r
lHkh v/Zryksa osQ mHk;fu"B ¯cnqvksa ls fufeZr gSaA
bl {ks=k esa izR;sd ¯cnq O;kikjh (O;olk;h) dks
es”kksa vkSj oqQflZ;ksa esa fuos'k djus osQ fy, lqlaxr
fodYi izLrqr djrk gSA blfy, ;g {ks=k leL;k
dk lqlaxr {ks=k dgykrk gS (vkòQfr 12-1)A bl
{ks=k dk izR;sd ¯cnq leL;k dk lqlaxr gy
dgykrk gSA vko`Qfr 12.1
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vr% ge fuEu dks ifjHkkf"kr djrs gSa%

lqlaxr {ks=k iznÙk leL;k osQ fy, ,d jSf[kd izksxzkeu leL;k osQ ½.ksrj O;ojks/ x, y ≥ 0 lfgr
lHkh O;ojks/ksa }kjk fu;r mHk;fu"B {ks=k lqlaxr {ks=k (;k gy {ks=k) dgykrk gS vko`Qfr 12-1 esa
{ks=k OABC (Nk;kafdr) leL;k osQ fy, lqlaxr {ks=k gSA lqlaxr {ks=k osQ vfrfjDr tks {ks=k gS mlss
vlqlaxr {ks=k dgrs gSaA

lqlaxr gy lewg lqlaxr {ks=k osQ var% Hkkx rFkk lhek osQ lHkh ¯cnq O;ojks/ksa osQ lqlaxr gy
dgykrs gSaA vko`Qfr 12-1 esa lqlaxr {ks=k OABC osQ var% Hkkx rFkk lhek osQ lHkh ¯cnq leL;k
osQ lqlaxr gy iznf'kZr dgrs gSaA mnkgj.k osQ fy, ¯cnq (10] 50) leL;k dk ,d lqlaxr gy
gS vkSj blh izdkj ¯cnq (0] 60)] (20] 0) bR;kfn Hkh gy gSaA

lqlaxr gy osQ ckgj dk dksbZ Hkh ¯cnq vlqlaxr gy dgykrk gSa mnkgj.k osQ fy, ¯cnq
(25] 40) leL;k dk vlqlaxr gy gSA

b"Vre@vuqowQyre (lqlaxr) gy% lqlaxr {ks=k esa dksbZ ¯cnq tks mís'; iQyu dk b"Vre eku
(vf/dre ;k U;wure) ns] ,d b"Vre gy dgykrk gSA

vc ge ns[krs gSa fd lqlaxr {ks=k OABC esa izR;sd ¯cnq (1) ls (4) rd esa iznÙk lHkh
O;ojks/ksa dks larq"V djrk gS vkSj ,sls vuar ¯cnq gSaA ;g Li"V ugha gS fd ge mís'; iQyu
Z = 250x + 75y  osQ vf/dre eku okys ̄ cnq dks fdl izdkj Kkr djus dk iz;kl djsaA bl fLFkfr
dks gy djus osQ fy, ge fuEu izes;ksa dk mi;ksx djsaxs tks fd jSf[kd izksxzkeu leL;kvksa dks gy
djus esa ewy fl¼kar (vk/kjHkwr) gSA bu izes;ksa dh miifr bl iqLrd osQ fo"k;&oLrq ls ckgj gSA

izes; 1 ekuk fd ,d jSf[kd izksxzkeu leL;k osQ fy, R lqlaxr {ks=k* (mÙky cgqHkqt) gS vkSj ekuk
fd Z = ax + by mís'; iQyu gSA tc Z dk ,d b"Vre eku (vf/dre ;k U;wure) gks tgk¡
O;ojks/kas ls lacaf/r pj x vkSj y jSf[kd vlehdj.kksa }kjk O;Dr gks rc ;g b"Vre eku lqlaxr {ks=k
osQ dksus ('kh"kZ) ij vofLFkr gksus pkfg,A

izes; 2  ekuk fd ,d jSf[kd izksxzkeu leL;k osQ fy, R lqlaxr {ks=k gS rFkk Z = ax + by mís';
iQyu gSA ;fn R ifjc¼ {ks=k gks rc mís'; iQyu Z, R esa nksuksa vf/dre vkSj U;wure eku j[krk
gS vkSj buesa ls izR;sd R osQ dksuh; (corner) ¯cnq ('kh"kZ) ij fLFkr gksrk gSA

fVIi.kh ;fn R vifjc¼ gS rc mís'; iQyu dk vf/dre ;k U;wure eku dk vfLrRo ugha Hkh
gks ldrk gSA fiQj Hkh ;fn ;g fo|eku gS rks R osQ dksuh; ¯cnq ij gksuk pkfg,] (izes; 1 osQ
vuqlkj)

mijksDr mnkgj.k esa ifjc¼ (lqlaxr) {ks=k osQ dksuh; ̄ cnq O, A, B vkSj C gSa vkSj ̄ cnqvksa osQ
funsZ'kkad Kkr djuk ljy gS ;Fkk (0, 0), (20, 0), (10, 50) vkSj (0, 60) Øe'k% dksuh; ̄cnq gSaA vc
gesa bu ¯cnqvksa ij, Z dk eku Kkr djuk gSA
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og bl izdkj gS%

*  lqlaxr {ks=k dk dksuh; ¯cnq {ks=k dk gh dksbZ ¯cnq gksrk gS tks nks js[kkvksa dk izfrPNsnu ¯cnq gSA
**  ,d jSf[kd lehdj.k fudk; dk lqlaxr {ks=k ifjc¼ dgk tkrk gS ;fn ;g ,d o`r osQ varxZr ifjc¼
fd;k tk ldrk gS vU;Fkk bls vifjc¼ dgrs gSaA vifjc¼ ls rkRi;Z gS fd lqlaxr {ks=k fdlh Hkh fn'kk esa
vlhfer :i ls c<+k;k tk ldrk gSA

ge fujh{k.k djrs gSa fd O;olk;h dks fuos'k ;kstuk (10] 50) vFkkZr~ 10 es”kksa vkSj 50
oqQflZ;ksa osQ [kjhnus esa vf/dre ykHk gksxkA

bl fof/ esa fuEu inksa dk lekfo"V gSa%

1. jSf[kd izksxzkeu leL;k dk lqlaxr {ks=k Kkr dhft, vkSj mlosQ dksuh; ¯cnqvksa ('kh"kZ) dks
;k rks fujh{k.k ls vFkok nks js[kkvksa osQ izfrPNsn ̄ cnq dks nks js[kkvksa dh lehdj.kksa dks gy
djosQ ml ¯cnq dks Kkr dhft,A

2. mís'; iQyu  Z = ax + by dk eku izR;sd dksuh; ¯cnq ij Kkr dhft,A ekuk fd M vkSj
m, Øe'k% bu ¯cnqvksa ij vf/dre rFkk U;wure eku iznf'kZr djrs gSaA

3. (i) tc lqlaxr {ks=k ifjc¼ gS] M vkSj m, Z osQ vf/dre vkSj U;wure eku gaSA

(ii) ,slh fLFkfr esa tc lqlaxr {ks=k vifjc¼ gks rks ge fuEufyf[kr fof/ dk mi;ksx djrs gSaA

4. (a) M dks Z dk vf/dre eku ysrs gSa ;fn ax + by > M  }kjk izkIr v/Z&ry dk dksbZ
¯cnq lqlaxr {ks=k esa u iM+s vU;Fkk Z dksbZ vf/dre eku ugha gSA

(b) blh izdkj, m, dks Z dk U;wure eku ysrs gaS ;fn ax + by < m }kjk izkIr [kqys
v/Zry vkSj lqlaxr {ks=k esa dksbZ ¯cnq mHk;fu"B ugha gSA vU;Fkk Z dk dksbZ U;wure
eku ugha gSA

ge vc oqQN mnkgj.kksa osQ }kjk dksuh; fof/ osQ inksa dks Li"V djsaxs%

mnkgj.k 1  vkys[k }kjk fuEu jSf[kd izksxzkeu leL;k dks gy dhft,%

fuEu O;ojks/ksa osQ varxZr

x + y ≤ 50 ... (1)

lqlaxr {ks=k osQ 'kh"kZ  Z osQ laxr eku

O (0,0) 0

C (0,60) 4500

B (10,50) 6250 ←  vf/dre
A (20,0) 5000
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3x + y ≤ 90 ... (2)

x ≥ 0, y ≥ 0 ... (3)

Z = 4x + y dk vf/dre eku Kkr dhft,%

gy  vko`Qfr 12-2 esa Nk;kafdr {ks=k (1) ls (3) osQ O;ojks/ksa osQ fudk; osQ }kjk fu/kZfjr lqlaxr
{ks=k gSA ge fujh{k.k djrs gS fd lqlaxr {ks=k OABC ifjc¼ gSA blfy, ge Z dk vf/dre eku
Kkr djus osQ fy, dksuh; facanq fof/ dk mi;ksx djsaxsA

vko`Qfr 12. 2

dksuh; ¯cnq  Z osQ laxr eku

(0, 0) 0

(30, 0) 120 ←←←←← vf/dre
(20, 30) 110

(0, 50) 50

dksuh; ¯cnqvksa  O, A, B vkSj C osQ funsZ'kkad Øe'k% (0, 0), (30, 0), (20, 30) vkSj (0, 50) gSaA

vc izR;sd dksuh; ¯cnq ij Z dk eku Kkr djrs gSaA

vr% ¯cnq (30] 0) ij Z dk vf/dre eku 120 gSA

mnkgj.k 2  vkys[kh; fof/ }kjk fuEu jSf[kd izksxzkeu leL;k dks gy dhft,A

fuEu O;ojks/ksa osQ varxZr

x + 2y ≥ 10 ... (1)

3x + 4y ≤ 24 ... (2)

x ≥ 0, y ≥ 0 ... (3)

Z = 200 x + 500 y dk U;wure eku Kkr dhft,

gy  vko`Qfr 12-3 esa Nk;kafdr {ks=k] (1) ls (3) osQ O;ojks/ksa osQ fudk; }kjk fu/kZfjr lqlaxr
{ks=k ABC gS tks ifjc¼ gSA dksuh; ¯cnqvksa A, B vkSj C osQ funsZ'kkad Øe'k% (0, 5), (4, 3) vkSj
(0, 6) gSaA ge bu ¯cnqvksa ij Z = 200x + 500y dk eku Kkr djrs gSa



410        xf.kr

vr% ¯cnq (4] 3) ij Z dk U;wure eku Rs 2300 izkIr gksrk gSA

mnkgj.k 3  vkys[kh; fof/ ls fuEu leL;k dks gy dhft,%
fuEu O;ojks/ksa osQ varxZr

x + 3y ≤ 60 ... (1)

x + y ≥ 10 ... (2)

x ≤ y ... (3)

x ≥ 0, y ≥ 0 ... (4)

Z = 3x + 9y dk U;wure vkSj vf/dre eku Kkr dhft,A

gy lcls igys ge (1) ls (4) rd dh jSf[kd vlfedkvksa osQ fudk; osQ lqlaxr {ks=k dk
vkys[k [khaprs gSaA lqlaxr {ks=k ABCD dks vko`Qfr 12-4 esa fn[kk;k x;k gSA {ks=k ifjc¼ gSA dksuh;

vko`Qfr 12.3

dksuh; ¯cnq Z osQ laxr eku

(0, 5) 2500

(4, 3) 2300 ← U;wure
(0, 6) 3000

vko`Qfr 12.4

dksuh; ¯cnq Z osQ laxr eku
 Z = 3x + 9y

A (0, 10) 90

B (5, 5) 60

C (15, 15) 180

D (0, 20) 180

U;wure
vf/dre
(cgq b"Vre gy)

←

←}
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¯cnqvksa A, B, C vkSj D osQ funsZ'kkad Øe'k% (0, 10), (5, 5), (15, 15) vkSj (0, 20) gSaA vc ge Z
osQ U;wure vkSj vf/dre eku Kkr djus osQ fy, dksuh; ¯cnq fof/ dk mi;ksx djrs gSaA

lkj.kh ls ge lqlaxr {ks=k ¯cnq B (5] 5) ij Z dk U;wure eku 60 izkIr djrs gSaA

Z dk vf/dre eku lqlaxr {ks=k osQ nks dksuh; ̄ cnqvksa izR;sd C (15, 15) vkSj  D (0, 20) ij
120 izkIr gksrk gSA

fVIi.kh  fujh{k.k dhft, fd mijksDr mnkgj.k esa] leL;k dksuh; ̄cnqvksa  C vkSj D, ij leku b"Vre
gy j[krh gS] vFkkZr~ nksuksa ̄ cnq ogh vf/dre eku 180 mRiUu djrs gSaA ,slh fLFkfr;ksa esa nks dksuh;
¯cnqvksa dks feykus okys js[kk[kaM CD ij izR;sd ¯cnq rFkk C vkSj D Hkh ,d gh vf/dre eku nsrs
gSaA ogh ml fLFkfr esa Hkh lR; gS ;fn nks ¯cnq ogh U;wure eku mRiUu djrs gSaA

mnkgj.k 4  vkys[kh; fof/ }kjk mís'; iQyu  Z = –50x + 20y dk U;wure eku fuEufyf[kr
O;ojks/ksa osQ varxZr Kkr dhft,%

2x – y ≥ – 5 ... (1)

3x + y ≥ 3 ... (2)

2x – 3y ≤ 12 ... (3)

x ≥ 0, y ≥ 0 ... (4)

gy  lcls igys ge (1) ls (4) rd osQ vlehdj.k fudk; }kjk lqlaxr {ks=k dk vkys[k [khaprs
gSA vko`Qfr 12-5 esa lqlaxr {ks=k (Nk;kafdr) fn[kk;k x;k gSA fujh{k.k dhft, fd lqlaxr {ks=k
vifjc¼ gSA

vc ge dksuh; ¯cnqvksa ij Z dk eku Hkh Kkr djsaxs%

dksuh; ¯cnq Z = – 50x + 20y

(0, 5) 100

(0, 3) 60

(1, 0) –50

(6, 0) – 300 ←  lcls de

vko`Qfr 12. 5
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bl lkj.kh ls ge Kkr djrs gSa fd dksuh; ¯cnq (6] 0) ij Z dk lcls de eku &300 gSA
D;k ge dg ldrs gSa fd Z dk U;wure eku &300 gS\ è;ku nhft, fd ;fn {ks=k ifjc¼ gksrk
rks ;g Z dk lcls de eku (izes; 2 ls) gksrkA ysfdu ge ;gk¡ ns[krs gSa fd lqlaxr {ks=k vifjc¼
gSA blfy, &300] Z dk U;wure eku gks Hkh ldrk gS vkSj ugha HkhA bl leL;k dk fu"d"kZ Kkr
djus osQ fy, ge fuEufyf[kr vlehdj.k dk vkys[k [khaprs gSa%

– 50x + 20y < – 300

vFkkZr~ – 5x + 2y < – 30

vkSj tk¡p dhft, fd vkys[k }kjk izkIr [kqys v/Zry o lqlaxr {ks=k esa mHk;fu"B ¯cnq gSa ;k ugha
gSA ;fn blesa mHk;fu"B ¯cnq gSa] rc Z dk U;wure eku &300 ugha gksxkA vU;Fkk] Z dk U;wure
eku&300 gksxkA

tSlk fd vko`Qfr 12-5 esa fn[kk;k x;k gSA blfy,]  Z = –50 x + 20 y, dk iznÙk O;ojks/ksa osQ
ifjizs{; eas U;wure eku ugha gSA

mijksDr mnkgj.k es D;k vki tk¡p dj ldrs gSa fd  Z  = – 50 x + 20 y, (0] 5) ij
vf/dre eku 100 j[krk gS\ blosQ fy,] tk¡p dhft, fd D;k – 50 x + 20 y > 100 dk vkjs[k
lqlaxr {ks=k osQ lkFk mHk;fu"B ¯cnq j[krk gSA

mnkgj.k  5  fuEufyf[kr O;ojks/ksa osQ varxZr] Z = 3x + 2y dk U;wurehdj.k dhft,%
x + y ≥ 8 ... (1)

3x + 5y ≤ 15 ... (2)

x ≥ 0, y ≥ 0 ... (3)

gy  vlfedkvksa (1) ls (3) dk vkys[k [khafp, (vko`Qfr 12-6)A D;k dksbZ lqlaxr {ks=k gS\
;g ,slk D;ksa gS\

vko`Qfr 12-6 ls vki Kkr dj ldrs gS
fd ,slk dksbZ ̄ cnq ugha gS tks lHkh O;ojks/ksa dks
,d lkFk larq"V dj losQA vr%] leL;k dk
lqlaxr gy ugha gSA

fVIi.kh mnkgj.kksa ls ftudk foospu ge vc
rd dj pqosQ gSa ftlosQ vk/kj ij ge oqQN
jSf[kd izksxzkeu leL;kvksa dh lkekU; fo'ks"krkvksa
dk mYys[k djrs gSaA

(1) lqlaxr {ks=k lnSo mÙky cgqHkqt gksrk gSA

(2) mís'; iQyu dk vf/dre (;k
U;wure) gy lqlaxr {ks=k osQ 'kh"kZ ij vko`Qfr 12.6
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(dksus ij) fLFkr gksrk gSA ;fn mís'; iQyu osQ nks dksuh; ¯cnq ('kh"kZ) ,d gh
vf/dre (;k U;wure) eku iznku djrs gaS rks bu ¯cnqvksa osQ feykus okyh js[kk[kaM dk
izR;sd ¯cnq Hkh leku vf/dre (;k U;wure) eku nsxkA

iz'ukoyh 12-1

xzki+Qh; fof/ ls fuEu jSf[kd izksxzkeu leL;kvksa dks gy dhft,%
1. fuEu vojks/ksa osQ varxZr Z =  3x + 4y dk vf/drehdj.k dhft,%

x + y ≤ 4, x  ≥  0, y ≥ 0

2.  fuEu vojks/ksa osQ varxZr Z = – 3x + 4 y dk U;wurehdj.k dhft,%
x + 2y ≤ 8, 3x + 2y ≤ 12,  x  ≥  0, y ≥ 0

3. fuEu vojks/ksa osQ varxZr Z = 5x + 3y dk vf/drehdj.k dhft,%
3 x + 5y  ≤ 15, 5x + 2y ≤ 10, x  ≥ 0, y ≥ 0

4. fuEu vojks/ksa osQ varxZr Z = 3x + 5y dk U;wurehdj.k dhft,_
x + 3y

 
 ≥ 3, x + y

 
 ≥ 2, x, y ≥ 0

5. fuEu vojks/ksa osQ varxZr Z = 3x + 2y dk U;wurehdj.k dhft,%
x + 2y ≤ 10, 3x + y ≤ 15, x, y ≥ 0

6. fuEu vojks/ksa osQ varxZr Z = x + 2y dk U;wurehdj.k dhft,%
2x + y ≥ 3, x + 2y ≥ 6, x, y ≥ 0

fn[kkb, fd Z dk U;wure eku nks ¯cnqvksa ls vf/d ¯cnqvksa ij ?kfVr gksrk gSA
7. fuEu vojks/ksa osQ varxZr Z = 5x + 10 y dk U;wurehdj.k rFkk vf/drehdj.k dhft,%

x + 2y  ≤ 120, x + y ≥ 60, x – 2y ≥ 0, x, y ≥ 0

8. fuEu vojks/ksa osQ varxZr Z = x + 2y dk U;wurehdj.k rFkk vf/drehdj.k dhft,%
x + 2y ≥ 100, 2x – y ≤ 0, 2x + y ≤ 200; x, y ≥ 0

9. fuEu vojks/ksa osQ varxZr Z = – x + 2y dk vf/drehdj.k dhft,%
x ≥ 3, x + y ≥ 5, x + 2y ≥ 6, y ≥ 0

10. fuEu vojks/ksa osQ varxZr Z = x + y dk vf/drehdj.k dhft,%
x – y ≤ –1, –x + y ≤  0,  x, y  ≥ 0

,sfrgkfld fVIi.kh

f}rh; fo'o ;q¼ esa] tc ;q¼ lapkyu dh ;kstuk cuh] ftlls fd 'k=kqvksa dks
U;wure O;; ij vf/dre gkfu igq¡ps] jSf[kd izksxzkeu fof/ vfLrRo esa vkbZA
jSf[kd izksxzkeu osQ {ks=k esa izFke izksxzkeu dk lw=kikr :lh xf.krK L.Kantoro Vich rFkk
vesfjdh vFkZ'kkL=kh F.L.Hitch Cock us 1941 esa fd,A nksuksa us Lora=k :i ls dk;Z fd;kA
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—vvvvv—

bl izksxzkeu dks ifjogu&leL;k osQ uke ls tkuk x;kA lu~ 1945 esa vaxzst vFkZ'kkL=kh
G.Stigler us jSf[kd izksxzkeu leL;k] osQ varxZr b"Vre vkgkj laca/h leL;k dk o.kZu fd;kA
lu~ 1947 esa G.B. Dantzig  us ,d n{krk iw.kZ fof/ tks flaiysDl fof/ osQ uke ls izfl¼
gS] dk lq>ko fn;k tks jSf[kd izksxzkeu leL;kvksa dks lhfer izØeksa esa gy djus dh l'kDr
fof/ gSA
jSf[kd izksxzkeu fof/ ij izkjfHkd dk;Z djus osQ dkj.k lu~ 1975 esa L.Katorovich vkSj
vesfjdh xf.kr; vFkZ'kkL=kh T.C.Koopmans dks vFkZ 'kkL=k esa ukscsy iqjLdkj iznku fd;k
x;kA ifjdyu rFkk vko';d lkWÝVos;j osQ vkxeu osQ lkFk dbZ {ks=kksa dh tfVy leL;kvksa
esa jSf[kd izksxzkeu izfof/ osQ vuqiz;ksx esa mÙkjksrj o`f¼ gks jgh gSA



v The Theory of probabilities is simply the science of logic

quantitatively treated – C.S. PEIRCEv

13.1  Hkwfedk (Introduction)

igys dh d{kkvksa esa geus izkf;drk dks fdlh ;kn`fPNd ijh{k.k
dh ?kVukvksa osQ ?kfVr gksus dh vfuf'prrk dh eki osQ :i esa i<+k
FkkA geus :lh xf.krK ,-,u- dkSYeksxzksc (1903&1987) }kjk
izfrikfnr vfHkx̀fgrh; ǹf"Vdks.k dk mi;ksx fd;k Fkk vkSj izkf;drk
dks ijh{k.k osQ ifj.kkeksa ij ifjHkkf"kr iQyu osQ :i esa fu:fir
fd;k FkkA geus lelaHkkO; ifj.kkeksa dh n'kk esa izkf;drk osQ
vfHkx̀fgrh; ǹf"Vdks.k vkSj Dykfldy fl¼kar (classical theory)

esa led{krk Hkh LFkkfir dh FkhA bl led{krk osQ vk/kj ij geus
vlarr izfrn'kZ lef"V dh ?kVukvksa dh izkf;drk Kkr dh FkhA geus
izkf;drk osQ ;ksx fu;e dk Hkh vè;;u fd;k gSA bl vè;k; esa
ge fdlh ?kVuk dh lizfrca/ izkf;drk (conditional probability)

osQ ckjs esa fopkj djsaxs] tcfd fdlh vU; ?kVuk osQ ?kfVr gksus dh lwpuk gekjs ikl gks] rFkk bl
egÙoiw.kZ vo/kj.kk dh lgk;rk ls cst&izes; (Bayes' theorem), izkf;drk dk xq.ku fu;e rFkk
Lora=k ?kVukvksa osQ ckjs esa le>asxsA ge ;kǹfPNd pj (random variable) vkSj blosQ izkf;drk caVu
dh egÙoiw.kZ vo/kj.kk dks Hkh le>asxs rFkk fdlh izkf;drk caVu osQ ekè; (mean) o izlj.k osQ
ckjs esa Hkh i<+saxsA vè;k; osQ vafre vuqHkkx esa ge ,d egÙoiw.kZ vlarr izkf;drk caVu (discrete

probability distribution) osQ ckjs esa i<+saxs ftls f}in caVu dgk tkrk gSA bl vè;k; esa ge ,sls
ijh{k.k ysaxs ftuosQ ifj.kke lelaHkkO; gksrs gSa] tc rd fd vU;Fkk u dgk x;k gksA

13.2  lizfrca/ izkf;drk (Conditional Probability)

vHkh rd geus fdlh ?kVuk dh izkf;drk Kkr djus ij ppkZ dh gSA ;fn gesa fdlh izfrn'kZ lef"V
dh nks ?kVuk,¡ nh xbZ gksa] rks D;k fdlh ,d ?kVuk osQ ?kfVr gksus dh lwpuk dk izHkko nwljh ?kVuk

vè;k;

izkf;drk Probability

13

Pierre de Fermat

(1601-1665)
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dh izkf;drk ij iM+rk gS\ vkb, bl iz'u osQ mÙkj osQ fy, ,d ;kn`fPNd ijh{k.k ij fopkj djsa
ftlosQ ifj.kke lelaHkkO; gSaA

vkb, vc rhu U;kÕ; (fair) flDdksa dks mNkyus osQ ijh{k.k ij fopkj dhft,A bl ijh{k.k
dk izfrn'kZ lef"V gS%

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

D;ksafd flDosQ U;kÕ; gSa] blfy, ge izfrn'kZ lef"V osQ izR;sd izfrn'kZ ̄ cnq dh izkf;drk 
1

8
 fufnZ"V

dj ldrs gSaA eku yhft, E ?kVuk ¶U;wure nks fpr izdV gksuk¸ vkSj F ?kVuk ¶igys flDosQ ij
iV iznf'kZr gksuk¸ dks fu:fir djrs gSaA

rc E = {HHH, HHT, HTH, THH}

vkSj F = {THH, THT, TTH, TTT}

blfy, P(E) = P ({HHH}) + P ({HHT}) + P ({HTH}) + P ({THH})

=
1 1 1 1 1

8 8 8 8 2
+ + + =  (D;ksa ?)

vkSj P(F) = P ({THH}) + P ({THT}) + P ({TTH}) + P ({TTT})

=
1 1 1 1 1

8 8 8 8 2
+ + + =

lkFk gh E ∩ F = {THH}

blfy,  P(E ∩ F) = P({THH}) = 
1

8

vc eku yhft, gesa fn;k x;k gS fd igys flDosQ ij iV izdV gksrk gS vFkkZr~~ ?kVuk F
?kfVr gqbZ gS] rc ?kVuk E dh izkf;drk D;k gS\ F osQ ?kfVr gksus dh lwpuk ij ;g fuf'pr gS fd
E dh izkf;drk Kkr djus osQ fy, mu izfrn'kZ ¯cnqvksa ij fopkj ugha fd;k tk,xk ftueas igys
flDosQ ij iV ugha gSA ?kVuk E osQ fy, bl lwpuk ls izfrn'kZ lef"V S ls ?kVdj bldk mileqPp;
F cu x;k gSA vU; 'kCnksa esa] bl vfrfjDr lwpuk us gesa okLro esa ;g crk;k gS fd gkykr dks
,d ,sls u, ;kǹfPNd ijh{k.k osQ :i esa le>uk pkfg, ftldk izfrn'kZ lef"V osQoy mu ifj.kkeksa
dk leqPp; gS tks fd ?kVuk F osQ vuqowQy gSA

vc F dk og izfrn'kZ ¯cnq tks E osQ Hkh vuqowQy gS_ THH gSA vr%

F dks izfrn'kZ lef"V ekurs gq, ?kVuk E dh izkf;drk = 
1

4

;k F dk ?kfVr gksuk fn;k x;k gksus ij E dh izkf;drk = 
1

4
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?kVuk E dh bl izkf;drk dks lizfrca/ izkf;drk dgrs gSa] tcfd Kkr gS fd ?kVuk F ?kfVr
gks pqdh gS] vkSj bls P (E|F) }kjk n'kkZrs gSaA

vFkkZr~~ P(E|F) =  
1

4

uksV dhft, fd F osQ oks vo;o tks ?kVuk E osQ Hkh vuqowQy gSa] E rFkk F osQ lk>s vo;o
gksrs gSa] vFkkZr~~ E ∩ F osQ izfrn'kZ ¯cnq gSaA

vr% ge ?kVuk E dh lizfrca/ izkf;drk] tcfd Kkr gS fd ?kVuk F ?kfVr gks pqdh gS dks
fuEu izdkj ls Kkr dj ldrs gSaA

P(E|F) =
(E F)

F

∩ oQs vuoq wQy ifz rn'kZ fcna qvksa dh l[a ;k
oQs vuoq wQy ifz rn'kZ fcna vq ksa dh l[a ;k

=
(E F)

(F)

n

n

∩

vc va'k o gj dks izfrn'kZ lef"V osQ vo;oksa dh oqQy la[;k ls foHkkftr djus ij ge ns[krs
gSa fd P (E|F) dks fuEu izdkj ls fy[kk tk ldrk gS%

P(E|F) =

(E F)

P(E F)(S)

(F) P(F)

(S)

n

n

n

n

∩
∩

= ... (1)

uksV dhft, fd (1) rHkh ekU; gS tc P(F) ≠ 0 vFkkZr~~ F ≠ φ (D;ksa?)

vr% ge lizfrca/ izkf;drk dks fuEu izdkj ls ifjHkkf"kr dj ldrs gSa%

ifjHkk"kk 1   ;fn E rFkk F fdlh ;kn`fPNd ijh{k.k osQ izfrn'kZ lef"V ls lcaf/r nks ?kVuk,¡ gSa]
rks F osQ ?kfVr gksus dh lwpuk ij] E dh izkf;drk fuEufyf[kr lw=k ls izkIr gksrh gS%

P(E|F) =
P(E F)

P(F)

∩
, tcfd P(F) ≠ 0

13.2.1  lizfrca/ izkf;drk osQ xq.k  (Properties of conditional probability)

eku ysa fd E rFkk F fdlh izfrn'kZ lef"V S dh nks ?kVuk,¡ gSa

xq.k 1 P (S|F) = P (F|F) = 1

gesa Kkr gS fd P(S|F) =
P(S F) P(F)

1
P(F) P(F)

∩
= =



418        xf.kr

lkFk gh P(F|F) =
P(F F) P(F)

1
P(F) P(F)

∩
= =

vr% P(S|F) = P(F|F) = 1

xq.k 2  ;fn A vkSj B izfrn'kZ lef"V S dh dksbZ nks ?kVuk,¡ gSa vkSj F ,d vU; ?kVuk bl izdkj
gS fd P(F) ≠ 0, rc
P[(A ∪ B)|F)] =P(A|F) + P(B|F) – P[(A ∩ B)|F]

fo'ks"k :i ls] ;fn A vkSj B ijLij viothZ ?kVuk,¡ gksa] rks
P[(A∪B)|F)] = P(A|F) + P(B|F)

ge tkurs gSa fd

P[(A∪B)|F)] =
P[(A B) F]

P(F)

∪ ∩

=
P[(A F) (B F)]

P(F)

∩ ∪ ∩

(leqPp;ksa osQ loZfu"B ij lfEeyu osQ caVu fu;e }kjk)

=
P(A F)+ P(B F) – P(A B F)

P(F)

∩ ∩ ∩ ∩

=
P(A F) P(B F) P[(A B) F]

P(F) P(F) P(F)

∩ ∩ ∩ ∩
+ −

= P(A|F) + P(B|F) – P(A∩B|F)

tc A rFkk B ijLij viothZ gksa rks
P[(A ∩ B)|F)] = 0

⇒ P[(A ∪ B)|F)] = P(A|F) + P(B|F)

vr% tc A rFkk B ijLij viothZ ?kVuk,¡ gksa rks P(A ∪ B) = P(A|F) + P(B|F)

xq.k 3 P (E′|F) = 1 – P(E|F)

xq.k 1 ls gesa Kkr gS fd P (S|F) =  1

⇒ P [(E ∪ E′)|F)] = 1 D;ksafd  S = E ∪ E′

⇒ P (E|F) + P (E′|F) = 1 D;ksafd E rFkk E′ ijLij viothZ ?kVuk,¡ gSa

vr% P (E′|F) = 1 − P (E|F)

vkb, vc dqN mnkgj.k ysaA



izkf;drk       419

mnkgj.k 1  ;fn P (A) = 
7

13
, P (B) = 

9

13
 vkSj P (A ∩ B) = 

4

13
, rks P (A|B) Kkr dhft,A

gy  ge tkurs gSa fd 

4

P(A B) 413P(A|B) =
9P(B) 9

13

∩
= =

mnkgj.k 2 ,d ifjokj esa nks cPps gSaA ;fn ;g Kkr gks fd cPpksa esa ls de ls de ,d cPpk
yM+dk gS] rks nksuksa cPpksa osQ yM+dk gksus dh D;k izkf;drk gS\

gy  eku yhft, b yM+osQ dks o g yM+dh dks fu:fir djrs gSaA ijh{k.k dk izfrn'kZ lef"V gS%
S = {(b,b), (g,b), (b,g), (g,g)}

eku yhft, E rFkk F Øe'k% fuEufyf[kr ?kVukvksa dks n'kkZrs gSa%

E : ^nksuksa cPps yM+osQ gSa*

F : ^cPpksa esa ls de ls de ,d yM+dk gS*

rc E = {(b,b)} vkSj F = {(b,b), (g,b), (b,g)}

vc E ∩ F = {(b,b)}

vr% P(F) =
3

4
 vkSj P (E ∩ F ) = 

1

4

blfy, P(E|F) =

1
P(E F) 14

3P(F) 3

4

∩
= =

mnkgj.k 3  ,d cDls esa nl dkMZ 1 ls 10 rd iw.kk±d fy[k dj j[ks x, vkSj mUgas vPNh rjg
feyk;k x;kA bl cDls ls ,d dkMZ ;kn`PN;k fudkyk x;kA ;fn ;g Kkr gks fd fudkys x, dkMZ
ij la[;k 3 ls vf/d gS] rks bl la[;k osQ le gksus dh D;k izkf;drk gS\

gy  eku yhft, fd A ?kVuk ̂ fudkys x, dkMZ ij le la[;k gS* vkSj B ?kVuk ̂ fudkys x, dkMZ
ij la[;k 3 ls cM+h gS* dks fu:fir djrs gSaA gesa P(A|B) Kkr djuk gSA

bl ijh{k.k dk izfrn'kZ lef"V gS% S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

rc A = {2, 4, 6, 8, 10}, B = {4, 5, 6, 7, 8, 9, 10}

vkSj A ∩ B = {4, 6, 8, 10}
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vc P(A) =
5 7 4

, P(B) = P(A B)
10 10 10

∩ =vkSj

rc P(A|B) =

4

P(A B) 410
7P(B) 7

10

∩
= =

mnkgj.k 4  ,d ikB'kkyk esa 1000 fo|kFkhZ gSa] ftuesa ls 430 yM+fd;k¡ gSaA ;g Kkr gS fd 430
esa ls 10% yM+fd;k¡ d{kk XII esa i<+rh gSaA D;k izkf;drk gS fd ,d ;kn`PN;k pquk x;k fo|kFkhZ
d{kk XII esa i<+rk gS ;fn ;g Kkr gS fd pquk x;k fo|kFkhZ yM+dh gS\

gy  eku yhft, E ?kVuk ̂ ;kǹPN;k pquk x;k fo|kFkhZ d{kk XII esa i<+rk gS* vkSj  F ?kVuk ̂ ;kǹPN;k
pquk x;k fo|kFkhZ yM+dh gS*] dks O;Dr djrs gSaA gesa P (E|F) Kkr djuk gSA

vc P(F) =
430

0.43
1000

=  vkSj 
43

P(E F) = 0.043
1000

∩ =   (D;ksa?)

rc  P(E|F) =
P(E F) 0.043

0.1
P(F) 0.43

∩
= =

mnkgj.k 5  ,d ikls dks rhu ckj mNkyus ds ijh{k.k esa ?kVuk A rFkk B dks fuEu izdkj ls
ifjHkkf"kr fd;k x;k gS%

A :  ^rhljh mNky ij la[;k 4 izdV gksuk*

B : ^igyh mNky ij la[;k 6 vkSj nwljh mNky ij la[;k 5 izdV gksuk*

;fn B dk ?kfVr gksuk fn;k x;k gS] rks ?kVuk A dh izkf;drk Kkr dhft,A

gy  izfrn'kZ lef"V esa 216 ifj.kke gSaA

vc] B = {(6,5,1), (6,5,2), (6,5,3), (6,5,4), (6,5,5), (6,5,6)}

A =

(1,1,4)   (1,2,4) ... (1,6,4) (2,1,4) (2,2,4) ... (2,6,4)

(3,1,4) ((3,2,4) ... (3,6,4) (4,1,4) (4,2,4) ... (4,6,4)

(5,1,4) (5,2,4) .... (5,6,4) (6,1,4) (6,2,4) ... (6,6,4)















vkSj A ∩ B = {(6,5,4)}

vc P(B) =
6

216
 vkSj  P(A ∩ B) = 

1

216

rc P(A|B) =

1

P(A B) 1216
6P(B) 6

216

∩
= =
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mnkgj.k 6  ,d ikls dks nks ckj mNkyk x;k vkSj izdV gqbZ la[;kvksa dk ;ksx 6 ik;k x;kA la[;k
4 osQ U;wure ,d ckj izdV gksus dh lizfrca/ izkf;drk Kkr dhft,A

gy  eku yhft, E ?kVuk ^la[;k 4 dk U;wure ,d ckj izdV gksuk* vkSj F ?kVuk ^nksuksa iklksa ij
izdV la[;kvksa dk ;ksx 6 gksus* dks n'kkZrs gSaA

rc E = {(4,1), (4,2), (4,3), (4,4), (4,5), (4,6), (1,4), (2,4), (3,4), (5,4), (6,4)}

vkSj F = {(1,5), (2,4), (3,3), (4,2), (5,1)}

ge tkurs gSa fd P(E) =
11

36
]  P(F) = 

5

36

rFkk E ∩ F = {(2,4), (4,2)}

vc P(E ∩ F) =
2

36

vr% okafNr izkf;drk

P(E|F) =

2

P(E F) 236
5P(F) 5

36

∩
= =

vHkh rd geus mu ijh{k.kksa ij fopkj fd;k gS ftuosQ lHkh ifj.kke lelaHkkO; FksA bu ijh{k.kksa
osQ fy, geusa lizfrca/ izkf;drk dks ifjHkkf"kr fd;k gSA rFkkfi lizfrca/ izkf;drk dh ;gh
ifjHkk"kk] O;kid :i ls] ml fLFkfr es Hkh iz;ksx dh tk ldrh gS] tc ekSfyd ?kVuk,¡ lelaHkkO;
u gksaA izkf;drkvksa P(E ∩ F) rFkk P (F) dk ifjdyu rnuqlkj fd;k tkrk gSA
vkb, fuEufyf[kr mnkgj.k ls bls le>saA

mnkgj.k 7  ,d flDosQ dks mNkyus osQ ijh{k.k ij fopkj dhft,A ;fn flDosQ ij fpr izdV gks
rks flDosQ dks iqu% mNkysa ijarq ;fn flDosQ ij iV izdV gks rks ,d ikls dks isaQosaQA ;fn ?kVuk ̂ de
ls de ,d iV izdV gksuk* dk ?kfVr gksuk fn;k x;k gS rks
?kVuk ^ikls ij 4 ls cM+h la[;k izdV gksuk* dh lizfrca/
izkf;drk Kkr dhft,A

gy  ijh{k.k osQ ifj.kkeksa dks fp=k 13-1 ls O;Dr fd;k tk
ldrk gSA bl izdkj osQ fp=k  dks o`{kkjs[k dgrs gSaA

ijh{k.k dk izfrn'kZ lef"V gS%

S = {(H,H), (H,T), (T,1), (T,2), (T,3), (T,4), (T,5), (T,6)} vko`Qfr 13.1



422        xf.kr

tgk¡ (H,H) n'kkZrk gS fd nksuksa mNkykas ij fpr izdV gqvk gS] rFkk
(T, i) n'kkZrk gS fd igyh mNky ij iV izdV gqvk vkSj ikls
dks isaQdus ij la[;k i izdV gqbZA

vr% 8 ekSfyd ?kVukvksa (H,H), (H,T), (T,1), (T,2),

(T,3) (T,4), (T,5), (T,6) dh Øe'k% 
1 1 1 1

, , , ,
4 4 12 12

1 1 1 1
, , ,

12 12 12 12
 izkf;drk fu/kZfjr dh tk ldrh gS] tSlk fd

fp=k 13-2 ls Li"V gSA
eku ysa F ?kVuk ̂ U;wure ,d iV izdV gksuk* vkSj E ?kVuk

^ikls ij 4 ls cM+h la[;k izdV gksuk* dks n'kkZrs gSaA
rc F = {(H,T), (T,1), (T,2), (T,3), (T,4), (T,5), (T,6)}

E = {(T,5),  T,6)} vkSj  E ∩ F = {(T,5), (T,6)}

vc P(F) = P({(H,T)}) + P ({(T,1)}) + P ({(T,2)}) + P ({(T,3)}) +

P ({(T,4)}) + P({(T,5)}) + P({(T,6)})

=
1 1 1 1 1 1 1 3

4 12 12 12 12 12 12 4
+ + + + + + =

vkSj P (E ∩ F) = P ({(T,5)}) + P ({(T,6)}) = 
1 1 1

12 12 6
+ =

vr% P(E|F) =

1

P(E F) 26
3P(F) 9

4

∩
= =

iz'ukoyh 13.1

1. ;fn E vkSj F bl izdkj dh ?kVuk,¡ gS a fd P (E) = 0.6, P (F) = 0.3 vkSj
P (E ∩ F) = 0.2] rks P (E|F) vkSj P (F|E) Kkr dhft,A

2. P(A|B) Kkr dhft,] ;fn P(B) = 0.5 vkSj  P (A ∩ B) = 0.32

3. ;fn P(A) = 0.8,  P(B) = 0.5 vkSj P (B|A) = 0.4 Kkr dhft,
(i) P(A ∩ B) (ii) P(A|B) (iii) P(A ∪ B)

4. P(A ∪ B) Kkr dhft, ;fn 2 P(A) = P(B) = 
5

13
 vkSj ( ) 2

P A|B =
5

vko`Qfr 13.2
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5. ;fn P(A) = 
6

11
, P(B) = 

5

11
 vkSj P(A ∪ B) 

7

11
=  rks Kkr dhft,

(i) P(A∩B) (ii) P(A|B) (iii) P(B|A)

fuEufyf[kr iz'u 6 ls 9 rd P(E|F) Kkr dhft,A

6. ,d flDosQ dks rhu ckj mNkyk x;k gS%

(i) E : rhljh mNky ij fpr F : igyh nksuksa mNkyksa ij fpr

(ii) E : U;wure nks fpr F : vf/dre ,d fpr

(iii) E : vf/dre nks iV F : U;wure nks iV

7. nks flDdksa dks ,d ckj mNkyk x;k gS%

(i) E : ,d flDosQ ij iV izdV gksrk gS F : ,d flDosQ ij fpr izdV gksrk gS

(ii) E :  dksbZ iV izdV ugha gksrk gS F dksbZ fpr izdV ugha gksrk gS

8. ,d ikls dks rhu ckj mNkyk x;k gS%

E : rhljh mNky ij la[;k 4 izdV gksuk

F : igyh nks mNkyksa ij Øe'k% 6 rFkk 5 izdV gksuk

9. ,d ikfjokfjd fp=k esa ekrk] firk o iq=k ;kn`PN;k [kM+s gSa%

E : iq=k ,d fljs ij [kM+k gS F : firk eè; esa [kM+s gSa

10. ,d dkys vkSj ,d yky ikls dks mNkyk x;k gS%

(a) iklksa ij izkIr la[;kvksa dk ;ksx 9 gksus dh lizfrca/ izkf;drk Kkr dhft, ;fn ;g
Kkr gks fd dkys ikls ij 5 izdV gqvk gSA

(b) iklksa ij izkIr laa[;kvksa dk ;ksx 8 gksus dh lizfrca/ izkf;drk Kkr dhft, ;fn ;g
Kkr gks fd yky ikls ij izdV la[;k 4 ls de gSA

11. ,d U;kÕ; ikls dks mNkyk x;k gSA ?kVukvksa E = {1,3,5},  F = {2,3}, vkSj G = {2,3,4,5}

osQ fy, fuEufyf[kr Kkr dhft,%

(i) P (E|F) vkSj P (F|E) (ii) P (E|G) vkSj P (G|E)

(iii) P (E ∪ F|G) vkSj P (E ∩ F|G)

12. eku ysa fd tUe ysus okys cPps dk yM+dk ;k yM+dh gksuk lelaHkkO; gSA ;fn fdlh ifjokj
esa nks cPps gSa] rks nksuksa cPpksa osQ yM+dh gksus dh lizfrca/ izkf;drk D;k gS] ;fn ;g fn;k
x;k gS fd (i) lcls NksVk cPpk yM+dh gS (ii) U;wure ,d cPpk yM+dh gSA

13. ,d izf'k{kd osQ ikl 300 lR;@vlR; izdkj osQ vklku iz'u 200 lR;@vlR; izdkj osQ
dfBu iz'u] 500 cgq&fodYih; izdkj osQ vklku iz'u vkSj 400 cgq&fodYih; izdkj osQ
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dfBu iz'uksa dk laxzg gSA ;fn iz'uksa osQ laxzg ls ,d iz'u ;kn`PN;k pquk tkrk gS] rks ,d
vklku iz'u dh cgq&fodYih; gksus dh izkf;drk D;k gksxh\

14. ;g fn;k x;k gS fd nks iklksa dks isaQdus ij izkIr la[;k,¡ fHkUu&fHkUu gSaA nksuksa la[;kvksa dk
;ksx 4 gksus dh izkf;drk Kkr dhft,A

15. ,d ikls dks isaQdus osQ ijh{k.k ij fopkj dhft,A ;fn ikls ij izdV la[;k 3 dk xq.kt
gS rks ikls dks iqu% isaQosaQ vkSj ;fn dksbZ vU; la[;k izdV gks rks ,d flDosQ dks mNkysaA
?kVuk ̂ U;wure ,d ikls ij la[;k 3 izdV gksuk* fn;k x;k gS rks ?kVuk ̂ flDosQ ij iV izdV
gksus* dh lizfrca/ izkf;drk Kkr dhft,A

fuEufyf[kr iz'uksa esa ls izR;sd esa lgh mÙkj pqusaA

16. ;fn P (A) = 
1

2
, P(B) = 0 rc P (A|B) gS%

(A) 0 (B)
1

2
(C) ifjHkkf"kr ugha (D) 1

17. ;fn  A vkSj B nks ?kVuk,¡ bl izdkj gSa fd P (A|B) = P (B|A) ≠ 0 rc

(A) A ⊂ B (B) A = B (C) A ∩ B = φ
(D) P (A) = P(B)

13.3  izkf;drk dk xq.ku fu;e (Multiplication Theorem on Probability)

eku yhft, fd E rFkk F ,d izfrn'kZ lef"V S dh nks ?kVuk,¡ gSaA Li"Vr;k leqPp;
E ∩ F  nksuksa ?kVukvksa E rFkk F osQ ?kfVr gksus dks n'kkZrk gSA vU; 'kCnksa esa E ∩ F  ?kVukvksa E rFkk
F osQ ;qxir~ ?kfVr gksus dks n'kkZrk gSA ?kVuk E ∩ F dks EF Hkh fy[kk tkrk gSA

izk;% gesa l;qaDr ?kVuk EF dh izkf;drk Kkr djus dh vko';drk gksrh gSA mnkgj.k osQ fy,]
,d osQ ckn nwljk iÙkk fudkyus osQ ijh{k.k esa ge feJ ?kVuk ^,d ckn'kkg vkSj ,d jkuh* dh
izkf;drk Kkr djus esa bPNqd gks ldrs gSaA ?kVuk EF dh izkf;drk Kkr djus osQ fy, ge lizfrca/
izkf;drk dk mi;ksx djrs gSa tSlk fd uhps fn[kk;k x;k gSA

ge tkurs gSa fd ?kVuk F osQ fn, tkus ij ?kVuk E dh lizfrca/ izkf;drk dks
P(E|F) }kjk n'kkZrs gSa vkSj bls fuEufyf[kr izdkj ls Kkr djrs gSaA

P(E|F) =
P(E F)

,P(F) 0
P(F)

∩
≠

mijksDr ifj.kke ls ge fy[k ldrs gSa fd
P(E ∩ F) = P (F) . P (E|F) ... (1)
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ge ;g Hkh tkurs gSa fd

P(F|E) =
P(F E)

,P(E) 0
P(E)

∩
≠

;k P(F|E) =
P(E F)

P(E)

∩
(D;ksafd E ∩ F = F ∪ E)

vr% P(E ∩ F) = P(E) . P(F|E) ... (2)

(1) vkSj (2) dks feykus ls gesa izkIr gksrk gS fd

P(E ∩ F) = P(E) P(F|E) = P(F). P(E|F) tc fd P(E) ≠ 0 vkSj P(F) ≠ 0

mijksDr ifj.kke dks ^izkf;drk dk xq.ku fu;e* dgrs gSaA vkb, ,d mnkgj.k ysaA

mnkgj.k 8  ,d dy'k esa 10 dkyh vkSj 5 li+ sQn xsansaa gSaA nks xsan ,d osQ ckn ,d fudkyh tkrh
gSa vkSj igyh xsan nwljs osQ fudkyus ls igys okil ugha j[kh tkrh gSaA eku yhft, fd dy'k esa
ls izR;sd xsan dk fudkyuk lelaHkkO; gS] rks nksuksa dkys xsan fudyus dh D;k izkf;drk gS\

gy  ekuk fd E ̂ igyh dkyh xsan osQ fudyus* dh ?kVuk gS vkSj F ̂ nwljh dkyh xsan osQ fudyus*
dh ?kVuk gSA gesa P(E∩F) ;k P (EF) Kkr djuk gSA

vc P(E) = P (igyh fudky esa dkyh xsan fudkyuk) = 
10

15

lkFk gh fn;k x;k gS fd igyh fudky esa dkyh xsan fudyh gS vFkkZr~~ ?kVuk E ?kfVr gqbZ gS]
vc dy'k esa 9 dkyh xsan vkSj 5 li+ sQn xsan jg xbZ gSaA blfy,] nwljh xsan dkyh gksus dh izkf;drk
tc fd igyh xsan dk dkyk gksuk gesa Kkr gS] oqQN vkSj ugha osQoy F dk lizfrca/ izkf;drk gS
tc E dk ?kfVr gksuk Kkr gSA

vFkkZr~~ P(F|E) =
9

14

vc izkf;drk osQ xq.ku fu;e }kjk gesa izkIr gksrk gS
P(E∩F) = P(E) P(F|E) = P(E) . P(F|E) . P(G|EF)

=
10 9 3

15 14 7
× =

nks ls vf/d ?kVukvksa osQ fy, izkf;drk dk xq.ku fu;e ;fn E, F vkSj G ,d izfrn'kZ lef"V
dh ?kVuk,¡ gSa rks

P(E∩F∩G) = P(E) P(F|E) P(G|E∩F) = P(E) P(F|E) P(G|EF)

blh izdkj izkf;drk osQ xq.ku fu;e dk foLrkj pkj ;k vf/d ?kVukvksa osQ fy, Hkh fd;k tk ldrk
gSA fuEufyf[kr mnkgj.k rhu ?kVukvksa osQ fy, izkf;drk osQ xq.ku fu;e dk n`"Vkar izLrqr djrk gSA
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mnkgj.k 9  52 iÙkksa dh vPNh rjg isaQVh xbZ xM~Mh esa ls ,d osQ ckn ,d rhu iÙks fcuk izfrLFkkfir
fd, fudkys x,A igys nkss iÙkksa dk ckn'kkg vkSj rhljs dk bDdk gksus dh D;k izkf;drk gS\

gy  eku ysa fd K ?kVuk ̂ fudkyk x;k iÙkk ckn'kkg gS* dks vkSj A ?kVuk ̂ fudkyk x;k iÙkk bDdk
gS* dks O;Dr djrs gSaA Li"Vr;k gesa P (KKA) Kkr djuk gSA

vc P(K) =
4

52

lkFk gh P(K|K) ;g Kkr gksus ij fd ^igys fudkyk x;k iÙkk ckn'kkg gS* ij nwljs iÙks dk
ckn'kkg gksus dh izkf;drk dks n'kkZrk gSA vc xM~Mh esa (52 − 1) = 51 iÙks gSa ftuesa rhu ckn'kkg gS

blfy, P(K|K) =
3

51
varr% P(A|KK) rhljs fudkys x, iÙks dk bDdk gksus dh lizfrca/ izkf;drk gS tc fd gesa

Kkr gS fd nks ckn'kkg igys gh fudkys tk pqds gSaA vc xM~Mh esa 50 iÙks jg x, gSa

blfy, P(A|KK) =
4

P(A|K K)
50

=

izkf;drk osQ xq.ku fu;e }kjk gesa izkIr gksrk gS fd
P(KKA) = P(K) P(K|K) P(A|KK)

=
4 3 4 2

52 51 50 5525
× × =

13.4  Lora=k ?kVuk,¡ (Independent Events)

52 iÙkksa dh xM~Mh esa ls ,d iÙkk fudkyus osQ ijh{k.k ij fopkj dhft, ftlesa izR;sd ekSfyd
?kVuk dks lelaHkkO; ekuk x;k gSA ;fn E rFkk F Øe'k% ?kVukvksa ^fudkyk x;k iÙkk fpM+h dk
gS* vkSj ^fudkyk x;k iÙkk ,d bDdk gS* dks O;Dr djrs gSa] rks

P(E) =
13 1 4 1

P(F)
52 4 52 13

= = =rFkk

lkFk gh ^E vkSj F* ?kVuk ^fudkyk x;k iÙkk fpM+h dk bDdk gS* dks O;Dr djrh gS] blfy,

P(E ∩ F) =
1

52

vr% P(E|F) =

1

P(E F) 152
1P(F) 4

13

∩
= =

D;ksafd P(E) = 
1

4
= P (E|F), ge dg ldrs gSa fd ?kVuk F osQ ?kfVr gksus dh lwpuk us ?kVuk

E dh izkf;drk ij dksbZ izHkko ugha Mkyk gSA
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gesa ;g Hkh izkIr gS fd

P(F|E) =

1

P(E F) 152 P(F)
1P(E) 13

4

∩
= = =

iqu% P(F) = 
1

13
 = P(F|E)  n'kkZrk gS fd ?kVuk E osQ ?kfVr gksus dh lwpuk us ?kVuk  F  dh

izkf;drk ij dksbZ izHkko ugha Mkyk gSA

vr% E  rFkk F bl izdkj dh ?kVuk,¡ gS fd fdlh ,d ?kVuk osQ ?kfVr gksus dh lwpuk nwljh ?kVuk
dh izkf;drk ij dksbZ izHkko ugha Mkyrh gSA

bl izdkj dh ?kVukvksa dks ^Lora=k ?kVuk,¡* dgrs gSaA

ifjHkk"kk 2 nks ?kVukvksa E rFkk F dks Lora=k ?kVuk,¡ dgrs gSa ;fn

P(F| E) = P(F)  tcdh P(E)  ≠ 0

P(E| F) = P(E)  tcdh P(F)  ≠ 0

vr% bl ifjHkk"kk esa P(E)  vkSj P(F) dk 'kwU;sÙkj gksuk vko';d gSA

vc izkf;drk osQ xq.ku fu;e ls
P(E ∩ F) = P(E) . P(F|E) ... (1)

;fn E vkSj F Lora=k ?kVuk,¡ gksa rks (1) ls gesa izkIr gksrk gS fd
P(E ∩ F) = P(E). P(F) ... (2)

vr% (2) osQ mi;ksx ls ge nks ?kVukvksa dh Lora=krk dks fuEufyf[kr rjg ls Hkh ifjHkkf"kr
dj ldrs gSaA

ifjHkk"kk 3  eku ysa E vkSj F fdlh ;kn`fPNd ijh{k.k osQ izfrn'kZ lef"V dh nks ?kVuk,¡ gSa] rks
E vkSj F Lora=k ?kVuk,¡ gksrh gSa ;fn

P(E ∩ F) = P(E)  P(F)

fVIi.kh

1. nks ?kVukvksa E rFkk F dks ijkfJr (dependent) dgrs gSa] ;fn os Lora=k u gksa vFkkZr~~ ;fn
P(E ∩ F ) ≠ P(E) . P(F)

2. dHkh&dHkh Lora=k ?kVukvksa vkSj ijLij viothZ ?kVukvksa osQ chp Hkze iSnk gks tkrk gSA
^Lora=k ?kVukvksa* dh ifjHkk"kk ̂ ?kVukvksa dh izkf;drk* osQ :i esa dh xbZ gS tc fd ̂ ijLij
viothZ ?kVukvksa* dh ifjHkk"kk ^?kVukvksa* osQ :i esa dh xbZ gSA blosQ vfrfjDr] ijLij
viothZ ?kVukvksa esa dksbZ Hkh ifj.kke lkoZ dnkfi ugha gks ldrk gS ̄ drq Lora=k ?kVukvksa esa
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ifj.kke lkoZ Hkh gks ldrs gSa] ;fn izR;sd ?kVuk vfjDr gSA Li"Vr;k ^Lora=k ?kVuk,¡* vkSj
^ijLij viothZ ?kVuk,¡* lekukFkhZ ugha gSaA
nwljs 'kCnksa esa] ;fn nks ,slh Lora=k ?kVuk,¡ ?kVrh gSa ftudh izf;drk 'kwU;srj gS] rks og ijLij
viothZ ugha gks ldrh gSaA foykser% ;fn nks 'kwU;srj izkf;drk okyh ijLij viothZ ?kVuk,¡
?kVrh gSa] rks og Lora=k ugha gks ldrh gSaA

3. nks ;kn`fPNd ijh{k.k Lora=k dgykrs gSa] ;fn izR;sd ?kVuk ;qXe E vkSj F osQ fy,] tgk¡ E
igys ijh{k.k ls rFkk F nwljs ijh{k.k ls lacaf/r gSa] ?kVukvksa E rFkk F osQ ,d lkFk ?kfVr
gksus dh izkf;drk] tc nksuksa ijh{k.k laiUu fd, tk,¡] izkf;drk P(E) vkSj P(F) osQ xq.kuiQy
osQ cjkcj gksrh gSa] ftudk ifjdyu nksuksa ijh{k.kksa osQ vk/kj ij vyx&vyx fd;k tkrk
gSA vFkkZr~~ P(E∩F) = P(E) . P(F)

4. rhu ?kVukvksa A, B vkSj C dks Lora=k dgk tkrk gS ;fn vkSj osQoy ;fn
P(A∩B) = P(A) P(B)

P(A∩C) = P(A) P(C)

P(B∩C) = P(B) P(C)

vkSj P(A∩B∩C) = P(A) P(B)  P(C)

;fn mijksDr esa ls de ls de ,d Hkh 'krZ lR; ugha gksrh gS rks nh xbZ ?kVukvksa dks Lora=k
ugha dgk tkrk gSA

mnkgj.k 10  ,d ikls dks ,d ckj mNkyk tkrk gSA ?kVuk ^ikls ij izkIr la[;k 3 dk vioR;Z
gS*] dks E ls vkSj ̂ ikls ij izkIr la[;k le gS*] dks F ls fu:fir fd;k tk, rks crk,¡ D;k ?kVuk,¡
E vkSj F Lora=k gSa\

gy  ge tkurs gSa fd bl ijh{k.k dk izfrn'kZ lef"V gS%  S = {1, 2, 3, 4, 5, 6}

vc E = {3, 6}, F = {2, 4, 6} vkSj  E ∩ F = {6}

rc P(E) = 
2 1 3 1 1

, P(F) P(E  F)
6 3 6 2 6

= = = ∩ =vkSj

Li"Vr;k P(E ∩ F) = P(E) . P(F)

vr% E vkSj F Lora=k ?kVuk,¡ gSaA

mnkgj.k 11  ,d vufHkur (unbiased) ikls dks nks ckj mNkyk x;kA eku ysa A ?kVuk ̂ igyh
mNky ij fo"ke la[;k izkIr gksuk* vkSj B ?kVuk ̂ f}rh; mNky ij fo"ke la[;k izkIr gksuk* n'kkZrs
gSaA ?kVukvksa A vkSj B osQ Lokra=; dk ijh{k.k dhft,A

gy  ;fn lHkh 36 ekSfyd ?kVukvksa dks lelaHkkO; eku ysa rks
18 1

P(A)
36 2

= =  vkSj 
18 1

P(B)
36 2

= =
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lkFk gh P(A ∩ B) = P (nksuksa mNkyksa esa fo"ke la[;k izkIr gksuk)

=
9 1

36 4
=

vc P(A) . P(B) =
1 1 1

2 2 4
⋅ =

Li"Vr;k P(A ∩ B) = P(A) . P(B)

vr% A  vkSj B Lora=k ?kVuk,¡ gSaA

mnkgj.k 12 rhu flDdksa dks mNkyk x;k gSA eku ysa E ?kVuk ^rhu fpr ;k rhu iV izkIr gksuk*
vkSj F  ?kVuk ̂ U;wure nks fpr izkIr gksuk* vkSj G ?kVuk ̂ vf/dre nks iV izkIr gksuk* dks fu:fir
djrs gSaA ;qXe  (E,F), (E,G) vkSj (F,G) esa dkSu&dkSu ls Lora=k gSa\ dkSu&dkSu ls ijkfJr gSa\

gy  ijh{k.k dk izfrn'kZ lef"V gS %
S = {HHH, HHT,   HTH,  THH, HTT, THT, TTH, TTT}

Li"Vr;k E = {HHH, TTT},  F= {HHH, HHT, HTH, THH}

vkSj G = {HHT, HTH, THH, HTT, THT, TTH, TTT}

lkFk gh E ∩ F = {HHH},   E ∩ G = {TTT},   F ∩ G = { HHT, HTH, THH}

blfy, P(E) =
2 1 4 1 7

, P(F) , P(G)
8 4 8 2 8

= = = =

P(E ∩ F) =
1 1 3

, P(E G) , P(F G)
8 8 8

∩ = ∩ =

lkFk gh P(E) . P(F) =
1 1 1 1 7 7

, P(E) P(G)
4 2 8 4 8 32

× = ⋅ = × = vkjS  
1 7 7

P(F) P(G)
2 8 16

⋅ = × =

vr% P(E ∩ F) = P(E) . P(F)

P(E ∩ G) ≠ P(E) . P(G)

vkSj P(F ∩ G) ≠ P(F) . P(G)

blfy, ?kVuk,¡ (E vkSj F) Lora=k gSa tcdh ?kVuk,¡ (F vkSj G) vkSj (E vkSj G) ijkfJr gSaA

mnkgj.k 13  fl¼ dhft, fd ;fn  E vkSj F nks Lora=k ?kVuk,¡ gSa rks E vkSj F′ Hkh Lora=k gksaxhA

gy  D;ksafd E rFkk F Lora=k gS] blfy,
P(E ∩ F) = P(E) . P(F) ... (1)
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fp=k 13.3, osQ osu&vkjs[k ls ;g Li"V gS fd E ∩ F vkSj E ∩ F′ ijLij viothZ gSa vkSj lkFk gh
E = (E ∩ F) ∪ (E ∩ F′)

D;ksafd E ∩ F vkSj E ∩ F′  ijLij viothZ gSa]

blfy, P(E) = P(E ∩ F) + P(E ∩ F′)

;k P(E ∩ F′) = P(E) − P(E ∩ F)

= P(E)  − P(E) . P(F) (1) ls

= P(E) [1 − P(F]

= P(E) . P(F′)

vr% E vkSj F′ Lora=k ?kVuk,¡ gSaA

AfVIi.kh   blh izdkj ;g n'kkZ;k tk ldrk gS fd ;fn
(a) E′ rFkk F Lora=k gSa
(b) E′ rFkk F′ Lora=k gSaA

mnkgj.k 14  ;fn A vkSj B Lora=k ?kVuk,¡ gSa rks A ;k B esa ls U;wure ,d osQ gksus dh izkf;drk
= 1− P(A′)  P(B′)

gy P(A ;k B esa ls U;wure ,d dk gksuk) = P(A ∪ B)

= P(A) + P(B) − P(A ∩ B)

= P(A) + P(B) − P(A) P(B)

= P(A) + P(B) [1−P(A)]

= P(A)  +  P(B) . P(A′)
= 1− P(A′) + P(B) P(A′)
= 1− P(A′)  [1− P(B)]

= 1− P(A′) P (B′)

iz'ukoyh 13.2

1. ;fn  P(A) 
3

5
= ] P (B) 

1

5
=  vkSj A rFkk B Lora=k ?kVuk,¡ gSa rks   P (A  ∩ B) Kkr dhft,A

2. 52 iÙkksa dh ,d xM~Mh esa ls ;kn`PN;k fcuk izfrLFkkfir fd, x, nks iÙks fudkys x,A nksuksa
iÙkksa osQ dkys jax dk gksus dh izkf;drk Kkr dhft,A

3. larjksa osQ ,d fMCcs dk fujh{k.k mlesa ls rhu larjksa dks ;kn`PN;k fcuk izfrLFkkfir fd,
gq, fudky dj fd;k tkrk gSA ;fn rhuksa fudkys x, larjs vPNs gksa rks fMCcs dks fcØh osQ

vko`Qfr 13.3
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fy, Loho`Qr fd;k tkrk gS vU;Fkk vLoho`Qr dj nsrs gSaA ,d fMCck ftlesa 15 larjs gSa
ftuesa ls 12 vPNs o 3 [kjkc larjs gSa] osQ fcØh osQ fy, Loho`Qr gksus dh izkf;drk Kkr
dhft,A

4. ,d U;kÕ; flDdk vkSj ,d vfHkur ikls dks mNkyk x;kA eku ysa A ?kVuk ̂ flDosQ ij fpr
izdV gksrk gS* vkSj B ?kVuk ̂ ikls ij la[;k 3 izdV gksrh gS* dks fu:fir djrs gSaA fujh{k.k
dhft, fd ?kVuk,¡ A vkSj B Lora=k gSa ;k ugha\

5. ,d ikls ij 1, 2, 3 yky jax ls vkSj 4, 5, 6 gjs jax ls fy[ks x, gSaA bl ikls dks mNkyk
x;kA eku ysa A ?kVuk ^la[;k le gS* vkSj B ?kVuk ^la[;k yky jax ls fy[kh xbZ gS*] dks
fu:fir djrs gSaA D;k A vkSj B Lora=k gSa\

6. eku ysa  E rFkk F nks ?kVuk,¡ bl izdkj gSa fd P(E) 
3

5
= , P (F) 

3

10
=  vkSj P (E ∩ F) = 

1

5
rc

D;k E rFkk F Lora=k gSa ?

7. A vkSj B ,slh ?kVuk,¡ nh xbZ gSa tgk¡ ( ) 1
P A =

2
, P (A ∪ B) 

3
=

5
 rFkk P(B) = p.

p  dk eku Kkr dhft, ;fn (i) ?kVuk,¡ ijLij viothZ gSaA (ii) ?kVuk,¡ Lora=k gSaA

8. eku ysa A vkSj B Lora=k ?kVuk,¡ gSa rFkk P(A) = 0.3  vkSj P(B) = 0.4. rc

(i) P (A ∩ B) (ii) P (A ∪ B)

(iii) P(A|B) (iv) ( )P B | A Kkr dhft,A

9. nh xbZ ?kVuk,¡ A vkSj B ,slh gSa] tgk¡ P(A) 
1

4
= ,  P (B) = 

1

2
 vkSj P(A ∩ B) = 

1

8
 rc

P(A&ugha vkSj B&ugha) Kkr dhft,A

10. eku ysa A rFkk B Lora=k ?kVuk,¡ gSa vkSj P(A) = 
1

2
 rFkk P(B) = 

7

12
 vkSj  P (A&ugha vkSj

B&ugha) 
1

4
= . D;k A vkSj B Lora=k ?kVuk,¡ gSa\

11. A vkSj B Lora=k ?kVuk,¡ nh xbZ gSa tgk¡  P(A) = 0.3,  P(B)  =  0.6 rks

(i) P(A vkSj B) (ii) P(A vkSj B&ugha)

  (iii) P(A ;k B) (iv) P(A vkSj B esa dksbZ Hkh ugha) dk eku Kkr dhft,A

12. ,d ikls dks rhu ckj mNkyk tkrk gS rks de ls de ,d ckj fo"ke la[;k izkIr gksus dh
izkf;drk Kkr dhft,A

13. nks xsan ,d ckWDl ls fcuk izfrLFkkfir fd, fudkyh tkrh gSA ckWDl esa 10 dkyh vkSj 8
yky xsnsa gSa rks izkf;drk Kkr dhft, (i) nksuksa xsansaa yky gksa (ii) izFke dkyh ,oa nwljh yky
gks (iii) ,d dkyh rFkk nwljh yky gksA
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14. ,d fo'ks"k leL;k dks A vkSj B }kjk Lora=k :i ls gy djus dh izkf;drk,¡ Øe'k% 
1

2
 vkSj

1

3
 gSaA ;fn nksuksa] Lora=k :i ls] leL;k gy djus dk iz;kl djrs gSa] rks izkf;drk Kkr

dhft, fd

(i) leL;k gy gks tkrh gS

(ii) muesa ls rF;r% dksbZ ,d leL;k gy dj ysrk gSA

15. rk'k osQ 52 iÙkksa dh ,d lqfefJr xM~Mh ls ,d iÙkk ;kǹPN;k fudkyk tkrk gSA fuEufyf[kr
esa ls fdu n'kkvksa esa ?kVuk,¡  E vkSj F Lora=k gSa?

(i) E : ‘fudkyk x;k iÙkk gqoqQe dk gS’

F : ‘fudkyk x;k iÙkk bDdk gS’

(ii) E : ‘fudkyk x;k iÙkk dkys jax dk gS’

F : ‘fudkyk x;k iÙkk ,d ckn'kkg gS’

(iii) E : ‘fudkyk x;k iÙkk ,d ckn'kkg ;k ,d csxe gS’

F : ‘fudkyk x;k iÙkk ,d csxe ;k ,d xqyke gS’

16. ,d Nk=kkokl esa 60% fo|kFkhZ ̄ gnh dk] 40% vaxzs”kh dk vkSj 20% nksuksa v[kckj i<+rs gSaA
,d Nk=kk dks ;kn`PN;k pquk tkrk gSA

(a) izkf;drk Kkr dhft, fd og u rks ¯gnh vkSj u gh vaxzs”kh dk v[kckj i<+rh gSA

(b) ;fn og ¯gnh dk v[kckj i<+rh gS rks mlosQ vaxzs”kh dk v[kckj Hkh i<+us okyh gksus
dh izkf;drk Kkr dhft,A

(c) ;fn og vaxzs”kh dk v[kckj i<+rh gS rks mlosQ ¯gnh dk v[kckj Hkh i<+us okyh gksus
dh izkf;drk Kkr dhft,A

17. ;fn iklksa dk ,d tksM+k mNkyk tkrk gS rks izR;sd ikls ij le vHkkT; la[;k izkIr djus
dh izkf;drk fuEufyf[kr esa ls D;k gS\

(A) 0 (B)
1

3
(C)

1

12
(D)

1

36

18. nks ?kVukvksa A vkSj B dks ijLij Lora=k dgrs gSa] ;fn

(A) A vkSj B ijLij viothZ gSa (B) P(A′B′) = [1–P(A)][1–P(B)]

(C) P(A) = P(B) (D) P(A) + P(B) = 1
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13.5  cs”k&izes; (Bayes' Theorem)

eku yhft, fd nks FkSys I vkSj II fn, x, gSaA Fksyk I esa 2 li+ sQn vkSj 3 yky xsansaa gSaA vkSj FkSyk
II esa 4 li+ sQn vkSj 5 yky xsansaa gSaA fdlh ,d FkSys esa ls ,d xsan ;kn`PN;k fudkyh tkrh gSA ge

fdlh ,d FkSys dks pquus dh izkf;drk 
1

2
  Kkr dj ldrs gSa ;k fdlh fo'ks"k FkSys (eku ysa FkSyk I)

esa ls ,d fo'ks"k jax (eku ysa li+ sQn) xsan dks fudkyus dh izkf;drk Hkh Kkr dj ldrs gSaA vU;
'kCnksa esa ge fdlh fo'ks"k jax dh xsan fudkyus dh izkf;drk Kkr dj ldrs gSa] ;fn gesa ;g fn;k
x;k gks fd xsan dkSu&ls FkSys ls fudkyh xbZ gSA ysfdu D;k ge bl ckr dh izkf;drk Kkr dj
ldrs gSa fd xsan fdlh fo'ks"k FkSys (eku ysa FkSyk&II) ls fudkyh xbZ gS ;fn gesa fudkyh xbZ xsan
dk jax irk gS\ ;gk¡ gesa FkSyk&II osQ  pquus dh izfrykse (reverse)izkf;drk Kkr djuh gS tcfd
blosQ ckn gksus okyh ?kVuk dk gesa Kku gSA izfl¼ xf.krK tkWu cs”k us izfrykse izkf;drk Kkr djus
dh leL;k dk lek/ku lizfrca/ izkf;drk osQ mi;ksx }kjk fd;k gSA muosQ }kjk cuk;k x;k lw=k
^cs”k&izes;* osQ uke ls tkuk tkrk gS tks mudh e`R;ksijkar 1763 esa izdkf'kr gqvk FkkA cs”k&izes;
osQ dFku o izek.k ls iwoZ vkb, ,d ifjHkk"kk vkSj oqQN izkjafHkd ifj.kkeksa ij fopkj dhft,A

13.5.1  ,d izfrn'kZ lef"V dk foHkktu (Partition of a sample space)

?kVukvksa E
1
, E

2
 ... E

n
 osQ leqPp; dks izfrn'kZ lef"V S osQ foHkktu dks fu:fir djrk gS ;fn

(a) E
i
 ∩ E

j
 = φ, i ≠ j, i, j = 1, 2, 3, ...n

(b) E
1
 ∪ Ε2 ∪...∪ E

n
= S rFkk

(c) P(E
i
) > 0, izR;sd i = 1, 2, ..., n osQ fy,

nwljs 'kCnksa esa] ?kVuk,¡ E
1
, Ε

2
, ... E

n 
izfrn'kZ lef"V S osQ foHkktu dks fu:fir djrh gSa ;fn

os ;qXer% vla;qDr gSa] lexz gS rFkk mudh izkf;drk 'kwU;srj gSA

mnkgj.kr% ge ns[krs gSa fd dksbZ ?kVuk E vkSj mldh iwjd ?kVuk E′ izfrn'kZ lef"V S dk
foHkktu gS D;ksafd E ∩ E′ = φ vkSj E ∪ E′ = S.

osu&vkjs[k fp=k 13.3, ls ge vklkuh ls izs{k.k dj ldrs gSa fd ;fn E vkSj F fdlh izfrn'kZ
lef"V S, osQ laxr dksbZ nks ?kVuk,¡ gSa] rks {E ∩ F, E ∩ F′} leqPp; E dk ,d foHkktu gSA

leqPp; {E′ ∩ F, E ∩ F, E ∩ F′} leqPp; E ∪ F dk ,d foHkktu gS vkSj leqPp;
{E ∩ F′, E ∩ F, E′ ∩ F, E′ ∩ F′} laiw.kZ izfrn'kZ S dk ,d foHkktu gSA

vc ge laiw.kZ izkf;drk dh izes; dks fl¼ djsaxsA

13.5.2  laiw.kZ izkf;drk dh izes; (Theorem of Total Probability)

eku ysa  {E
1
, E

2
,...,E

n
}  izfrn'kZ lef"V S, dk ,d foHkktu gS vkSj eku ysa fd izR;sd

?kVuk E
1
, E

2
 ,...,E

n
 dh izkf;drk 'kwU;sÙkj gSA eku yhft, A izfrn'kZ lef"V osQ laxr ,d
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?kVuk gS] rc,

P(A) = P(E
1
)  P(A|E

1
) +  P(E

2
)  P(A|E

2
) + ... + P(E

n
) P(A|E

n
)

= P(E ) P(A | E )j j

j

n

=
∑

1

miifÙk  fn;k x;k gS fd E
1
, E

2
, ..., E

n
 izfrn'kZ lef"V S dk ,d foHkktu gS (fp=k 13-4) blfy,]

S = E
1
 ∪ E

2 
∪ ... ∪ E

n
  ... (1)

vkSj E
i
 ∩ E

j
 = φ ∀ i ≠ j, i, j = 1, 2, ...., n

gesa Kkr gS fd fdlh ?kVuk A, osQ fy,
A = A ∩ S

= A ∩ (E
1
 ∪ E

2
 ... E

n
)

= (A ∩ E
1
) ∪ (A ∩ E

2
) ∪ ...∪ (A ∩ E

n
)

lkFk gh A ∩ E
i
, vkSj A ∩ E

j
, Øe'k% leqPp;ks E

i
 vkSj E

j
 osQ mileqPp; gSa tks i j≠ , osQ fy,

vla;qDr gS blfy, i ≠ j,  i, j = 1, 2 ..., n osQ fy, A  ∩ E
i
 vkSj A ∩E

j
  Hkh vla;qDr gSaA

blfy, P(A) = P[(A ∩ E
1
) ∪ (A ∩ E

2
) ∪ .....∪ (A ∩ E

n
)]

= P(A ∩ E
1
) + P(A ∩ E

2
) + ... + P(A ∩ E

n
)

vc P(A ∩ E
i
) = P(E

i
) P(A|E

i
) D;ksafd P (E

i
) ≠ 0∀i = 1,2,..., n

izkf;drk osQ xq.ku fu;e }kjk ge tkurs gSa fd
blfy, P(A) = P(E

1
) P(A|E

1
) + P(E

2
) P(A|E

2
) + ... + P(E

n
) P(A|E

n
)

;k P(A) = P(E ) P(A | E )j j

j

n

=
∑

1

mnkgj.k 15  fdlh O;fDr us ,d fuekZ.k dk;Z dk Bsdk fy;k gSA gM+rky gksus dh izkf;drk
0-65 gSA gM+rky u gksus dh rFkk gM+rky gksus dh fLFkfr;ksa esa fuekZ.k dk;Z osQ le;kuqlkj iw.kZ
gksus dh izkf;drk,¡ Øe'k% 0-80 rFkk 0-32 gSaA fuekZ.k dk;Z osQ le;kuqlkj iw.kZ gksus dh izkf;drk
Kkr dhft,A

gy  eku yhft, fd ^fuekZ.k dk;Z osQ le;kuqlkj iw.kZ gksus* dh ?kVuk dks A vkSj ^gM+rky gksus*
dh ?kVuk dks B }kjk fu:fir fd;k tkrk gSA gesa P(A) Kkr djuk gSA gesa Kkr gS fd

P(B) = 0.65, P (gM+rky ugha) = P(B′) = 1 − P(B) = 1 − 0.65 = 0.35

P(A | B) = 0.32, P(A | B′) = 0.80

D;ksafd ?kVuk,¡ B vkSj B′ lef"V leqPp; osQ foHkktu gSa blfy, laiw.kZ izkf;drk izes; }kjk
= P(B) . P(A | B) + P(B′) P(A | B′)

vko`Qfr 13.4
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= 0.65 × 0.32 + 0.35 × 0.8

= 0.208 + 0.28 = 0.488

vr% fuekZ.k dk;Z le;kuqlkj iw.kZ gksus dh izkf;drk 0-488 gSA

vc ge cs”k&izes; dk izdFku djsaxs rFkk bls fl¼ djsaxsA

cs”k&izes;  (Bayes' Theorem) ;fn E
1
, E

2
 ,..., E

n
 vfjDr ?kVuk,¡ gSa tks fd izfrn'kZ lef"V S

osQ foHkktu dk fuekZ.k djrh gSa vFkkZr~~ E
1
, E

2
 ,...., E

n
 ;qXer% vla;qDr gSa vkSj E

1
∪ E

2
∪ ,..., ∪

E
n
 = S vkSj A dksbZ ,slh ?kVuk gS ftldh izkf;drk 'kwU;srj gS] rks

P(E
i
|A) =

1

P(E ) P(A|E )
,   1, 2, 3, ..., 

P(E ) P (A | E )

i i

n

j j

j

i n

=

=

 

miifÙk  gesa Kkr gS fd

P(E
i
|A) =

P(A E )

P(A)

i∩

=
P(E )P(A|E )

P(A)

i i
(izkf;drk osQ xq.ku fu;e ls)

=

1

P(E ) P(A|E )

P(E ) P(A|E )

i i

n

j j

j=
 

(laiw.kZ izkf;drk osQ fu;e ls)

fVIi.kh  cs”k&izes; osQ vuqiz;ksx esa fuEufyf[kr 'kCnkoyh dk mi;ksx djrs gSa
?kVukvksa E

1
, E

2
, ... E

n
 dks ifjdYiuk,¡ (hypotheses)dgrs gSaA

P(E
i
) dks ifjdYiuk E

i 
dh iwoZdkyhu (a priori) izkf;drk dgrs gSaA lizfrca/ izkf;drk

P(E
i
A) dks ifjdYiuk E

i
 dh mÙkjdkyhu (a posteriori) izkf;drk dgrs gSaA

cs”k izes; dks ^dkj.kksa* dh izkf;drk dk lw=k Hkh dgk tkrk gSA D;ksafd E
i
 izfrn'kZ lef"V S

osQ ,d foHkktu dk fuekZ.k djrs gSa blfy, ?kVukvksa E
i
 esa ls ,d le; esa ,d vkSj osQoy

,d gh ?kfVr gksrh gS (vFkkZr~~ E
i
 esa ls osQoy ,d gh ?kVuk ?kVrh gS vkSj ,d ls vf/d ugha ?kV

ldrh gS) vr% mijksDr lw=k gesa fdlh fo'ks"k E
i
 (vFkkZr~~ ,d dkj.k)dh izkf;drk nsrk gS tcfd

?kVuk A dk ?kfVr gksuk fn;k x;k gSA

cs”k&izes; dh fofo/ ifjfLFkfr;ksa esa mi;ksfxrk gSA buesa ls oqQN dks fuEufyf[kr mnkgj.kksa esa
Li"V fd;k x;k gSA
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mnkgj.k 16  nks FkSys I vkSj II  fn, gSaA FkSys I esa 3 yky vkSj 4 dkyh xsansaa gSa tc fd FkSys II

esa 5 yky vkSj 6 dkyh xsansaa gSaA fdlh ,d FkSys esa ls ;kn`PN;k ,d xsan fudkyh xbZ gS tks fd
yky jax dh gSA bl ckr dh D;k izkf;drk gS fd ;g xsan FkSys II ls fudkyh xbZ gS\
gy  FkSys I dk p;u gksuk dks E

1
 ls vkSj FkSys II osQ p;u dks E

2
 eku yhft,A eku yhft, fd

yky jax dh xsan fudyus dh ?kVuk dks A ls fu:fir djrs gSaA

rc P(E
1
) = P(E

2
) = 

1

2

lkFk gh P(A|E
1
) = P(FkSys I esa ls yky jax dh xsan fudkyuk) = 

3

7

vkSj P(A|E
2
) = P(FkSys II esa ls yky jax dh xsan fudkyuk) = 

5

11

vc FkSys II es a ls xs an fudkyus dh izkf;drk] tc fd ;g Kkr gS fd og yky jax
dh gS = P(E

2
|A), cs”k&izes; }kjk

P(E
2
|A) =

2 2

1 1 2 2

P(E )P(A | E )

P(E )P (A | E )+P(E )P(A | E )
 

1 5
352 11

1 3 1 5 68

2 7 2 11

×
= =

× + ×

mnkgj.k 17  rhu vfHkUu fMCcs I, II vkSj III fn, x, gSa tgk¡ izR;sd esa nks flDosQ gSaA fMCcs I esa
nksuksa flDosQ lksus osQ gS] fMCcs II esa nksuksa flDosQ pk¡nh osQ gSa vkSj fMCcs III esa ,d lksus vkSj ,d
pk¡nh dk flDdk gSA ,d O;fDr ;kn`PN;k ,d fMCck pqurk gS vkSj mlesa ls ;kn`PN;k ,d flDdk
fudkyrk gSA ;fn flDdk lksus dk gS] rks bl ckr dh D;k izkf;drk gS fd fMCcs esa nwljk flDdk
Hkh lksus dk gh gS\

gy  eku ysa E
1
, E

2
 vkSj E

3
 Øe'k% fMCcs I, II vkSj III osQ p;u dks fu:fir djrs gSa

rc P(E
1
) = P(E

2
) = P(E

3
) = 

1

3

lkFk gh eku ysa A ?kVuk ^fudkyk x;k flDdk lksus dk gS* dks n'kkZrk gSA

rc P(A|E
1
) = P(fMCcs I ls lksus dk flDdk fudyuk) = 

2

2
 = 1

P(A|E
2
) = P(fMCcs II ls lksus dk ,d flDdk fudyuk) = 0

P(A|E
3
) = P(fMCcs III ls lksus dk flDdk fudyuk) = 

1

2
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vc fMCcs esa nwljk flDdk Hkh lksus dk gksus dh izkf;drk

=  fudkyk x;k lksus dk flDdk fMCcs I ls gksus dh izkf;drk
= P(E

1
|A)

vc cs”k&izes; }kjk

P(E
1
|A) =

1 1

1 1 2 2 3 3

P(E )P(A|E )

P(E )PA|E )+ P(E )P(A|E )+ P(E )P(A|E )

=

1
1

23
1 1 1 1 3

1 0
3 3 3 2

×
=

× + × + ×

mnkgj.k 18  eku ysa fd ,d ,p-vkbZ-oh- ijh{k.k dh fo'oluh;rk fuEufyf[kr izdkj ls fufnZ"V
dh xbZ gSA

,p-vkbZ-oh- iksthfVo O;fDr;ksa osQ fy, ijh{k.k 90% irk yxkus esa vkSj 10% irk u yxkus
esa l{ke gSA ,p-vkbZ-oh- ls Lora=k O;fDr;ksa osQ fy, ijh{k.k] 99% lgh irk yxkrk gS ;kuh ,p-
vkbZ-oh usxsfVo crkrk gS tcfd 1% ijhf{kr O;fDr;ksa osQ fy, ,p-vkbZ-oh- iksthfVo crkrk gSA ,d
cM+h tula[;k] ftlesa 0.1% O;fDr ,p-vkbZ-oh- xzLr gS] esa ls ,d O;fDr ;kn`PN;k pquk tkrk gS
vkSj ml dk ijh{k.k fd;k tkus ij jksxfoKkuh ,p-vkbZ-oh- dh mifLFkfr crkrk gSA D;k izkf;drk
gS fd og O;fDr okLro esa ,p-vkbZ-oh- (iksthfVo) gS\

gy  eku ysa E pqus x, O;fDr osQ okLro esa ,p-vkbZ-oh- iksthfVo gksus dh ?kVuk vkSj A O;fDr osQ
,p-vkbZ-oh- ijh{k.k esa iksthfVo gksus dh ?kVuk dks n'kkZrs gSaA gesa P(E|A) Kkr djuk gSA

lkFk gh E′ pqus x, O;fDr osQ ,p-vkbZ-oh- iksthfVo u gksus dh ?kVuk dks n'kkZrk gSA

Li"Vr;k {E, E′} tula[;k esa lHkh O;fDr;ksa osQ izfrn'kZ lef"V dk ,d foHkktu gSA gesa Kkr gS

P(E) = 0.1% 
0.1

0.001
100

= =

P(E′) = 1 – P (E) = 0.999

P(A| E) = P (O;fDr dk ijh{k.k esa ,p-vkbZ-oh- iksthfVo n'kkZuk tcfd fn;k x;k gS fd og

okLro esa ,p-vkbZ-oh- iksthfVo gS) = 90% = 
9

0.9
10

=

vkSj P(A|E′) = P (O;fDr dk ijh{k.k esa ,p-vkbZ-oh- iksthfVo n'kkZuk tc fd fn;k x;k gS fd
og okLro esa ,p-vkbZ-oh- iksthfVo ugha gS) = 1% = 0.01
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vc cs”k&izes; }kjk

P(E|A) =
P(E)P(A|E)

P(E)P(A|E)+P(E )P(A | E )′ ′

=
0.001 0.9 90

0.001 0.9 0.999 0.01 1089

×
=

× + ×
 = 0.083 (yxHkx)

vr% ,d ;kn`PN;k pqus x, O;fDr osQ okLro esa ,p-vkbZ-oh- iksthfVo gksus dh izkf;drk tc
fd Kkr gS fd mldk ,p-vkbZ-oh- ijh{k.k iksthfVo gS] 0.083 gSA

mnkgj.k 19  ,d cksYV cukus osQ dkj[+kkus esa e'khusa (;a=k) A, B vkSj C oqQy mRiknu dk Øe'k%
25%, 35% vkSj 40% cksYV cukrh gSaA bu e'khuksa osQ mRiknu dk Øe'k% 5] 4] vkSj 2 izfr'kr
Hkkx [kjkc (=kqfViw.kZ) gSaA cksYVksa osQ oqQy mRiknu esa ls ,d cksYV ;kn`PN;k fudkyk tkrk gS vkSj
og [kjkc ik;k tkrk gSA bldh D;k izkf;drk gS fd ;g cksYV e'khu B }kjk cuk;k x;k gS\

gy  eku fy;k fd ?kVuk,¡ B
1
, B

2
, B

3
 fuEu izdkj gS%

B
1
 : cksYV e'khu A }kjk cuk;k x;k gS

B
2
 : cksYV e'khu B }kjk cuk;k x;k gS

B
3
 : cksYV e'khu C }kjk cuk;k x;k gS

Li"V gS fd ?kVuk,¡  B
1
, B

2
, B

3
 ijLij viothZ vkSj ifjiw.kZ gSA eku fy;k fd ?kVuk E fuEu

izdkj gS% E cksYV [kjkc gSA

?kVuk E, ?kVukvksa B
1
 ;k B

2
 ;k B

3
 osQ lkFk ?kfVr gksrh gSA fn;k gS%

P(B
1
) = 25% = 0.25,  P (B

2
) = 0.35 vkSj  P(B

3
) = 0.40

iqu% P(E|B
1
) = cksYV osQ [kjkc gksus dh izkf;drk tc fd fn;k gks fd og e'khu B }kjk

fufeZr gS
= 5% = 0.05

blh izdkj P(E|B
2
) = 0.04,  P(E|B

3
) = 0.02

cs”k&izes; }kjk gesa Kkr gS fd

P(B
2
|E) =

2 2

1 1 2 2 3 3

P(B )P(E|B )

P(B )P(E|B )+P(B )P(E|B )+P(B )P(E+|B )

 =  
0.35 0.04

0.25 0.05 0.35 0.04 0.40 0.02

×
× + × + ×  

0.0140 28

0.0345 69
= =
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mnkgj.k 20  ,d MkWDVj dks ,d jksxh dks ns[kus vkuk gSA igys osQ vuqHkoksa ls ;g Kkr gS fd

mlosQ Vªsu] cl] LowQVj ;k fdlh vU; okgu ls vkus dh izkf;drk,¡ Øe'k%  
3 1 1 2

, ,
10 5 10 5

;k

gS ;fn og Vsªu] cl ;k LowQVj ls vkrk gS rks mlosQ nsj ls vkus dh izkf;drk,¡ Øe'k% 
1 1 1

, ,
4 3 12

;k

gS] ijarq fdlh vU; okgu ls vkus ij mls nsj ugha gksrh gSA ;fn og nsj ls vk;k] rks mlosQ Vsªu
ls vkus dh izkf;drk Kkr dhft,A

gy  eku yhft, fd ^MkWDVj osQ jksxh osQ ;gk¡ nsj ls vkus* dh ?kVuk E gSA ;fn MkWDVj osQ Vsªu]
cl] LowQVj ;k fdlh vU; okgu }kjk vkus dh ?kVuk,¡ Øe'k% T

1
, T

2
, T

3
, vkSj T

4
 gks] rks

P(T
1
) = 2 3 4

3 1 1 2
,P(T ) ,P(T )  P(T )

10 5 10 5
= = =vkjS (fn;k gS)

P(E|T
1
) = MkWDVj osQ Vsªu }kjk vkus ij nsj ls igq¡pus dh izkf;drk = 

1

4

blh izdkj,  P(E|T
2
) = 

1

3
, P (E|T

3
) = 

1

12
, P(E|T

4
) = 0, D;ksafd vU; okgu }kjk vkus ij mls

nsjh ugha gksrhA
vc cs”k&izes; }kjk
P(T

1
|E) = MkWDVj }kjk nsj ls vkus ij Vsªu }kjk vkus dh izkf;drk

=
1 1

1 1 2 2 3 3 4 4

P(T )P(E|T )

P(T )P(E|T )+ P(T )P(E|T )+ P(T )P(E|T )+ P(T )P(E|T )

=

3 1

10 4
3 1 1 1 1 1 2

0
10 4 5 3 10 12 5

×

× + × + × + ×
 

3 120 1

40 18 2
= × =

vr% vHkh"V izkf;drk 
1

2
gSA

mnkgj.k 21  ,d O;fDr osQ ckjs esa Kkr gS fd og 4 esa ls 3 ckj lR; cksyrk gSA og ,d ikls
dks mNkyrk gS vkSj crykrk gS fd ml ij vkus okyh la[;k 6 gSA bl dh izkf;drk Kkr dhft,
fd ikls ij vkus okyh la[;k okLro esa 6 gSA
gy  eku yhft, fd E] ^O;fDr }kjk ikls dks mNky dj ;g crkus dh fd ml ij vkus okyh
la[;k 6 gS* dh ?kVuk gSA eku yhft, fd S

1
] ikls ij la[;k 6 vkus dh ?kVuk vkSj S

2
 ikls ij

la[;k 6 ugha vkus dh ?kVuk gSaA rc

P(S
1
) = la[;k 6 vkus dh ?kVuk dh izkf;drk = 

1

6
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P(S
2
) = la[;k 6 ugha vkus dh ?kVuk dh izkf;drk = 

5

6

P(E|S
1
) = O;fDr }kjk ;g crkus ij fd ikls fd la[;k 6 vkbZ gS tcfd ikls ij vkus okyh

la[;k okLro esa 6 gS] dh izkf;drk

= O;fDr }kjk lR; cksyus dh izkf;drk = 
3

4

P(E|S
2
) = O;fDr }kjk ;g crkus ij fd ikls ij la[;k 6 vkbZ gS tcfd ikls ij vkus okyh

la[;k okLro esa 6 ugha gS] dh izkf;drk

= O;fDr }kjk lR; ugha cksyus dh izkf;drk 
3 1

1
4 4

= − =

vc cs”k&izes; }kjk
P(S

1
|E) = O;fDr }kjk ;g crkus dh izkf;drk fd la[;k 6 izdV gqbZ gS] tc okLro esa la[;k 6 gS

 =
1 1

1 1 2 2

P(S )P(E|S )

P(S )P(E|S )+P(S )P(E|S )
 = 

1 3

1 24 36 4
1 3 5 1 8 8 8

6 4 6 4

×
= × =

× × ×

vr% vHkh"V izkf;drk 
3

8
 gSA

,d ;kn`fPNd pj og iQyu gksrk gS ftldk izkar fdlh ;kn`fPNd ijh{k.k dk izfrn'kZ lef"V
gksrk gSA
mnkgj.k osQ fy,] vkb, ,d flDosQ dks nks ckj vuqØe esa mNkys tkus osQ ijh{k.k ij fopkj dhft,A
bl ijh{k.k dk izfrn'kZ lef"V gS%

S = {HH, HT, TH, TT}

;fn X, izkIr fprksa dh la[;k dks O;Dr djrk gS rks X ,d ;kǹfPNd pj gS vkSj izR;sd ifj.kke
osQ fy, bldk eku fuEu izdkj ls fn;k x;k gS%

X (HH) = 2, X (HT) = 1, X (TH) = 1, X (TT) = 0.

,d gh izfrn'kZ lef"V ij ,d ls vf/d ;kn`fPNd pj ifjHkkf"kr fd, tk ldrs gSaA mnkgj.k
osQ fy, eku ysa fd Y] izfrn'kZ lef"V S osQ izR;sd ifj.kke osQ fy, fprksa dh la[;k ls iVksa dh
la[;k osQ ?kVko dks O;Dr djrk gSA rc

Y (HH) = 2, Y (HT) = 0, Y (TH) = 0, Y (TT) = − 2.

vr% ,d izfrn'kZ lef"V S esa X vkSj Y nks fHkUu ;kn`fPNd pj ifjHkkf"kr fd, x, gaSA
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iz'ukoyh 13.3

1. ,d dy'k esa 5 yky vkSj 5 dkyh xsnsa gSaA ;kn`PN;k ,d xsan fudkyh tkrh gS] bldk jax
uksV djus osQ ckn iqu% dy'k esa j[k nh tkrh gSA iqu% fudkys x, jax dh 2 vfrfjDr xsansaa
dy'k esa j[k nh tkrh gS rFkk dy'k esa ls ,d xsan fudkyh tkrh gSA nwljh xsansaa dh yky
gksus dh izkf;drk D;k gS\

2. ,d FkSys esa 4 yky vkSj 4 dkyh xsansaa gSa vkSj ,d vU; FkSys esa 2 yky vkSj 6 dkyh xsansa
gSaA nksuksa FkSyksa esa ls ,d dks ;kn`PN;k pquk tkrk gS vkSj mlesa ,d xsan fudkyh tkrh gS tks
fd yky gSA bl ckr dh D;k izkf;drk gS fd xsan igys FkSys ls fudkyh xbZ gS\

3. ;g Kkr gS fd ,d egkfo|ky; osQ Nk=kksa esa ls 60% Nk=kkokl esa jgrs gSa vkSj 40% Nk=kkokl
esa ugha jgrs gSaA iwoZorhZ o"kZ osQ ifj.kke lwfpr djrs gSa fd Nk=kkokl esa jgus okys Nk=kksa esa
ls 30% vkSj Nk=kkokl esa u jgus okys Nk=kksa esa ls 20% Nk=kksa us A&xzsM fy;kA o"kZ osQ var
esa egkfo|ky; osQ ,d Nk=k dks ;kn`PN;k pquk x;k vkSj ;g ik;k x;k fd mls A-xzsM feyk
gSA bl ckr dh D;k izkf;drk gS fd og Nk=k Nk=kkokl es jgus okyk gS\

4.  ,d cgqfodYih iz'u dk mÙkj nsus esa ,d fo|kFkhZ ;k rks iz'u dk mÙkj tkurk gS ;k og

vuqeku yxkrk gSA eku ysa fd mlosQ mÙkj tkuus dh izkf;drk 
3

4
 gS vkSj vuqeku yxkus dh

izkf;drk
1

4
 gSA eku ysa fd Nk=k osQ iz'u osQ mÙkj dk vuqeku yxkus ij lgh mÙkj nsus dh

izkf;drk 
1

4
 gS rks bl ckr dh D;k izkf;drk gS fd dksbZ Nk=k iz'u dk mÙkj tkurk gS ;fn

;g Kkr gS fd mlus lgh mÙkj fn;k gS\

5. fdlh fo'ks"k jksx osQ lgh funku osQ fy, jDr dh tk¡p 99% vljnkj gS] tc okLro esa
jksxh ml jksx ls xzLr gksrk gSA ̄ drq 0.5% ckj fdlh LoLFk O;fDr dh jDr tk¡p djus ij
funku xyr fjiksVZ nsrk gS ;kuh O;fDr dks jksx ls xzLr crykrk gSA ;fn fdlh tuleqnk;
esa 0-1% yksx ml jksx ls xzLr gS rks D;k izkf;drk gS fd dksbZ ;kn`PN;k pquk x;k O;fDr
ml jksx ls xzLr gksxk ;fn mlosQ jDr dh tk¡p esa ;g crk;k tkrk gS fd mls ;g jksx gS\

6. rhu flDosQ fn, x, gSaA ,d flDosQ osQ nksuksa vksj fpr gh gSA nwljk flDdk vfHkur gS ftlesa
fpr 75% ckj izdV gksrk gS vkSj rhljk vufHkru flDdk gSA rhuksa esa ls ,d flDosQ dks
;kn`PN;k pquk x;k vkSj mls mNkyk x;k gSA ;fn flDosQ ij fpr izdV gks] rks D;k izkf;drk
gS fd og nksuksa fpr okyk flDdk gS\

7. ,d chek oaQiuh 2000 LowQVj pkydksa] 4000 dkj pkydksa vkSj 6000 Vªd pkydksa dk chek
djrh gSA nq?kZVukvksa dh izkf;drk,¡ Øe'k% 0-01] 0-03 vkSj 0-15 gSA cheko`Qr O;fDr;ksa
(pkydksa) esa ls ,d nq?kZVukxzLr gks tkrk gSA ml O;fDr osQ LowQVj pkyd gksus dh izkf;drk
D;k gS\
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8. ,d dkj[kkus esa A vkSj B nks e'khus yxh gSaA iwoZ fooj.k ls irk pyrk gS fd oqQy mRiknu
dk 60% e'khu A vkSj 40% e'khu B }kjk fd;k tkrk gSA blosQ vfrfjDr e'khu A dk 2%

vkSj e'khu B dk 1% mRiknu [kjkc gSA ;fn oqQy mRiknu dk ,d <sj cuk fy;k tkrk gS
vkSj ml <sj ls ;kn`PN;k fudkyh xbZ oLrq [kjkc gks] rks bl oLrq osQ ^e'khu A* }kjk cus
gksus dh izkf;drk D;k gksxh\

9. nks ny ,d fuxe osQ funs'kd eaMy esa LFkku ikus dh izfrLi/kZ esa gSaA igys rFkk nwljs ny
osQ thrus dh izkf;drk,¡ Øe'k% 0-6 rFkk 0-4 gSaA blosQ vfrfjDr ;fn igyk ny thrrk
gS rks ,d u, mRikn osQ izkjEHk gksus dh izkf;drk 0-7 gS vkSj ;fn nwljk ny thrrk gS rks
bl ckr dh laxr izkf;drk 0-3 gSA bldh izkf;drk Kkr dhft, fd u;k mRiknu nwljs ny
}kjk izkjEHk fd;k x;k FkkA

10. eku yhft, fd dksbZ yM+dh ,d iklk mNkyrh gSA ;fn mls 5 ;k 6 dh la[;k izkIr gksrh
gS rks og ,d flDosQ dks rhu ckj mNkyrh gS vkSj ^fprksa* dh la[;k uksV djrh gSA ;fn
mls 1] 2] 3 ;k 4 dh la[;k izkIr gksrh gS rks og ,d flDosQ dks ,d ckj mNkyrh gS vkSj
;g uksV djrh gS fd ml ij ̂ fpr* ;k ̂ iV* izkIr gqvkA ;fn mls Bhd ,d fpr izkIr gksrk
gS] rks mlosQ }kjk mNkys x, ikls ij 1] 2] 3 ;k 4 izkIr gksus dh izkf;drk D;k gS\

11. ,d O;kolkf;d fuekZrk osQ ikl A, B  rFkk C e'khu vkWijsVj gSaA izFke vkWijsVj A 1% [kjkc
lkexzh mRikfnr djrk gaS rFkk vkWijsVj B vkSj C Øe'k% 5% vkSj 7% [kjkc lkexzh mRikfnr
djrk gSA dk;Z ij A oqQy le; dk 50% yxkrk gS] B oqQy le; dk 30% rFkk C oqQy
le; dk 20% yxkrk gSA ;fn ,d [kjkc lkexzh mRikfnr gS rks bls A }kjk mRikfnr fd,
tkus dh izkf;drk D;k gS?

12. 52 rk'kksa dh xM~Mh ls ,d iÙkk [kks tkrk gSA 'ks"k iÙkksa ls nks iÙks fudkys tkrs gSa tks b±V osQ
iÙks gSaA [kks x, iÙks dh b±V gksus dh izkf;drk D;k gS\

13. A }kjk lR; cksyus dh izkf;drk 
4

5
 gSA ,d flDdk mNkyk tkrk gS rFkk A crkrk gS fd

fpr iznf'kZr gqvkA okLrfod :i esa fpr izdV gksus dh izkf;drk gS%

(A)
4

5
(B)

1

2
(C)

1

5
(D)

2

5

14. ;fn A vkSj B ,slh ?kVuk,¡ gSa fd A ⊂ B rFkk P(B) ≠ 0  rks fuEu esa ls dkSu Bhd gS%

(A)
P(B)

P(A | B)
P(A)

= (B) P(A|B) < P(A)

(C) P(A|B) ≥ P(A) (D) buesa ls dksbZ ugha
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fofo/ mnkgj.k

mnkgj.k 22  pkj fMCcksa esa jxhau xsansaa fuEu lkj.kh esa n'kkZ, x, rjg ls vkacfVr dh xbZ gS%

fMCck jax

 dkyk      lisQn       yky  uhyk

I 3 4 5 6

II 2 2 2 2

III 1 2 3 1

IV 4 3 1 5

,d fMCcs dks ;kn`PN;k pquk x;k vkSj fiQj mlesa ls ,d xsan fudkyh xbZA ;fn xsan dk jax dkyk
gS rks bldh D;k izkf;drk gS fd xsan dks fMCck& III ls fudkyk x;k gS?

gy  eku yhft, A, E
1
, E

2
, E

3
 vkSj E

4
 fuEu izdkj ls ifjHkkf"kr ?kVuk,¡ gSa%

A : ,d dkyh xsan dk fudyuk E
1
 : fMCck&I dk pquko

E
2

: fMCck&II dk pquko E
3
 : fMCck&III dk pquko

E
4

: fMCck&IV dk pquko

D;ksafd fMCcksa dks ;kn`PN;k pquk x;k gS]

blfy, P(E
1
) = P(E

2
) = P(E

3
) = P(E

4
) 

1

4
=

lkFk gh P(A|E
1
) =

3

18
, P (A|E

2
) = 

2

8
, P (A|E

3
) = 

1

7
 vkSj P (A|E

4
) = 

4

13

P(fMCck & III dk pquko] tc ;g Kkr gS fd dkyh xsan fudkyh xbZ gS)

= P(E
3
|A) cs”k&izes; ls

P(E
3
|A) =

3 3

1 1 2 2 3 3 4 4

P(E ).P(A|E )

P(E )P(A|E ) P(E )P(A|E )+P(E )P(A|E ) P(E )P(A|E )+ +

=

1 1

4 7 0.165
1 3 1 1 1 1 1 4

4 18 4 4 4 7 4 13

×
=

× + × + × + ×
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mnkgj.k 23  A vkSj B ckjh&ckjh ls ,d ikls dks mNkyrs gSa tc rd fd muesa ls dksbZ ,d ikls
ij N% izkIr dj [ksy dks thr ugha ysrkA ;fn A [ksy dks 'kq: djsa rks muosQ thrus dh Øe'k%
izkf;drk Kkr dhft,A

gy  eku yhft, S liQyrk (ikls ij 6 izdV gksuk) dks vkSj F vliQyrk (ikls ij 6 izdV u
gksuk) dks O;Dr djrs gSaA

vr% 1 5
P(S) , P(F)

6 6
= =

P(A osQ igyh mNky esa thruk)  = P(S) = 
1

6

A dks rhljh mNky dk volj rc feyrk gS tc  A igyh mNky esa vkSj  B nwljh mNky
esa vliQy gksrs gSaA blfy,

P(A dk rhljh mNky esa thruk) = P(FFS) = 
5 5 1

P(F)P(F)P(S)=
6 6 6

× × = 





×
5

6

1

6

2

blh izdkj P(A dk ik¡poha mNky esa thruk) = P (FFFFS) = 











5

6

1

6

4

vkSj blh izdkj vU; vr% P(A thruk) =
1

6

5

6

1

6

5

6

1

6

2 4

+ 











+ 











+ ...

 =

1

6
1 25

36

−  = 
6

11

P(B thruk) = 1 – P(A thruk) = 
6 5

1
11 11

− =

fVIi.kh  ;fn  a + ar + ar2 + ... + arn–1 + ..., tgk¡ r | < 1, rc bl vuar Js.kh dk ;ksx .
1

a

r−
(nsf[k, d{kk XI dh ikB~;iqLrd dk A.1.3)

mnkgj.k 24  ;fn ,d e'khu leqfpr <ax ls LFkkfir dh tkrh gS rks ;g 90% Lohdk;Z oLrq
mRikfnr djrh gSA ;fn ;g leqfpr <ax ls LFkkfir ugha dh tkrh gS rks ;g ek=k  40% Lohdk;Z
oLrq cukrh gSA iwoZ vuqHko ;g n'kkZrk gS fd e'khu LFkkiu 80% leqfpr gSA ;fn ,d fuf'pr
LFkkiu osQ ckn e'khu 2 Lohdk;Z oLrq mRikfnr djrh gS rks e'khu dh leqfpr <ax ls LFkkfir gksus
dh izkf;drk Kkr dhft,A
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gy  eku yhft, A ,d ?kVuk gS ftlesa ,d e'khu nks Lohdk;Z oLrqvksa dk mRiknu djrh gSA

lkFk gh eku yhft, B
1
 lgh dk;Z iz.kkyh dh ?kVuk dks iznf'Zkr djrk gS vkSj  B

2
 xyr dk;Z iz.kkyh

dh ?kVuk dks iznf'kZr djrk gSA

vc P(B
1
) = 0.8, P(B

2
) = 0.2

P(A|B
1
) = 0.9 × 0.9  vkSj  P(A|B

2
) =  0.4 × 0.4

blfy, P(B
1
|A) =

P(B ) P(A|B )

P(B ) P(A|B ) + P(B ) P(A|B )
1 1

1 1 2 2

=
0.8× 0.9 × 0.9 648

0.95
0.8× 0.9 × 0.9 + 0.2 × 0.4 × 0.4 680

= =

vè;k; 13 ij vk/kfjr fofo/ iz'ukoyh

1. A vkSj B bl izdkj ?kVuk,¡ gSa fd P (A) ≠ 0. P(B|A) Kkr dhft, ;fn
(i) A, leqPp; B dk mileqPp; gS (ii) A ∩ B = φ

2 . ,d naifr osQ nks cPps gSa
(i) nksuksa cPpksa osQ yM+dk gksus dh izkf;drk Kkr dhft, ;fn ;g Kkr gSa fd nksuksa cPpksa

esa ls de ls de ,d cPpk yM+dk gSA
(ii) nksuksa cPpksa osQ yM+dh gksus dh izkf;drk Kkr dhft, ;fn ;g Kkr gS fd cM+k cPpk

yM+dh gSA

3. dYiuk dhft, fd 5% iq#"kksa vkSj 0.25% efgykvksa osQ cky li+ sQn gSaA ,d li+ sQn ckyksa okys
O;fDr dks ;kn`fPNd pquk x;k gSA bl O;fDr osQ iq#"k gksus dh izkf;drk D;k gS\ ;g eku
ysa fd iq#"kksa vkSj efgykvksa dh la[;k leku gSA

4. eku yhft, fd 90% yksx nkfgus gkFk ls dke djus okys gSaA bldh izkf;drk D;k gS fd 10
yksxksa esa ls ;kǹPN;k pqus x, vf/d ls vf/d 6 yksx nkfgus gkFk ls dke djus okys gksa\

5. ;fn ,d yhi o"kZ dks ;kn`PN;k pquk x;k gks rks bldh D;k izkf;drk gS fd ml o"kZ esa 53
eaxyokj gksaxs\

6. eku yhft, gekjs ikl A, B, C vkSj D cDls gSa ftlesa j[kh laxejej dh yky] lisQn vkSj
dkyh VqdfM+;ksa dk fooj.k fuEu rjhosQ ls gS ;kn`PN;k ,d ckWDl pquk tkrk gS rFkk blls
,d VqdM+k fudkyk tkrk gSA ;fn VqdM+k yky gks rks bls ckWDl A_ ckWDl B] ckWDl C ls
fudkys tkus dh D;k izkf;drk gS\
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ckWDl laxejej dh VqdfM+;ksa dk jax

yky li+ sQn dkyk
A 1 6 3

B 6 2 2

C 8 1 1

D 0 6 4

7. eku yhft, fdlh jksxh dks fny dk nkSjk iM+us dk la;ksx 40% gSA ;g eku fy;k tkrk gS
fd è;ku vksj ;ksx fof/ fny dk nkSjk iM+us osQ [krjs dks 30% de dj nsrk gS vkSj nok
}kjk [krjs dks 25% de fd;k tk ldrk gSA fdlh Hkh le; jksxh bu nksuksa esa ls fdlh ,d
fodYi dk p;u djrk gSA ;g fn;k x;k gS fd mijksDr fodYiksa ls fdlh ,d dk pquko
djus okys jksfx;ksa ls ;kn`PN;k pquk x;k jksxh fny osQ nkSjs ls xzflr gks tkrk gSA jksxh }kjk
è;ku vkSj ;ksx fof/ dk mi;ksx fd, tkus dh izkf;drk Kkr dhft,A

8. ;fn 2 dksfV osQ ,d lkjf.kd osQ lHkh vo;o 'kwU; ;k ,d gks rks lkjf.kd dk /ukRed

eku gksus dh D;k izkf;drk gSaA (eku yhft, dh lkjf.kd osQ izR;sd vo;o Lora=k :i ls

pqus tk ldrs gSa rFkk izR;sd dh pqus tkus dh izkf;drk 
1

2
 gSA)

9. ,d bysDVªkWfud ,lsacyh osQ nks lgk;d fudk; A vkSj B gSaA iwoZorhZ fujh{k.k }kjk fuEu
izkf;drk,¡ Kkr gS%

P(A osQ vliQy gksus dh ) = 0.2

P(B osQ vosQys vliQy gksus dh ) = 0.15

P(A vkSj B osQ vliQy gksus dh ) = 0.15

rks] fuEu izkf;drk,¡ Kkr dhft,%

(i) P(A vliQy/B vliQy gks pqdh gks)

(ii) P(A osQ vosQys vliQy gksus dh )

10. FkSyk 1 esa 3 yky rFkk 4 dkyh xsansa gS rFkk FkSyk II esa 4 yky vkSj 5 dkyh xasnsa gSaA ,d
xsan dks FkSyk 1 ls FkSyk 2 esa LFkkukarfjr fd;k tkrk gS vkSj rc ,d xsan FkSyk 2 ls fudkyh
tkrh gSA fudkyh xbZ xsan yky jax dh gSA LFkkukarfjr xsan dh dkyh gksus dh izkf;drk Kkr
dhft,A

fuEufyf[kr iz'uksa esa lgh mÙkj dk pquko dhft,%

11. ;fn A vkSj B nks ,slh ?kVuk,¡ gS fd  P(A) ≠ 0 vkSj  P(B/ A) = 1, rc
(A) A ⊂ B (B) B ⊂ A (C) B = φ (D) A = φ
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12. ;fn P(A/B) > P(A), rc fuEu esa ls dkSu lgh gSA
(A) P(B|A) < P(B) (B) P(A ∩ B) < P(A) . P(B)

(C) P(B|A) > P(B) (D) P(B|A) = P(B)

13. ;fn  A vkSj B ,slh nks ?kVuk,¡ gaS fd

P(A) + P(B) – P(A vkSj  B) = P(A), rc
(A) P(B|A) = 1 (B) P(A|B) = 1

(C) P(B|A) = 0 (D) P(A|B) = 0

lkjka'k

bl vè;k; osQ eq[; ¯cnq fuEu izdkj ls gSa

® ?kVuk E dh lizfrca/ izkf;drk tc fd ?kVuk F nh xbZ gS] fuEu izdkj ls Kkr dh tkrh gS

P(E F)
P(E|F)

P(F)

∩
= , P (F) ≠ 0

® 0 ≤ P (E|F) ≤ 1, P (E′| F) = 1 – P (E|F)

P (E ∪ F|G) = P (E|G) + P (F|G) – P (E ∩ F|G)

® P (E ∩ F) = P (E) P (F|E), P (E) ≠ 0

;k P (E ∩ F) = P (F)  (E|F), P (F) ≠ 0

® ;fn E vkSj F Lora=k ?kVuk,¡ gSa rks
P (E ∩ F) = P (E) P (F)

vkSj P (E|F) = P (E), P (F) ≠ 0

P (F|E) = P (F), P(E) ≠ 0

® laiw.kZ izkf;drk dh izes;%
eku ysa {E

1
, E

2
, ...E

n
) izfrn'kZ lef"V S dk ,d foHkktu gS vkSj E

1
, E

2
, ...E

n
, esa

izR;sd dh izkf;drk 'kwU;sÙkj gSA lkFk gh A izfrn'kZ lef"V ls lacf/r ,d ?kVuk gS] rc
P(A) = P(E

1
) P (A|E

1
) + P (E

2
) P (A|E

2
) + ... + P (E

n
) P(A|E

n
)

® cs”k&izes;% ;fn E
1
, E

2
, ....E

n
 izfrn'kZ lef"V S osQ foHkktu dk fuekZ.k djrh gaS vFkkZr~~

E
1
, E

2
, ..., E

n
 ;qXer% vla;qDr gSa vkSj E

1 
4 E

2 
4 ...4 E

n
 = S vkSj A ,d 'kwU;srj

izkf;drk dh ?kVuk gS rc

i i

1

P(E ) P(A|E )
P(E |A)

P(E ) P (A|E )

i n

j j

j=

=
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 ,sfrgkfld uksV

,d ikls ij vk/kfjr [ksy esa izkf;drk (volj) osQ eki dk igyk lanHkZ nk¡rs osQ nSoh izglu
ij ,d O;k[;k esa feyrk gSA tsjuheksadkWjMu (1501&1576) us tq, osQ [ksy ij ,d foLr`r
fuca/ ftldk uke ̂ fycj Ms ywMks vydk,* fy[kk Fkk tks muosQ e`R;ksijkar 1663 esa izdkf'kr
gqvk FkkA bl fuca/ esa mUgksaus nks iklksa dks mNkyus ij izR;sd ?kVuk osQ vuqowQy ifj.kkeksa dh
la[;k osQ ckjs esa crk;k gSA xSfyfy;ks (1564&1642) us rhu iklksa osQ ,d [ksy esa la;ksx
osQ eki osQ laca/ esa vkdfLed fVIi.kh dh gSA xSfyfy;ks us fo'ys"k.k fd;k Fkk fd tc rhu
iklksa dks mNkyk tkrk gS rks izdV la[;kvksa osQ ;ksx dk 10 gksuk ;ksx 9 ls vf/d laHkkO;
gS D;ksafd ;ksx dks nl gksus osQ vuqowQy ifj.kkeksa dh la[;k ;ksx 9 osQ vuqowQy ifj.kkeksa dh
la[;k ls vf/d gSA

bl izkjafHkd ;ksxnku osQ vfrfjDr ;g lkekU;r% ekuk tkrk gS fd izkf;drk osQ foKku
dk izekf.kd mn~xe l=kgoha 'krkCnh osQ nks egku xf.krKksa ikWLdy (1623&1662) vkSj ihvjs
n~ i+QekZ (1601&1665) osQ eè; gq, i=k O;ogkj ls gqvk gSA ,d i+ zQakfllh tqvkjh 'ksosfy;j
Ms esjs us lSa¼kfrd roZQ vkSj tq, esa ,df=kr izs{k.kksa esa var£ojks/ dh O;k[;k osQ fy, ikWLdy
ls iwNkA bl iz'u osQ gy osQ fy, 1654 osQ bnZ&fxnZ ikWLdy vkSj i+QekZ osQ chp gq, i=k
O;ogkj dh  Ükà[kyk esa izkf;drk osQ foKku dh izFke uhao j[kh xbZA ikWLdy us leL;k dks
chtxf.krh; :i esa gy fd;k tcfd i+QekZ us lap; dh fof/;ksa dk mi;ksx fd;kA

egku gkySaM fuoklh oSKkfud átsu (1629&1695) dks ikWLdy vkSj i+QekZ osQ eè; gq,
i=k O;ogkj osQ ckjs esa tkudkjh feyh rks mUgksaus izkf;drk dh izFke iqLrd ̂ Ms jsf'k;ksflful
bu ywMks vyk;* dks izdkf'kr fd;k ftlesa la;ksx osQ [ksy esa izkf;drk ij cgqr lkjh jkspd
ysfdu dfBu leL;kvksa osQ gy izLrqr fd,A izkf;drk fl¼kar ij vxyk egku dk;Z tSdc
cjukSyh (1654&1705) us ,d iqLrd ^vklZ oaQtsdVsaMh* osQ :i esa fd;k tks muds
e`R;ksijkar muosQ Hkrhts fudkWyl cjukSyh us 1713 esa izdkf'kr dh FkhA mUgsa ,d egÙoiw.kZ
izkf;drk caVu ̂ f}in caVu* dh [kkst dk Js; Hkh tkrk gSA izkf;drk ij vxyk vkd"kZd dk;Z
^vczkge Ms eksfo;j (1667&1754) dh iqLrd ̂ n MkWfDVªu vkWiQ pkal* esa fo|eku gS ftls
1718 esa izdkf'kr fd;k x;k FkkA FkkWel cs”k (1702&1761) us muosQ uke ij izfl¼ izes;
^cs”k&izes;* dks O;qRiUu djus osQ fy, lizfrca/ izkf;drk dk mi;ksx fd;kA izfl¼
[kxksy'kkL=kh ^fi;js lkbeu Ms ykWiykl (1749&1827) us Hkh izkf;drk fl¼kar ij dk;Z
fd;k vkSj 1812 esa ,d iqLrd ̂ fFk;ksjh ,ukWfyfVd Msl izkscsfcfyfV”k* izdkf'kr dhA blosQ
ckn :lh xf.krKksa 'ksch'kso (1821&1894)] ekWjdkso (1856&1922)] ,- fy;kiksukso
(1821&1918) vkSj ,-,u- dkWYeksxzkso (1903&1987) us izkf;drk fl¼kar ij lkFkZd
;ksxnku fn;kA dkWYeksxzkso us izkf;drk dk leqPp; iQyu osQ :i esa lw=kikr fd;kA ftls 1933
esa izdkf'kr iqLrd ̂ izkf;drk dk vk/kjHkwr fl¼kar* esa izkf;drk osQ vfHkx`fgrh; n`f"Vdks.k
osQ uke ls tkuk tkrk gSA

—vvvvv—
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4.
31 1
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17. sec x – cosec x + C 18. tan x + C

19.
21

log tan tan C
2

x x+ + 20. log cos sin Cx x+ +

21.

2

C
2 2

x xπ
− + 22.
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5. dksfV 2; ?kkr 1 6. dksfV 3; ?kkr 2

7. dksfV 3; ?kkr 1 8. dksfV 1; ?kkr 1

9. dksfV 2; ?kkr 1 10. dksfV 2; ?kkr 1

11. D 12. A

iz'ukoyh 9-2

11. D 12. D

iz'ukoyh 9-3

1. 2 tan C
2

x
y x= − + 2. y = 2 sin (x + C)

3. y = 1 + Ae–x 4. tan tan Cx y =

5. y = log (ex + e–x) + C 6.

3
–1

tan = + C
3

x
y x +

7. y = ecx 8. x – 4 + y –4 = C

9. y = x sin–1x + 2
1– x + C 10. tan y = C ( 1 – ex)

11.

12.

2

2

1 1 1 3
log – log

2 2 4

x
y

x

 −
=  

 
13.

14. y = sec x 15. 2y – 1 = ex ( sin x – cos x)

16. y – x + 2 = log (x2 (y + 2)2) 17. y2 – x2 = 4
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18. (x + 4)2 = y + 3 19.

1

3(63 27)t +
20. 6.93% 21. Rs 1648

22.
2 2

11

10

log

log






23. A

iz'ukoyh 9-4

1.
2

( ) C

y

xx y x e

−

− = 2. log Cy x x x= +

3.
–1 2 21

tan log( ) C
2

y
x y

x

 = + + 
 

4. x2 + y2 = Cx

5.

1 2
log log C

2 2 2

x y
x

x y

+
= +

− 6. 2 2 2+ + Cy x y x=

7. xy cos 
y

x
 = C 8. 1 cos Csin

y y
x

x x

    − =    
    

9. cy = log 1
y

x
− 10. C

x

yye x+ =

11. log ( x2 + y2) + 2 tan–1 
y

x
 = 
π

log 2
2

+

12. y + 2x = 3x2 y 13. cot log
y

ex
x

 = 
 

14. cos log
y

ex
x

 = 
 

15.
2

( 0, )
1 log

x
y x x e

x
= ≠ ≠

−
16. C 17. D

iz'ukoyh 9-5

1. y = 
1

5
(2sin x – cos x) + C e–2x 2. y = e–2x + Ce–3x

3.

4

C
4

x
xy = + 4. y (sec x + tan x) = sec x + tan x – x + C

5. y = (tan x – 1) + Ce–tanx 6.

2
2

(4log 1) C
16

x
y x x

−= − +

7.
2

log (1 log ) Cy x x
x

−
= + + 8.

2 1 2 1=(1+ )  log sin C(1 )y x x x− −+ +
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9.

1 C
cot

sin
y x

x x x
= − + 10. (x + y + 1) = C ey

11.

2 C

3 y

y
x = + 12. x = 3y2 + Cy

13. y = cos x – 2 cos2 x 14. y (1 + x2) = tan–1 x – 
4

π

15. y = 4 sin3 x – 2 sin2 x 16. x + y + 1 = ex

17. y = 4 – x – 2 ex 18. C        19.  D

vè;k; 9 ij fofo/ iz'ukoyh

1. (i) dksfV 2; ?kkr 1 (ii) dksfV 1; ?kkr 3

(iii) dksfV 4; ?kkr ifjHkkf"kr ugha

4. sin–1y + sin–1x = C 6. cos y = 
sec

2

x

7. tan–1 y + tan–1(ex) = 
π

2
8. C

x

ye y= +

9. log – 1x y x y= + + 10.
2

(2 C)
x

y e x= +

11.

2
2 π

sin 2 (sin 0)
2

y x x x= − ≠ 12.

2 1
log , 1

1

x
y x

x

+
= ≠ −

+
13. C 14. C

15. C

iz'ukoyh 10-1

1. layXu vko`Qfr esa] lfn'k OP
����

 okafNr foLFkkiu dks fu:fir djrk gSA
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2. (i) vfn'k (ii) lfn'k (iii) vfn'k (iv) vfn'k (v) vfn'k
(vi) lfn'k

3. (i) vfn'k (ii) vfn'k (iii) lfn'k (iv) lfn'k (v) vfn'k

4. (i) lfn'k a
�

 vkSj b
�

 lg&vfne gSaA

(ii) lfn'k b
�

 vkSj d
��

 leku gSA
(iii) lfn'k a

�
 vkSj c

�
lajs[k gS ijarq leku ugha gSaA

5. (i) lR; (ii) vlR; (iii) vlR; (iv) vlR;

iz'ukoyh 10-2

1. 3, 62, 1a b c= = =
�� �

2. laHkkfor mÙkjksa dh la[;k vuar gSA
3. laHkkfor mÙkjksa dh la[;k vuar gSA

4. x = 2, y = 3 5. – 7 vkSj 6; ˆ7 6i j− vkSj

6. ˆˆ4 j k− − 7.
1 1 2 ˆˆ ˆ
6 6 6

i j k+ +

8 .
1 1 1 ˆˆ ˆ
3 3 3

i j k+ + 9.
1 1 ˆˆ
2 2

i k+

10.

40 8 16 ˆˆ ˆ
30 30 30

i j k− + 12.

1 2 3
, ,

14 14 14

13.
1 2 2

, ,
3 3 3

− − 15. (i)  
1 4 1 ˆˆ ˆ
3 3 3

i j k− + +    (ii)  ˆˆ3 3i k− +

16. ˆˆ ˆ3 2i j k+ + 18. (C) 19.  (B), (C), (D)

iz'ukoyh 10-3

1.
π

4
2. 3. 0

4.

60

114
6.

16 2 2 2
,

3 7 3 7
7.

22
6 11 . – 35a a b b+

� �� �

8. 1, 1a b= =
��

9. 13 10. 8
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12. lfn'k b
�

dksbZ Hkh lfn'k gks ldrk gSA 13.
3

2

−

14. dksbZ Hkh nks ½.ksrj vkSj ijLij yacor~ lfn'kksa a
�
vkSj b
�

dks yhft,

15. 18. (D)

iz'ukoyh 10-4

1. 19 2 2.
2 2 1 ˆˆ ˆ
3 3 3

i j k± ∓ ∓ 3.
π 1 1 1

; , ,
3 2 22

5.
27

3,
2

6. ;k 0 0a b= =
��

;k

8. ugha; dksbZ Hkh 'kwU;srj lajs[k lfn'kksa dks yhft,A

9.
61

2
10. 15 2 11. (B)        12.  (C)

vè;k; 10 ij fofo/ iz'ukoyh

1.
3 1ˆ ˆ

2 2
i j+

2.
2 2 2

2 1 2 1 2 1 2 1 2 1 2 1– , – , ; ( ) ( ) ( )x x y y z z x x y y z z− − + − + −

3.
5 3 3ˆ ˆ

2 2
i j

−
+

4. ugha; a
�

, b
�

 vkSj c
�

 dks f=kHkqt dh rhuksa Hkqtkvksa dks fu:fir djrs gq, yhft,A

5.
1

3
± 6.

3 10ˆ ˆ10
2 2

i j+ 7.
3 3 2 ˆˆ ˆ
22 22 22

i j k− +

8. 2 : 3 9. 3 a
�

 + 5 b
�

10.
1 ˆˆ ˆ(3 – 6 2 ); 11 5
7

i j k+

12.
1 ˆˆ ˆ(160 – 5 – 70 )
3

i j k 13. λ = 1 16. (B)

17. (D) 18. (C) 19. (B)



mÙkjekyk    463

iz'ukoyh 11-1

1.
1 1

0, ,
2 2

−
2.

1 1 1
, ,

3 3 3
± ± ± 3.

11

2
,

11

6
,

11

9 −−

5.
2 2 3 2 3 2 4 5 1

, , ; , , ; , ,
1717 17 17 17 17 42 42 42

− − − − − −

iz'ukoyh 11-2

4. ˆ ˆˆ ˆ ˆ ˆ2 3 (3 2 2 )r i j k i j k= + + + λ + −
 

 tgk¡ λ ,d okLrfod la[;k gSA

5. ˆ ˆˆ ˆ ˆ ˆ2 4 ( 2 )r i j k i j k= − + + λ + −
 vkSj dkrhZ; :i  

1

4

2

1

1

2

−
−

=
+

=
− zyx

 gSA

6.
6

5

5

4

3

2 +
=

−
=

+ zyx

7. ˆ ˆˆ ˆ ˆ ˆ(5 4 6 ) (3 7 2 )r i j k i j k= − + + λ + + 

8. (i) θ = 
1 19

cos
21

−  
 
 

, (ii) θ = 
1 8

cos
5 3

−  
  
 

9. (i) θ = 
1 26

cos
9 38

−  
  
 

(ii) θ = 
1 2

cos
3

−  
 
 

10.
70

11
p = 12.

3 2

2
13. 2 29

14.
3

19
15.

29

8

vè;k; 11 ij fofo/ iz'ukoyh

1. 90° 2.
1 0 0

x y z
= =

3.
10

7
k

−
= 4. 9

5. ˆ ˆˆ ˆ ˆ ˆ2 4 (2 3 6 )r i j k i j k= + − + λ + +
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iz'ukoyh 12-1

1. (0, 4) ij vf/dre  Z = 16

2. (4, 0) ij U;wure Z = – 12

3.
20

19

45

19
,





  ij vf/dre Z = 

235

19

4.  
3

2

1

2
,





  ij U;wure Z = 7

5. (4, 3) ij vf/dre Z = 18

6. (6, 0) vkSj (0, 3) dks feykus okyh js[kk [kaM ij fLFkr lHkh fcanqvksa ij U;wure Z = 6.

7. (60, 0) ij U;wure Z = 300;

(120, 0) vkSj  (60, 30) dks feykus okyh js[kk [kaM ij fLFkr lHkh fcanqvksa ij vf/dre
Z = 600;

8. (0, 50) vkSj (20, 40) dks feykus okyh js[kk[kaM ij fLFkr lHkh fcanqvksa ij U;wure Z = 100.

(0, 200) ij vf/dre Z = 400

9. Z dk dksbZ vf/dre eku ugha gSA

10. pw¡fd dksbZ lqlaxr {ks=k ugha gS vr% Z dk vf/dre eku ugha gSA

iz'ukoyh 13-1

1. ( ) ( )2 1
P E|F , P F|E

3 3
= = 2. ( ) 16

P A|B
25

=

3. (i) 0.32 (ii) 0.64 (iii) 0.98

4.
11

26

5. (i)
4

11
(ii)

4

5
(iii)

2

3

6. (i)
1

2
(ii)

3

7
(iii)

6

7

7. (i) 1 (ii) 0
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8.
1

6
9. 1 10. (a) 

1

3
,   (b) 

1

9

11. (i)
1

2
, 

1

3
(ii)

1

2
, 

2

3
(iii)

3

4
, 

1

4

12. (i)
1

2
(ii)

1

3
13.

5

9

14.
1

15
15. 0 16. C     17.   D

iz'ukoyh 13-2

1.
3

25
2.

25

102
3.

44

91

4. A vkSj B ijLij Lora=k gSaA 5. A vkSj B ijLij Lora=k ugha gSaA

6. E vkSj F ijLij Lora=k ugha gSaA

7. (i)
1

10
p = (ii)

1

5
p =

8. (i) 0.12 (ii) 0.58 (iii) 0.3 (iv)    0.4

9.
3

8
10. A vkSj B ijLij Lora=k ugha gSaA

11. (i) 0.18 (ii) 0.12 (iii) 0.72 (iv) 0.28

12.
7

8
13. (i) 

16

81
, (ii) 

20

81
, (iii) 

40

81

14. (i) 
2

3
, (ii) 

1

2
15. (i) , (ii) 16. (a) 

1

5
, (b) 

1

3
, (c) 

1

2

17. D 18. B

iz'ukoyh 13-3

1.
1

2
2.

2

3
3.

9

13
4.

12

13
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5.
22

133
6.

4

9
7.

1

52
8.

1

4

9.
2

9
10.

8

11
11.

5

34
12.

11

50

13. A 14. C

vè;k; 13 ij fofo/ iz'ukoyh

1. (i) 1 (ii) 0

2. (i)
1

3
(ii)

1

2

3.
20

21
4.

5.
2

7
6.

1 2 8
, ,

15 5 15
7.

14

29

8.
3

16
9. (i) 0.5 (ii) 0.05 10.

16

31

11. A 12. C 13. B
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