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FOREWORD

Punjab School Education Board, has been continuously engaged in
preparation and review of syllabi and text books. In today’s scenario. imparting
right education to students is the Joint responsibility of teachers as well as parents.
With a view to carry oul entrusted responsibility, some important changes pertaiming
to present day educational requirements have been made in texthoolks and syllabus
in accordance with NCF 2005.

Mathematics has an important place in school curriculovm and a good
textboolk s the first requisite 1o achieve desired learning outcomes. Therefore. the
content matter of mathematics-IX has been so arranged so as to develop reasoning
power of the students and to enhance their understanding of the subject. Graded
questions and exercises have been given to suit the mental level of the students.
This book is prepared by NCERT, New Delhi for class TX and is being published
by Punjab School Education Board, with the permission of NCERT, New Delhi.

Every effort has been made to make the book useful for students as well as
for the teachers. However, constructive suggestion for its further improvement
would be gratefully acknowledge.

Chairman
Punjab School Education Board
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NUMBER SYSTEMS

1.1 Introduction

In your earlier classes, you have learnt about the number line and how to represent
various tvpes of oumbers on 1t (see Fig. 1.1).

&
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Fig. 1.1 : The number line

Just imagine vou start from zero and go on walking along this number line in the

positive direction. As far as your eyes can see. there are numbers, numbers and
numbers!

A

v

Fig. 1.2

Now suppose you start walking along the number line, and collecting some of the
numbers. Gel a bag ready to store them!
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You mught begin with picking up only natural
numbers like 1, 2, 3, and 50 on. You know that this list
goes on for ever. (Why is this true?) So, now vour
bag containg infinitely many natural nombers! Recall
that we denote this collection by the svmbaol N.

Now turn and walk all the way back. pick up
zero and put it into the bag. You now have the
collection of whole numbers which is denoted by
the symbaol W,

Now, stretching in front of you are many, many negative integers. Put all the
negative integers into your bag. What is your new collection? Recall that it is the
collection of all infegery, and it i3 denoted by the symbol Z.

. comes from the

Avre there some numbers still lefl on the line? OF course! There are numbers like
1 3 —2005

Ao toreven

2 4 2006

. IFyou put all such numbers also into the bag, it will now be the
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eollection of rational numbers. The collection of rational numbers is denoted by Q.
‘Rational’ comes from the word ‘ratio’, and {) comes from the word ‘quotient’.

You may recall the definition of rational numbers:

A number 'r' is called a raronal number, if il can be written in the form E,

9
where p and ¢ are iniegers and ¢ # 0. (Why do we insist that g # 07)

Notice that all the numbers now in the bag can be written in the form -‘E- , where p

25
and ¢ are integers and g+ (. For example, =25 can be written a8 ——: here p =-23

1

and g = 1. Therefore, the rational numbers also include the natural numbers, whole
numbers and integers.

You also know that the rational numbers do not have a unigue representation in

the form £ . where pand g are integers and g # (. For example. s = % = -l = &
q 2 4 20 50

4
VR and so0 on. These are equivalent rational numbers (or fractions). However,

when we say (hat rg- is a rational number, or when we represent g- on the number
ling, we assume that ¢ # 0 and that p and ¢ have no common factors other than |
(that is, p and g are co-prime). S0, on the number line, among the infinitely many

fractions equivalent to <, we will choose — to represent all of them.

2 2
Now, let us solve some examples about the dilferem types of numbers, which you

have studied in earlier classes,

Example 1 : Are the following statements true or [alse? Give reasons for your answers.
(i)  Every whole number is a natwral number.

(i) Every integer is a rational number,

(iii) Every rational number is an integer.

Solution : (i) False, because zero is a whole number but not a natoral number,

]
(i) True, hecanse every integer m can be expressed in the form 1 and so iti= a
rational number.



MATIEMATICS

B

3
i) False, becaose E is not an inleger.

Example 2 : Find five rational numbers between | and 2.
‘We can approach this problem in at least two ways.

Solution 1 : Recall that to find a rational number hetween r and £, vou can add r and

r+s
5 and divide the sum by 2, that is lies between r and 5. So, E 15 a number

between | and 2. You can proceed in this manner to find four more rational numbers

511 13 7

between 1 and 2. These four numbers are — 1 E 3 — N :1_

Solution 2 : The other option is 1o [ind all the five rational numbers in one step. Since
we want five numbers, we write [ and 2 as rational numbers with denominator 5 + 1,

1= Eandz _12 . Then Iw{:lcthl.;Ir H 9 1[} d—l all rational
ie,l1= 6 6 VU can ¢ a 5" 6 ﬁ ﬁ an 6 are IO
bers be | and 2. So, the fi b : 4 > Sﬁﬂdll
o ; b Yooy R ¥ o
numbers een | an o, the five numbers are ﬁ 3 23 6

Remaari : Notice that in Example 2, you were asked to find five rational numbers
between 1 and 2. But, you must have realised that in fact there are infinitely many
rational numbers between 1 and 2. In general, there are infinitely many rational
numbers between any two given rational numbers,

Let us take a look at the number line again. Have you picked up all the numbers?
Not, yel. The fact is that there are infinitely many more numbers lefit on the number
line! There are zapz in between the places of the numbers you picked up, and not just
one or two but infinitely many. The amazing thing is that there are infinitely many
numbers lying between any two of these gaps too!

So we are left with the following questions: ﬁ} £ ¥

1. What are the numbers, that are left on the number
line, called?

2. How do we recognise them? That is, how do we
distinguish them from the rationals (rational
numbers)?

These questions will be answered in the next section.
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3’1-

EXERCISE 1.1

15 zero a rational number? Can you write it in the form g « where p and g are integers

and g# 07
Find six rational numbers between 3 and 4.

3 4
Find five rational numbers between g and E

State whether the following statements are trae or false. Give reagons for your answers.
iy Ewery natural number is a whole number,
i} Ewveryinleger is 4 whole number.

tiiif} Every rational namber is a whole number.

1.2 Irrational Numbers

We gaw, in the previons section, that there may be numbers on the nuember line that
are not rationals. In this section. we are going to investigate these numbers. So far. all

the numbers you have come across, are of the form £ where p and ¢ are integers
i T

and g # 0. So, you may ask: are there numbers which are not of this form? There are
indeed such numbers,

The Pythagoreans in Greece, followers of the [amons
mathematician and philosopher Pythagoras, were the [rst
Lo discover the numbers which were nol rabionals, aroound
400 BC. These nombers are called frrational numbers
(irrationals), because they cannot be writlen in the form of
a ratio of integers. There are many myths surrounding the
discovery of irational numbers by the Pylhagorean,
Hippacns of Crolen. In all the myths, Hippacus has an

unforunaie end, either for discovering that 1.5. it irrational

or for disclosing the secrel aboul V2 w0 people outside the Pythagoras
secret Pythagorean sect!

(569 BCE-479 BCE)
I-.i_g_. 1.3

Let us formally define these numbers.

P

A number ‘s’ is called irrarional, if it cannot be written in the form ~—, where p
q

and g are integers and g = 0.
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You already know that there are infinitely many rationals. It turns out that there
are infinitely many irrational numbers too. Some examples are:

V2,3, JT5-m.0.10110111011110...

Kemark ; Recall that when we use the symbol J_ . We assume that it 15 the
positive square root of the number. So fg = 2, though both 2 and -2 are square
roots of 4,

Some of the wrrational numbers listed above are famuliar to vou, For example, you
have already come across many of the square roots listed above and the number 7.

The Pythagoreans proved that .f7 is irrational. Later in approximately 425 BC,

Theodorus of Cyrene showed that -4"5, -,,ﬁ -JE, \ﬁ, -,iﬁ, Jﬁ -JE Jﬁ -Jﬁj -.,I"'E
and .ulr‘ﬁ are also irrationals. Proofs of irrationality of ...E , ,E , JE , etc,, shall he

discussed in Class X. As to 7, it was kmown to various cultures for thousands of
years, it was proved (o be irrational by Lambert and Legendre only in the late 1700s.
In the next section, we will discuss why 0.101101110T1110... and 7 are irrational,

Letus return to the guestions raised at the end of
the previous section. Remember the bag of rational
numbers. If we now put all irrational numbers into
the bag. will there be any number left on the nomber
line? The answer is no! It turns out that the collection
of all rational numbers and irrational numbers together
make up what we call the collection of real numbers,
which is denoted by R. Therefore, a real number is either rational or irrational. So, we
can sav that every real number is represented by a unigue point on the number
line. Also, every point on the number line represents a unigue real number.
This is why we call the number line. the real number line,

In the 18705 two German mathematicians,
Cantor and Dedekind, showed that
Corresponding to every real number, there is a
point.on the real number line, and corresponding
o every point on the number line, there exists a
unigue real number,

R. Dedekind {1831-1914) G. Cantor (1845-1915)
Fig. 1.4 Fig. 1.5
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Let us see how we can locate some of the irrational nurmbers on the number line,

Fxample 3 : Locate y/2 on the number line,

Solution : It is easy to see how the Greeks might have discovered C B
/2

J2 . Consider a unit square OABC, with each side 1 unit in length 7

(see Fig. 1.6). Then you can see by the Pythagoras theorem that O¥——A

OB= P +1°= J2 . How do we represent +/2 on the namber line? Fig. 1.6

This is easy. Transfer Fig. 1.6 onto the number line making sure that the vertex O
coincides with zero (see Fig. 1.7).

Fig. 1.7
We have just seen that OB = ,f2 . Using a compass with centre O and radius OB,

draw an arc intersecting the number line at the point P, Then P corresponds to /2 on
the number line.

Example 4 : Locate f3 on the number line,

Solution : Let us return to Fig. 1.7.

W

i

I'ig. 1.8
Construct BD of unit length perpendicular to OB (as in Fig. 1.8). Then using the

P
Pythagoras theorem, we see that OD = 1||(\-'E) +H =43, Using a compass, with
centre O and radius OD, draw an arc which intersects the number ling at the point Q.
Then () corresponds o ,ﬁ .
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In the same way, you can locate J; for any positive integer n. after 4,||':tr —1 has been
located.

EXERCISE 1.2

1. State whether the following statements are true or false. Justify vour answers.
(i) Ewery irrational nomber ig a real number,

(i} Every point on the number ling is of the form m . where m is a natural number,
it} Ewery real number is an irrational number.

2, Are the square roots of all positive integers ireational 7 I not, give an example of the
sguare rook of & number that iz a rational number,

3. Show how .,.,Irf_, ¢an be representsd on the nuwmber line.

4.  Classroom activity {Constrocting the *square root
spiral®) : Take a large sheet of paper and construct
the *square root spiral” in the following fashion. Start
with a point O and draw a line segment OF, of anit
length. Draw a line segment P P, perpendicular to
OP, of unit length {see Fig. 1.9). Now draw a line
segment PP, perpendicular to OF,. Then draw aline . .
segment P,P, perpendicular to OP,, Continuing in Fig. 1.9 : Constructing
this manner, you can get the line segmemt P P by sepuare rool spiral
drawing aline segment of unit length perpendicular to OP . In this manner, you will
have created the pommis P, P,.... ... .. and joined them to create a beautiful spiral

depicting +/2, /3, 4/, ..

1.3 Real Numbers and their Decimal Expansions

In this section. we are going to study rational and irrational numbers from a different

point of view. We will look at the decimal expansions of real numbers and see il we

can nse the expansions to distinguish berween rationals and irrationals, We will also

explain how to visualise the representation of real numbers on the number line using

their decimal expansions. Since rationals are more familiar (0 us, let us starl with
B BTN

them, Let us take three examples : FRrieT

Pay special attention to the remainders and see if you can find any pattern.
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Example 5 : Find the decimal expansions of %, % and %
Solution :
[3.333... 0.875 (.142857...
3110 817.0 7110
i 64 7
10 60 30
i 36 28
10 40 20
40 14
W 0 &0
9 56
[ 1 40
35
30
49
1

Remainders: 1,1, 1, 1, 1... Remainders - 6, 4, () Remamders: 3,2,6,4,5, 1,
Divisor: 3 Divisor: 8 3. 26.4,.5.1,..

Divisor - 7
What have you noticed? You should have noticed at least three things:
{i) Theremainders either become 0 aller a certain stage, or start repeating themselves.
(i) The number of eniries in the repeating string of remainders 1s less than the divisor

1 1
(in 5 one number repeats itselfl and the divisor is 3, in = there are six entries

326451 in the repeating string of remainders and 7 is the divisor).
(i)} If the remainders repeat, then we get a repeating block of digits in the quotient

I 1
ifor 3 3 repeats in the quotient and for EE we get the repeating block 142857 in

the quotient).
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Although we have noticed s pattern using only the examples above, it is true for all
rationals of the form 5 (g #U). On division of p by g, two main things happen — either

the remainder becomes zero or never becomes zero and we get a repeating string of
remainders. Let us look al each case separately.

(ase (i) : The remainder becomes zero

T
In the example of —, we found that the remainder becomes zero after some steps and

8

7 | 639
the decimal expansion of Fi 0.875. Other examples are 3= 0.5, 550 = 2,556, [nall

these cases, the decimal expansion terminutes or ends alter a finite number of steps.
‘We call the decimal expansion of such numbers terminating.

Case (i) : The remainder never becomes zero

1
In the examples of 3 and 7 we notice that the remainders repeat after a certain

stage forcing the decimal expansion to go on for ever. In other words, we have a
repeating block of digits in the quotient. We say that this expansion is non-lerminating

1 1
recurring. For example, 3= 0.3333... und 7= 0.142857142857142857...

1 -

The usual way of showing that 3 repeats in the quotient of 3 is to write it as 3.
1 L

Similarly, since the block of digits 142857 repeats in the guotient of 7 we write = as
n.142257 . where the bar above the digits indicates the block of digits that repeats.
Also 3.57272... can be written as 3.572 . So. all these examples give us non-terminating
recurring (repeating) decimal expansions,
Thug, we see that the decimal expansion of rational numbers have only two choices:
either they are terminating or non-terminating recurring,

Mow suppose, on the other hand, on your walk on the number line, you come across a
number like 3.142678 whose decimal expansion is terminating or a number like
1.272727... that is, lﬁ . Whose decimal expansion is non-terminating recurring, can
you conclude that it is a rational number? The answer i3 yes!
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We will not prove it but illustrate this fact with a few examples, The terminating cases
are easy.

Example 6 : Show that 3.142678 is a rational number. In other words, express 3.1426738

in the furmu‘;i.whmp and g are integers and g # (.

Solution : We have 3.142678 = _?Mﬂ »and hence is a rational number,

MNow, let us consider the case when the decimal expansion is non-terminating recurting.

Example 7 : Show that 0.3333... = 0.3 can be expressed in the form % . where p and

g are integers and g # 0,

Solutivn : Since we do not know what 0.3 is ,let us call it ‘" and so
x=10.3333...
Now here is where the trick comes in. Look at
10.x= 10 % (0.333...) = 3.333...
Now, 3.3333...= 3 + x, since x =0.3333..,
Therefore, 10xk=3+x

Solving for x, we get

| =

Op= 3 1e, x=

Example 8 : Show that 1.272727... = 1.27 can be expressed in the form g » Where p

and g are integers and g # 0.

Solution : Let x= 1.272727... Since two digils are repeating, we multiply x by 100 to
get

100 x= 127.2727...
S0, 1Mx= 126+ 1.272727... =126+ x
Therefore, 100 & —x= 126, Le., 99 x=126
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. 126 14
LE., =

9 11

1 -
You can check the reverse that H =1:27.

Example 9 : Show that 0.2353535... = 0.235 can be expressed in the form g—

where p and g are integers and g = 0.
Solution : Let x = 0.235. Over here, note that 2 does not repeat, but the block 335
repeats, Since two digils are repeating, we multiply ¥ by 100 to get

100 £ = 23.53535...

So. 100 x=233+0.23535...=233 +x
Therefore, 00 x= 233
ie., x= 10 + W gives x = 590

235 —
You can also check the reverse that ﬁ = {235,

So, every number with a non-terminating recurring decimal expansion can be expressed
in the form -f}i {g#0), where p and g are integers. Lel us summarise our results in the

following form -
The decimal expansion of a rational number is either terminating or non-

terminating recurring. Moreover, a number whose decimal expansion iy
rerminating or Hon-terminaiing recurring s rational

So, now we know what the decimal expansion of a rational number can be. What
about the decimal expansion of irrational numbers? Because of the property above,
we can conclude that their decimal expansions are nosn-terminating non-recurring.

S0, the property for irrational numbers, similar to the property stated above for rational
numbers, is

The decimal expansion of an jrrational nmumber is non-terminating non-reclrring.

Moregver, a number whose decimal expansion is non-terminating non-recurring
iz érrational,
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Reeall s = 0.10110111011110... from the previous section. Notice that it is non-
terminating and non-recurring. Therefore, from the property above, it is irrational.
Mareover, notice that you can generate infinitely many irrationals similar to 5.

What about the famous irrationals .2 and n? Here are their decimal expansions up
to a certain stage.

J2 =1.4142135623730950488016887242096...
m =3.14159265358979323846264338327950)...

22 22
{Note that, we often take T asan approximate value for m, but T # T )

Over the years. mathematicians have developed various techniques to produce more
and more digits in the decimal expansions of irrational numbers. For example, you
might have learnt to find digits in the decimal expansion of ,E by the division method.
Interestingly, in the Sulbasutras (rules of chord), a mathematical treatise of the Vedic
period (800 BC - 300 BC), vou find an approximation of .JE as follows:
st l+[lxi)-[ixlx1)=1.414215ﬁ.
3 14 3 M 4 5

Notice that it is the same as the one given above [or the first five decimal places, The
history of the hunt for digits in the decimal expansion of & is very intercsting.

The Greek genins Archimedes was the first to compute e
digits in the decimal expansion of ©. He showed 3. 140845 “g
< ft < 3.142857. Aryabhatta (476 — 5530 AD), the great N

Indian mathematician and astronomer, found the value
of 7 correct to four degimal places (3.1416). Using high .
speed computers and advanced algorithms, © has besn ?_;
computed to over 1.24 trillion decimal places! ) '

Archimedes (287 BCE - 212 BCE)
Fig. 1.10

Now, let us see how to obtuin imraional numbers.

1 2
Example 10 : Find an irrational number between 7 and 7

1 —_— ) m———
Solution : We saw that 7= 0142857 . So. you cuan easily calculate %ﬂ 0.285714 .

1 2
To find an irrational number between ; and ? we find a nomber which is
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non-lerminaling non-recurming lying between them, Of course, you ean find infinitely
many such numbers,

An example of such a number iz 0.150150013000150000...

EXERCISE 1.3

Wrils the following in decimal form and say what kind of decimal expansion each
has ;

36 1 |
. B o g1
(i 100 (i} m [ETTH) 3
2l L2 , 328
AT ™ 1 ™ 200

afur

1 S 2
Youknow that 5 = 0142857 . Can you predict what the decimal expansions of ER

7
4 3 6

7+ 70 7 AIE without aclually doing the long divizion? If 2o, how?

1
[Hint : Study the remainders while finding the value of El carefully.]

Express the following in the form Lg. , where p and g are integers and g = 0.

i 06 ) 047 @i 0001

Express 0.99999 . in the form P Are you surprsed by your answer? With your
g

teacher and classmates discuss why the answer maies sense,
Whit can the maximum number of digits be in the repeating block of digits in the

|
decimal expansion of 17 ? Perform the divizion to check vour anawer.

Look at several examples of rational nambers in the form % (g=0), where pand g are

inlegers with no common factors other than 1 and having terminating decimal
representations {exapansions). Can you guess whal properly g must satisfy?

Write three numbers whose decimal expansions are non-terminating non-regurring.

5 9
Find three different irrational numbers between the rational numbers :?‘ znd H .

Classify the following numbers as rational or irrational ;
i 23 {ii) f225 iy 03796
(iv) T4TB478... (v) L101001000100001...
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1.4 Representing Real Numbers on the Number Line

In the previous section, you have seen that any
real nurber has a decimal expansion. This helps
us [0 represent it on the number line. Let us see
how,

Suppose we want to locate 2.665 on the
number line, We know that this lies between 2
and 3.

So, let us look closely at the portion of the
number line between 2 and 3. Suppose we divide
this into 10 equal parts and mark each point of
division as in Fig. 1.11 (i). Then the first mark to

Fig. 1.11

the right of 2 will represent 2.1, the second 2.2, and so on. You might be finding some
difficulty in observing these points of division between 2 and 3 in Fig, 1.11 (i}). To have
a clear view of the same, you may fake a magnifying glass and look at the portion
between 2 and 3. It will look like what vou see in Fig. 1.11 (ii). Now, 2.665 lies between
2.6 and 2.7. So, let us focus on the portion between 2.6 and 2.7 [See Fig. 1.12(1)]. We
imagine to divide this again into ten equal parts. The first mark will represent 2.61, the
next 2.62, and so on. To see this clearly. we magnify this as shown in Fig. 1.12 (i).

2

21352374 S26275529

.6

2.65

—
| Anl aa Zak L I dea dET s 1E9

3

2.7

W

(i)
Fig. 1.12

Again, 2.665 lies between 2.66 and 2.67. So, let us focos on this portion of the
number line [see Fig. 1.13(i)] and imagine to divide 1l again into ten equal parts. We
magnify it to see it better, ag in Fig. 1.13 (ii). The first mark represents 2.661. the next
one represents 2.662, and so on. So, 2.665 is the 5th mark in these subdivisions.
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2.6 2.7

2.65
| Tal 262261 164

266/ ... .67
| 26612 6632 663 1664 | 2,866 667 1 668 2668

I I I O O

i)

Fig. 1.13

‘We call this process of visualisation of representation of numbers on the number line,
throngh a magnifving glass. as the process of successive magnification.

So, we have seen that it is possible by sufficient successive magnifications to visualise
the position (or representation) of a real number with a terminating decimal expansion
on the number line.

Let us now try and visualise the position (or representation) of a real number with a
non-terminating recurring decimal expansion on the number line. We can look at
appropriate intervals through a magnifying glass and by successive magnifications
visualise the position of the number on the number line.

Example 11 : Visualize the representation of 5.37 on the number line upto 5 decimal
places, that is, up to 3.37777.

Solution : Once again we proceed by successive magnification, and successively
decrease the lengths of the portions of the number line in which 5.37 is located. First,

we see that 5.37 is located between 5 and 6. In the next step, we locate 5.37
between 5.3 and 5.4, To get a more accurate visualization of the representation, we
divide this portion of the number line inte 10 equal parts and use a magnifying glass to

visualize that 5.37 lies between 5,37 and 5.38. To visualize 5.37 more accurately, we
again divide the portion between 5.37 and 5.38 into ten equal parts and use a magnifying

glass o visualize that 5.37 lies between 5.377 and 5.378. Now to visualize 5.37 still
more accurately, we divide the portion between 5,377 an 5.378 into 10 equal parts, and
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visualize the representation of 5.37 as in Fig. 1.14 (iv). Notice that 5.37 is located
closer to 5.3778 than to 5.3777 [see Fig 1.14 (iv)].

530551 5333 344

L1 1]

5.35
| |

5|,3 ;\ 0.4
<

5 ) 3 7 5375

| 3371 53372 5371 534 |

]

5377/ .. 15378

537 33773 | 33T 53778

AR EEREN

547 {iv)

>

Fig. 1.14
Remark : We can proceed endlessly in this manner, successively viewing through a
magnifying glass and simultaneously imagining the decrease in the length of the portion
of the number line in which 5.37 is located. The size of the portion of the line we
specify depends on the degree of accuracy we wounld like for the visualisation of the
position of the number on the number line.
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You might have realised by now that the same procedure can be used to visuakise a
real number with a non-terminating non-recurring decimal expansion on the number
line.

In the Light of the discussions above and visualisations, we can again say thal every
real number 5 represented by a unigue point on the number line, Furthern every
poini on the number line represents one and only one real number.

EXERCISE 1.4
1. Wisualise 3,765 on the number line, using successive magnification,

2. Visualise 426 on the number line, op to 4 decimal places.

1.5 Operations on Real Nuombers

You have learnt. in earlier classes, that rational numbers satisfy the commutative.
agsociative and distributive laws for addition and multiplication. Moreover, il we add,
subtract, muoltiply or divide (except by zero) two rational nombers, we still get a rational
number (that is, rational numbers are “closed’ with respect to addition, subtraction,
multiplication and division). [t twrns out that irrational numbers also satisfy the
commutative, associative and disributive laws for addition and multiplication. However,
the sum, difference, quotients and products of irrational numbers are not always

irrational. For example, {£)+(_ﬁj,(ﬂ)—(ﬁ)(ﬁ)(ﬁ] and % are

rationals.

Let us Took at what happens when we add and multiply a rational number with an
irrational number. For example, f3 is irrational. What about 2 + +f3 and 2./3 7 Since

V3 has a non-terminating non-recurring decimal expansion, the same is true for

e .,,ﬁ and 2\@ . Therefore, both 2 + .,ﬁ and 2'-.5 are also irrational numbers.

Example 12 : Check whether 7.5, —jug—r V2 + 21, n—2 are irrational numbers or

not,

Solution : ﬁ =2.236..., .JE =1.4142..., t=3.1415...
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7 75
5405

75
Then 7.5 =15.652..., e el

=3.1304...
-JE +21=224142....n-2 = L.1415..

All these are non-terminating non-recurring decimals. So, all these are irrational numbers.

Now, let us see what generally happens if we add, subtract, multiply, divide, take
square roots and even mth roots of these irrational numbers, where » is any natural
number. Let us look at some examples.

Example 13 : Add Z\E +5\E anid -JE —31@-
Solution : (EJE +5'-.E)+(~JE -3'\5] = (Zﬁ + 'U'E)'i* ("ml"i - 3'»5)
=2+DV2+6-D3=3/2+23

Example 14 : Multiply 6+/5 by 245 .
Solution : 645 x 245 =6x2x+f5 x5 =12x5=60

Example 15 : Divide S«fﬁ by ’Eﬁ.

Solution : ENI"T_E & 2\5 = % = .1...‘||r§

These examples may lead you to expect the following facts, which are true:

(i) The swn or difference of a rational number and an irrational number 13 irrational.

(i) The productor quotient of a non-zero rational number with an irrational number is
irrational,

(iii) IFwe add. subtract. multiply or divide two irrationals, the result may be rational or
irrational,

We now turn our attention to the operation of taking square roots of real numbers,
Recall that, if a is a natural number, then g = b means & = g and b > 0. The same
definition can be extended for positive real numbers.

Let & > 0 be a real number. Then fz = b means B =g and b > 0.

In Section 1.2, we saw how to represent .,..IrE for any positive integer n on the number
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line. We now show how to find .J; for anv given positive real number x geometrically.
For example, let us find it for x= 3.5, i.e., we find -J' 1.5 geometrically.,

Fig. 1.15

Mark the distance 3.5 units from a fixed point A on a given line to obtain a point B such
that AB = 3.5 units (see Fig. 1.15). From B. mark & distance of 1 unit and mark the
new point as C. Find the mid-point of AC and mark that point as O. Draw a semicircle
with centre O and radius OC. Draw a line parpendicular to AC passing through B and

intersecting the semicircle at D, Then, BD = /3.5, %
Iz '
0 \
- »B 1 C

Fig. 1.16

Maore generally, to find Jx , for any positive real
number x, we mark B so that AB = x units, and, as io
Fig. 1.16, mark C so that BC = 1 unit. Then, as we

have done for the case x = 3.5, we find BD = -\E

{see Fig. 1.16). We can prove this result using the

Pythagoras Theorem.

Notice that, in Fig. 1.16, A OBD is aright-angled triangle. Also, the radius of the circle
x+1

is 3 wnits.
+1
Therefore, OC = OD = OA = xi units.
x—('x-l_l)— x—1
Now, OB = 3 2

So, by the Pythagoras Theorem, we have

Fi g _]2 4
o . i < N I _4x _
BD?=0D2 - OB _[ 5 l > X

This shows that BD = [y .



MUMBER 5 YZTEMS 2

This construction gives us a visual, and geometric way of showing that [y exists for

all real numbers x = (. If you want to know the position of .HI’: on the number ling,

then let us treat the line BC as the nomber line, with B as zero, C az 1, and so on
Draw an are with centre B and radiug BD, which intersects the number line in E

(see Fig. 1.17), Then, E tepresents '-G .

Fig. 1.17

We would like to now extend the idea of square roots to cube roots, fourth roots,
and in general nth roots. where n is a positive integer. Recall your understanding of
square roots and cube roots from earlier classes.

What is {fﬁ 7 Well, we know it has to be some positive number whose cube is B, and

you must have guessed .{f’_ =2. Let us try m . Do you know some number b such
that ¥ = 2437 The answer is 3, Therefore. 243 = 3.

From these examples. can you define #fz for a real number a > 0 and a positive
inleger n?
Leta >0 be a real number and # be a positive integer. Then ﬂg = b, if ¥ = g:and
b>0. Note that the symbol /" used in /2. I8, #fa . etc. is called the radical sign.

‘We now list some identities relating to square roots, which are useful in various
ways, You are already familiar with some of these from vour earlier classes. The
remaining ones follow from the distributive law of multiplication over addition of real
numbers, and from the identity (x + ¥} (x — ¥) =* — y*, for any real numbers x and y.

Let a and b be positive real numbers. Then

(M) Jab =+fafb {HJJ%=%
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i) (Va+ve)(Na-b)=a-b (v (a+b)(a-b)=a'-b
(v) (JE+J5](JF+JE)=&+ ad +lbc ++Jbd
i) (Va +B) =a+24ab +b

Let us look at some particular cases of these identities,
Example 16 : Simplify the following expressions:
@ (5+47)(2+5) @ (5+5)(5-+5)
(i) [vﬁhﬁ}z vy (VIT=~T) (VIT +47)
Solution : (i) (5+47)(2+4/5)=10+5V5 + 247 +35
@) (5+5)(5-+5)=5-(\5) =25-5=20
i) (v/3 + ﬁ]z =(.E)ﬂ +2J§ﬁ+(ﬁ]z =3+ 2421 + T=10+221
() (VIT ~7) (VT +47) = (VET) = (v7) =11-7=4

Remark : Note that “simplify” in the example above has been used to mean that the
expression should be written as the sum of a rational and an irrational number.

1
We end thiz section by considering the fellowing problem. Look at E Can vou tell

where it shows up on the number line? You know that it is irrational. May be it is easier
to handle if the denominator is a rational number. Let us see, if we can ‘rutdonalise’ the
denominator, that is, to make the denominator into a rational number. To do so, we
need the identities involving square roots. Let us see how.

1
Example 17 : Rationalise the denominator of E

1
Solution : We want to write _\E as an equivalent expression in which the denominator

is a rational number. We know that \f7 . /2 is rational. We also know that multiplying
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1 2 2
TE by 3—2- will give us an equivalent expression, since E = 1. So, we put these two

facts together to get

In this form, it is easy to locate E on the number line. It is half way between 0 and

2!

1
Example 18 : Ralionalise the denominator of o4 \E

1
Solution : We use the Identity (iv) given earlier. Multiply and divide 243 by

1 z--ﬁ_i--ﬁzz_ﬁ

x =
2-+/3 to get 2+3 2-+3 4-3

5
Example 19 : Rationalise the denominator of _JE ——MEI

Solution : Here we use the ldentty (iii) given earlier,

3 5 JE+J§_5(VE+J§}_ -5
o B EeB 5 (7))

1
Example 20 : Rationalise the denominator of :
o : 7+ 32

Solution :

I | x’?—aJi _7-32 7-32
T4+32 Teslz \7-32) 49-18 3]
S0, when the denominator of un expression contains a term with a square rool (or

a number under a radical sign), the process of converting if to an equivalent expression
whose denominator is a rational number is called rationalising the denominator.
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EXERCISE 1.5
1.  Classify the following numbers as rational of irrational;

W7
i 2-+5 G (3+23)-V23 i)
1
L) ‘J_E (v) im

2. Simplify each of the following expressions:

i (3+~f§](2+~ﬁ) i (3+J§](3—J§)
i (V5 + -J'E}z i) (V5 —2) (V5 +2)

3. Recall, mis defined as the ratio of the circomference (say ¢) of a civele to its diametar

isay ). Thatis, m= é This seems to contradiet the fact that 7w is frrational, How will
vou resolve this contradiction?

4. Represent V3.3 on the number line.

5. Rationalise the denominators of the following:

1
» F ® 7%

1 1
i) 5 +2 {-i“’-ﬁ—z

1.6 Laws of Exponents for Real Numbers

Do you remember how to simplify the following”

i 17.1P= (i) (54" =
L
{111) 23 = {iv) 7*. 9=
Did you get these answers? They are as follows:
(A o il T B D 57y =5"
g
(i) 2 -2 (iv) 7*. 97 = 63°

23



MUMBER 5 YZTEMS 25

To get these answers, you would have used the lollowing laws of exponents,
which vou have learnt in your earlier classes. (Here a. n and m are natural numbers.
Remember, a is called the base and m and n are the exponents.)

() a".a"=a"*" {ii) (g™ = g™

(i) z—:! =da" " m>n (iv) a™b™ = (ab)"

What is (a)?? Yes, itis 1! So yoo have leamnt that ()" = 1, So, vsing (iii), we can
get — = a . We can now extend the laws (o negative exponents 100,

So, for example :

(i) |?1-1?*:17"=1—% () )7 =5"
-10
(i) —o=23" @) (7)% (97 = (63)"
Suppose we want (o do the following computations:
1 1y
@ 2%.2 (i) [35]
1
I Lo
(i) — (iv) 135 -17%
7!

How would we 2o about it? 1t turns out that we can extend the laws of exponents
that we have studied earlier, even when the base is a positive real number and the
exponents are rational numbers. (Later you will study that it can further to be extended

when the exponents are real numbers.) But before we state these laws. and to even
3
make sense of these laws, we need to first understand what, for example 42 is. So,

we have some work to do!
In Section 1.4. we defined ¢f for a real number a > 0 as lollows:

Let a > () be a real number and # a positive integer. Then {ll"_ =b if V" =aand
b =0

1 i
In the language of exponents, we define 2fz = @". So, in particular, 32 = 2.

i
There are now two ways to look at 42,
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-
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- 1
41 = (4})2 =(64)2 =8
Therelore, we have the Tollowing definition:

Let @ = 0 be a real number, Let m and n be integers such that m and n have no
comnon factors other than 1, and 2 > 0. Then,

lai = ()m =
We now have the following extended laws of exponents:
Let @ =0 be a real number and p and g be rational numbers. Then, we have

(i) @ .a=a™ (i} (@) = a™
I
i :_.; —ard (iv) a't* = (ah)*

You can now use these laws to answer the questions asked earlier,

1o Ly
Example 21 ; Simplify (i) 2° - 23 (ii) ['3"’]
?ﬁl L !
(1ii) = (iv) 13%.172
Solution : 7

: 1 23 N4
O 23.23=2" ¥ _23_9l_2 (ii) [35] =153

-ﬁ [_' EAT = £ I 1
iy —=77 V=71 =75 (iv) 13% -17% = (13%17)% —2215
73
EXERCISE 1.6
L 1 L
1. Find; (i 642 (m) 32° i) 125
i 2 i =1
2. Find: iy 92 (i) 328 (i) 16+ (iv) 1253
2 A (T 11: £ 2
3. Simplify: G) 2525 @ () i) — (v) 72. 82

11"
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1.7 Summary

In this chapter, you have studied the following points:

1'

3.

ﬁ'

91

A number #is called a rational namber, if it can be written in the form % . where pand g are

miegers aned g = 0.

Anomber 5 15 called 8 wrational number, if 1t cannot be written in the form % , Where p and

g are integers and g = 0.

The decimal expansicn of a ratiomal number is either terminating or non-terminating recuming,
Maoreover, a nomber whose decimal expansion is terminating or non-terminating recurring
is rational,

The decimal expansion of an irrational number is non-terminating non-recurring, Moreover,
a number whose decimal expansion I8 non-terminating non-recurring is irrational.

Al the rational and irrational numbers male up the collection of real numbers.

There is a unigos real number cormresponding o every point on the number line. Also,
corresponding 1o each real number, there is a unique paint on the number line,

. : . y , : r
If 7 15 ratiomal and 5 is irrational, then r+ 5 and r — y are irrational numbers, and rg and 7 are

rrrational mumbers, F =L

For positive real numbers g and &, the following identities hold;

it fab =Jab (i) %=%

i) (Va+o)(Va-+B)=a-b W (a+B)(a—b)=a*-b
W (Va+b) =a+24ab+b

JE _i! where a and b are

%

1
To rationalise the denominator of m: we multiply this by

integers,

1 Let o >0 be a real number and p and g be rational numbers. Then

(i) oF . aA=gF*? (i) (a")7=am

P

. d ;
fiit} _-r=“F .3 {iv) afb® = (ah¥
o
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POLYNOMIALS

2.1 Introduction

You have studied algebraic expressions. their addition, subtraction. muliiplication and
divizion in earlier classes. You also have studied how to factorise some algebraic
expressions. You may recall the algebraic identities

(x+ 3y =x+2ay + ¥

(x—yP=a2-2ay+¥
and d-y=a+y) -y
and their use in factorisation. In this chapter. we shall start our study with a particular
tvpe of algebraic expression, called polynonial, and the terminology related to it. We
shall also study the Remainder Thearem and Facror Theorem and their use in the

factorisation of polynormals. In addition to the above, we shall study some more algebraic
identities and their use in factorisation and in evaluating some given expressions.

2.2 Polynomials in One Variable
Let us begin by recalling that a varigble is denoted by a symbol that can take any real

value. We use the letters x, v, z, ete. to denote variables, Notice that Zx, 3x, — &, —Ex

are algebraic expressions. All these expressions are of the form (a constant) x x, Now
sOppose we want to write an expression which is (a constant) x {a variable) and we do
not know what the constant is. In such cases, we write the constant as a, b, ¢, etc. So
the expression will be ax, say.

However, there is a difference between a letter denoting a constant and a letter
denoting a variable. The values of the constants remain the same throughout a particular
situation, that is, the values of the constants do not change in a given problem, but the
value of a variable can keep changing.
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Now, consider a square of side 3 units (see Fig. 2.1). 3
‘What is its perimeter? You know that the perimeter of a square
is the sum of the lengths of its four sides. Here, each side is
3units. So, its perimeter is4 x 3, i.e.. 12 units, What will be the
perimeter if each side of the square is 10 units? The perimeter
15 4 % 10, i.e., 40 units. In case the length of each side is 1 B i
units (see Fig, 2.2}, the perimeter is given by 4x units, So, as Fis. 2.1
the Tength of the side varies, the perimeter varies,

Can you find the area of the square PQRS? It is
x X x =x* square units. x? is an algebraic expression, Youare 5 * R
also familiar with other algebraic expressions like
2x, x* + 2x, x! — #% + 4x + 7. Note that, all the algebraic
expressions we have considered so far have only whole
numbers as the exponents of the variable. Expressions of this
form are called polynomialy in one variable, In the examples  F : Q
abowve, the variable iz x. For instance, ¥ — x4+ dx + 7 isa
polynomial in x, Similarly, 32 + 5v is a polynomial in the
variable y and # + 4 i3 a polynomial in the variable ¢,

In the polynomial »* + 24. the expressions «* and 2x are called the terms of the
polynomial. Similarly, the polynomial 3y* + Sy + 7 has three terms, namely, 332, 5y and
7, Can you write the terms of the polynomial —&* + 45 4 7x— 2 ? This polynomial has
4 terms, namely, —x, 4x?, 7x and 2.

Each term of a polynomial has a coefficient. So, in —x* + 4% + 7x — 2. the
coefficient of x*is =1, the coefficient of x* is 4, the coefficient of x is 7 and ~2 is the
coefficient of ¥* (Remember, 2% = 1). Do you know the coefficient of x inx* — x + 77
iz -1,

2 is also a polynomial. In fact, 2, -5, 7, etc. are examples of constant palyromials.
The constant polynomial 0 is called the zero polymoemial. This plays a very impaortant
role in the collection of all polynomials. as voun will see in the higher classes.

1
Now, consider algebraic expressions such as x + =+ Jx +3and ¥+ ¥ Do you
x
1
kmow that you can write r + I = <+ x'? Here, the exponent of the second temm, i.e.,
xtis—1, which 1s not a whole number, So, this algebraic expression is not 4 polynomial.

i 1
Again, -JI + 3 can be written as x* + 3 . Here the exponent of x is E which is

not a whole number, So. is +fx +3 # polynomial? No, it is not. What about
{1{; + ¥ It is also not a polynomial (Why?),
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I the variable in a polynomial 1§ x, we may denote the polynonual by p(x), or g(x),
or ix), etc, So, for example, we may write :

pix) =28 +52-3
glx) =x* -1
=y+y+1
=2 — u -1+ o

A polynomial can have any (finite) number of terms. For instance, £'% + x' + .
+ 4%+ x+ 1 is a polynomial with 151 terms.

Consider the polynomials 2x, 2, 5x*, -3¢, y and «*. Do you see that each of these
polynomials has only one term? Polynomials having only one term ave called monomials
{‘mono’ means ‘one’).

Now observe each of the following polynomials:

pixi=x+1, glx) = x* = x, Hy) =¥+ 1, (o) = u®® — it

How many terms are there in each of these? Each of these polynomials has only
two terms. Polynomials having only two termes are called binomials ("bi’ means ‘twa’).

Similarlv, polynomials having only three terms are called rrinomials
("tri’ means ‘three’). Some examples of tnnomials are

pxi=x+x+m, gy =2 +x-2,

Hu)= w+ut-2, Hyy=y'+y+3.

Now, look at the polynomial p(x) = 347 — 4x% + x + 9. What is the term with the
highest power of x 7 It is 3x". The exponent of x in this term is 7. Similarly, in the
polynomial g(v) = 5¢* — 45 — 6, the term with the highest power of ¥ i3 5»° and the
exponent of v in this term is 6. We call the highest power of the variable in a polynomial
45 the degree of the pobynomial. So, the degree of the polynomial 357 — 428 +x+ 9
is 7 and the degree of the polynomial 5y — 4y* - 6 is 6. The degree of a non-zero
constant polynomial is zero,

Example 1 : Find the degree of each of the polynomials given below:

D 2@P-a*+73 (il) 2 — v — 3 + 2yE (iii) 2
Solution : (1) The highest power of the vanable 1s 5. So, the degree of the polynomial
is 3.
(i} The highest power of the variable is 8. So, the degree of the polynomial is 8.

(iii) The only term here is 2 which can be written as 2. So the exponent of x is (.
Therefore, the degree of the polynomial is 0.
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Now observe the polynomials p(x) = dx + 5, qly) = 2y, (7} =1 + V2 and
s(u) =3 — u. Do you see anything comumon wmong all of them? The degree of each of
these polynomials is one. A polynomial of degree one is called a linear polynomial.
Some more linear polynomials in one variable are 2x— [. NG ¥+ 12 —u Now, tryand
lind a linear polynomial in x with 3 terms? You would not be able to find it becanse a
linear polynomial in x can have at most two terms. So, any linear polynomial in x will
be of the form ax + b, where a and b are constants and a # 0 (why?). Similarly,
ay + b is a lingar polynomial in .

Now congider the polynomials :
2
2245 3+ 35+ W fandF + 37

Do vou agree that they are all of degree two? A polynomial of degree two is called
a quadratic polynomial. Some examples of a quadratic polynomial are 5 — y*.
4y + 5y and 6 — y — y*. Can you write a quadratic polynomial in one variable with four
different terms? You will find that a quadratic polynomial in one variable will have at
most 3 terms, If you list a few more quadratic polynomials, you will find that any
guadratic polynomial in x is of the form ax? + bx + ¢, where a # 0 and a, b, ¢ are
constants. Similarly, quadratic polynomial in y will be of the form ay? + by + ¢, provided
a# 0 and a, b, ¢ arc constants,

We cull a polynomual of degree three o cubic polvnomial. Some examples of a
cubic polynomial in xare 4% 26 + 1 568 + 23, 607 — 0. 6 -2, 2 + 42 + 60 + 7. How
many terms do you think a cubic polynomial in one variable can have? It can have at
most 4 terms. These may be written in the form axd® + b + ¢x + d, where a # () and
a, b, ¢ and & are constants.

Now, that you have seen what a polynomial of degree |, degree 2, or degree 3
looks like. can you write down 4 polynomial in one variable of degree »n for any natural
number n? A polynomial in one variable x of degree n ig an expression of the form

g g ¥y, +ax+a
n el L 1]

where a,, a,, a .4 are constants and a_# 0.

ARE

In particular, ifa, =a, =a,=a, = ... =a_ = 0 (all the constants are zero), we get
the zero polynomial. which is denoted by . What is the degree of the zero polynomial?
The degree of the zero polynonual 18 not defined.

So far we have dealt with polynomials in one variable only. We can also have
polynomials in more than one variable. For example, x* + ¥ + xyz (where variables
are x, v and z) is a polynomial in three variables. Similarly p? + ¢'® + r {where the
variables are p, ¢ and r), «* + v' (where the variables are 1 and v) are polynomials in
three and two variables. respectively. You will be studying such polynomials in detail
later.
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EXERCISE 2.1

1.  Which of the following expressions are polynomials in one variable and which are
not? Stae reasons for your answer,

2
@) dxt-3p+7 i) ¥+ 2 (i) 3t + 142 () y+ =

(v M
2, Write the coetficients of % in each of the follawing:

() 2484% (i) 2— 2410 (i) gxt+xf vy JZx—1

3. Give one example each of 4 binomial of degree 35, and of a monomial of degree 100,
4. Write the degree of each of the following polynomials;

fiy S+ 4+ Tx () 4 -5
fiig) 51— f7 {ivy 3
5. Classify the following ag linear, quadratic and cubic palynoniials:
ih &4 (ii) s — & (i y+¥+4 {iv) 14
iv) 3t ivi) ¥ ivii) 74

2.3 Zeroes of a Polynomial
Congider the polynomial  p(x) = 5% — 2ud 4+ 3¢ — 2.
If we replace x by 1 everywhere in pix), we get
pM=5=(1 -2x1P+3x(1h)-2

=35-2+4+3-2
=4
So, we say that the value of p{x) at x =1 is 4.
Similarly, pi0) = 3(0)* — 2000 + 3(0y -2

=-3
Can you find p{-1)?
Fxample 2 : Find the value of each of the following polynomials at the indicated value
of variables:
M pE)=>5x-3x+Tatx=1
(i) gvi=3y-—4dy+ JII at v=2.
(i) p() =4+ 5°-f+6alr=a
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Solution : () p(x) =5» - 3x+ 7
The value of the polynomial p(x) at x =1 is given by
p(1) = 5(1)E =31y +7
=5-3+7=9
(i) g0 =3y ~dy+ I
The value of the palynomial g(y) at ¥ = 2 is given by

G(2) =320 -4+ V11 =24 -8+ 11 =16+ 1
(i) pl) =4t +5¢ -F+ 6
The value of the polynomial p{i) at t = 4 is given by

pla) = da* + 50 - a* + 6

MNow, consider the polynomial p(x) = x— 1.
What is p(1)7? Note that : p(lj=1-1=0.
As p(1) =0, we say that 1 is a zero of the polynomial plx).
Similarly. you can check that 2 is a zere of gix), where g(x) =x - 2.
In general, we say that a zero of a polynomial p{x) is a number ¢ such that pic) = 0.

You must have observed that the zero of the polynomial x — 1 is obtained by
equating it to 0, i.e, x— 1 =0, which gives x = 1. We say p(x) = 0 is a polynommial
equation and 1 iz the roof of the polynomial equation p(e) = 0. So we sav 1 is the zero
of the polynomial x — 1, or a reat of the polynomial equationx— 1 =0.

Now, consider the constant polynomial 5. Can you tell what its zero is7 It has no
zero because replacing x by any number in 5 still gives us 3. In fact, a non-zero
constant polynomial has no zero. What about the zeroes of the zero polynomial? By
convention, every real number is a tero of the zero polynomial.

Example 3 : Check whether <2 and 2 are zeroes of the polynomial x + 2.
Solution : Let p(x) = x + 2.
Thenp(2)=2+2=4, p(-2)=-2+2=0
Therefore, -2 is a zero of the polynomial x + 2, but 2 is not.
Example 4 : Find a zero of the polynomial pix) = 2x + 1.
Solution : Finding a zero of plx), is the same as solving the equation
pix) =0
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1
Now. '1x+]zl.}givesusx=—'i

1
So, — 5 is a zero of the polynomial 2x + 1,

MNow, if p(x) = axr + b, a # 0, i3 4 linear polynomial, how can we find a zero of
p{x)? Example 4 may have given you some idea. Finding a zero of the polynomial pix).
amounts to solving the polynomial equation p(x) =0,

Now, p(x) = 0 means ar+b=0,a=0

S0, ax=—h

1.e., X= =i
a

b
S0, 5= e is the only zero of plx). i.e. a Inear pelynomial has one and only ene zero.
Now we can say that 1 is the zero of x — 1, and -2 is the zero of x + 2.

Example 5 : Verify whether 2 and 0 are zeroes of the polynomial a* — 2.

Solution : Let plx) =5 - 2x
Then PR =2-4=4-4=0
and pi0y=0-0=0

Hence, 2 and 0 are both zeroes of the polynomial 5% — 2x,
Let us now list our observations:
(i) A zero of a polynomial need not be 0.
(it) 0 may be a zero of a polynomial.
(i) Every linear polynomial has one and only one zero.
{iv) A polynomial can have more than ong zero.

EXERCISE 2.2
1. Find the value of the polynomial Sx—4x 4+ 3 al
W x=0 (i) x=~I (i) x=2
2, Find p(0), pt1)and p(2) for =ach of the following polynormials,
iy piy)=y-y+1 i) plti =2+t 4221

i) pra) =2 Ov) plxi=(ax= e+ 1)
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3. Verify whether the following are zeroes of the polynomial, indicated against them.

1 4
(i} pf.x}=3x+1,x=—g {ii} pix)=5x-m, x=3
(i) pley=x-1, x=1,-1 (iv) plr)=(x+1)(x=2), 3=-1,2
; m

(v) plaj=x% x=0 (vi) plr) =l +m. x= =7
(vil) plx) =3x" -1 x~~i=3~ (i) plx)=2x+1 .\:"l

PR TR B ‘ 2

4, Find the zero of the polynomial in each of the following cases:

(i} plel=x+5 i) plr)=x-5 (i) pla)=24+35
iiv) ple)=3%-2 (v) ple)=13x ivi) plrl=ax, a=0

(vil) plx) = cx + d, ¢ # 0, ¢, d are real numbers.

2.4 Remainder Theorem

Let us consider two nombers 15 and 6. You know that when we divide 15 by 6, we get
the quotient 2 and remainder 3. Do vou remember how this fact is expressed? We
write 15 as
I5=(6x2)+3
We observe that the remainder 3 is less than the divisor 6. Similarly. if we divide
12 by 6, we get
12=(0=x2)+0
What is the remainder here? Here the remainder is 0, and we say that 6 is a
factor of 12 or 12 is a mudriple of 6.
Now. the question is: can we divide one polynomial by another? To start with, let
us 1wy and do this when the divisor is o monomial. So, let us divide the polynomial
2x% + ¥ + ¢ by the monomial x.

2

X i »
We have 2+ 2+ +h=—+—+—
X x x

=22 +x+

In fact. you may have noticed that % is common 1o each term of 227 + & + x. So
we can write 20 + 2 + cas o2 + 5 + 1),

Wesay that vand 22 + x + L are factors of 22 + "+ x, and 2x'+ ¥ + xis a
multiple of x as well as a multiple of 232 +x + 1.
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Consider another pair of polynomials 3x* +x + 1 and x.
Here. (A +a+ Drr=3" 2 )+ x+ 0+ (1 + 2.

‘We see that we cannot divide 1 by ¢ 1o get a polynomial lerm. So in this case we
stop here, and note that | is the remainder. Therefore, we have

I+ x+ 1= {xx@x+1)} +1

In this case, 3x + 1 is the quotient and 1 is the remainder. Do you think that x is a
factor of 3% + x + 17 Since the remainder is not zero, 1t is not 4 factor,

Now let us consider an example o see how we can divide a polynomial by any
non-zero polynomial,

Example 6 : Divide p(x) by g{x), where p(x) =x+3x* -1 and g(x) =1 + x.
Solution : We carry out the process of division by means of the [ollowing steps:
Step 1 : We wrile the dividend x + 3x* — 1 and the divisor 1 + x in the standard [orm,
1., after arranging the terms in the descending order of their degrees. So, the
dividend is 32* +x —1 and divisor is x + 1.

Step 2 : We divide the first term of the dividend

by the first term of the divisor, i.e., we divide 342 . .
3x* by x. and get 3x. This gives us the firstterm = 2 = first lerm of quotient

of the guotent. "

Step 2 : We multiply the divisor by the first term 3x

of the guotient, and subtract this product from i) jJ 2+t

the dividend, i.e., we multiply 1 + 1 by 3x and '

subtract the product 3x° + 3 from the dividend 3%+ 3x

Jx* + x — 1. This gives us the remainder as —

e 1. - 2x -1

Step 4 : We wreat the remainder —2x — 1

as the new dividend. The divisor remains

the same. We repeat Step 2 to get the

next term of the quotient, i.e., we divide —— = _2 New Quotient
the first term — 2x of the (new) dividend ¥ =3x-2

by the first term « of the divisor and obtain = Second term of quotient
— 2. Thus, — 2 is the second term in the
guotient.
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Step 5 : We multiply the divisor by the second i+ 1%-2) | -2x-1
term of the quotient and subtract the product =-2r—2 |-2c-2
from the dividend, That is, we multiply x + |
by — 2 and subtract the produoct - 2x - 2
from the dividend — 2x — 1. This gives us 1
as the remainder.

This process continues till the remainder 15 0 or the degree of the new dividend is less
than the degree of the divisor. At thiz stage, this new dividend becomes the remainder
and the sum of the quotients gives us the whole quotient.

Step 6 @ Thus, the quotient in full is 3x — 2 and the remainder is 1.
Let us look at what we have done in the process above as a whole:

Ixr-2

I+IJ I+ 51

_3.:’ + Ix

~2r=1

-2x~2
+ +

1

Notice that 3x'+x=1=(x+ 1) (B3x-2)+ |
ie., Dividend = (Divisor x Quotient) + Remainder

In general, if p(x) and g(x) are two polynomials such that degree of plx) = degree of
glx) and g(x) = 0, then we can find polynomials gly) and r(x) such that:
plx) = glx)g(x) + rx),

where r(x) = 0 or degree of r(x) < degree of g(x). Here we say that p(x) divided by
£(x), gives g(x) as quotient and +{x) as remainder.

In the example above, the divisor was a linear polynomial. In such a situation, Tet us
see if there is any link between the remainder and certain values of the dividend.

In pix) =35 + x — |, if we replace x by -1, we have
pl=l) = 3=1P + (=1) -1 = 1

S0, the remainder obtained on dividing p(x) = 32* + £ — 1 by x + 1 is the same as the
value of the polynomial p(x) at the zero of the polynomial x + 1, ie., 1.
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Let us consider some more examples.
Example 7 : Divide the polynomial 3x* -4 - 3x -1 by x - 1.
Solution : By long division, we have:
-4t -x-4

21 ) qp_gpag 4
3¢ 30

- 3 -3x-1
5 8 -

Here, the remainder is — 5. Now, the zero of x— 1 is 1. So, putting x = 1 in p(x), we see
that

pll) = 3(1¥ —4(1)F - 3(1) - |
o G, (e

= — 3, which is the remainder,

Example § : Find the remainder obtained on dividing p(x) =2+ 1 by x + 1.
Solution : By long divizion,

¥r—x+1

X+1] ¥+l

_P+e

—x2 +1
43

x+1
_.r-l:l
0



PoiyNosiaLs i

50, we find thal the remainder iz (0.
Here p(x) =+ 1, and therootof x + 1 =0 15 x=-1. We see that
pl=1) = (<1 +1

==1+1

=0,
which is equal to the remainder obtained by actual division.
Is it not a simple way (o find the remainder obtained on dividing a polynomial by a
linear polyrnomial? We shall now generalise this fact in the form of the following

theorem. We ghall also show you why the theorem is true, by giving you a proof of the
theorem.

Remainder Theorem : Let pix) be anyv polynomial of degree greater than or
equal to one and let a be any real number. If p(x) is divided by the linear
polynomial x — a, then the remainder is pla).

Frool : Let p(x) be any polynomial with degree greater than or equal to 1, Suppose

that when p(x) iz divided by x — a. the quotient i5 g(x) and the remainder is rlx). Le..
plx) = (x — a) 4lx) + r(x)

Since the degree of x — a is 1 and the degree of r{x) is less than the degree of ¥ - o,

the degree of r{x) = 0. This means that #{x) is a constant, say r.

So, for every value of x, Hx) =1
Therefore, pix)=(x—a)glx) +r

In particular, if x = g, this equation gives us
pla)=(a—a) gla) +r
=T
which proves the theorem,

Let us use thiz rezult in another example,

Example 9 : Find the remainder when x* + 2 — 262 + x + 1 is divided by £ — 1.
Solution : Here, plx)l= ¥+ -2+ x4+ 1, andthe zeroof x— 1 is 1.

5o, P =(1r+ (1P -21P+1+1

- A

So, by the Remainder Theorem, 2 is the remainder when 4* + & - 22 + x + 1 is
divided by x— 1.

Example 10 : Check whether the polynomial g(t) = 41* + 4t — 1 = 1 is a multiple of
2r+1.
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Solution : As you know, g(f) will be a multiple of 2t + 1 only, if 2r + 1 divides g(#)

1
leaving remainder zero. Now, taking 2t + 1 = 0. we have t = =

1 1Y 1Y 1 e B g
- = - === =] == == :_"""1""‘“_1:
= “"( 2] 4( z] +4( z) [ -2) =gty

So the remainder obtained on dividing g(r) by 2r+ 1 is 0,

So, 2t + 1 is a factor of the given polynomial g(!), that is g(f) is a multiple of
2+ 1.

EXERCISE 2.3
1. Find (he remainder when a® + 32 + 3x + | is divided by
1
iy x+1 (i) x— E {iii) x (V) £+ 1 vy 5+ 2x
2. Find the remainder when &' — ae® + 6x — a i5 divided by 2 —a.
3. Checkwhether 7 + 318 a factor of 3% + T,
2.5 Factorisation of Polynomials

Let us now look at the situation of Example 10 above more closely. It tells us that since

2

Tor some polynomial g(t). This is a particular case of the following theorem.

1
the remainder, Q(——J =0, (21 + 1) 13 a factor of g(r), i.e., g(i) = (2r + 1) g(0)

Factor Theorem : If p(x) 18 a polynomial of degree n > 1 and @ is any real number,
then (i) x—ais afactor of pa), if pla) =0, and Gi) p(g) =0, if x — a i5 a factor of p(x).

Proof: By the Remainder Theorem, p(x)=(r — a) g(x) + pia).
(i) If pla) = 0. then p(x) = (x — a) g{x). which shows that x — a is a factor of p(x).
{ii) Since x— a is a factor of plx). p(x) = (x — a) glx) for same polynomial gix).
In this case, p(a) = (a — a) gla) = 0.

Example 11 : Examine whether x + 2 is a factor of x¥* + 3x* + 5x + 6 and of 2x + 4.
Solution : The zetoof x +2is 2. Let p(x)=3x"+38 +5x+ band s(x) =22 + 4
Then, p=2) = (2P + 3(-2P + 5(-2) + 6
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=-8+12-10+6

=0
So, by the Factor Theorem, x + 2 i3 a [actor of 2 + 3% + 5x + 6.
Again, $(=2)=2(-2)+4=0

S0, r+ 2 is a Tactor of 2Zx + 4. In fact, you can check this without applying the Factor
Theorem. since 2y + 4 = 2k + 2).

Example 12 : Find the value of k, if x — 1 is a factor of 4a* 4+ 35 —dx + k.

Solution : Asx— lisafactorof plx) =48+ 32 —dx + k. p(l) =0

Now, Pl =412 +3(1P -4+ k
So. 4+3-4+k=0
i.ﬂ., =3

We will now use the Factor Theorem to factorise some polynomials of degree 2 and 3.
You are already familiar with the factorisation of a guadratic polynomial like
%+ [x + m. You had factorised it by splitting the middle term [x as ax + bx so that
ab = m. Then &' + Ir + m = (x + a) (x + k). We shall now try to factorise quadratic
polynomials of the type ax® + by + ¢, where a # 0 and a, b, ¢ are constants.

Factorisation of the polynomial ax* + br + ¢ by splitting the middle term is as
follows:

Let its factors be (px + ¢) and (rx + 5). Then
a+bxtrc=(px+glx+s)=prad+(ps +gryx+ g5

Comparing the coeflicients of x?, we gel a = pr.

Simnilarly, comparing the coeflicients of x, we get b= ps + gr.

And, on comparing the constant lerms, we gel ¢ = gr.

This shows us that b is the sum of two numbers ps and gr, whose product is
(ps)gr) = (pri(gs) = ac.

Therefore, to factorise ax® + bx + ¢, we have to write d as the sum of two
numbers whose product is ac. This will be clear from Example 13.

Example 13 : Factorise Gx* + 17x + 5 by splitting the middle term, and by using the
Factor Theorem.

Solution 1 : (By splitting method) : If we can find two numbers p and g such that
p+g=17 and pg =06 x5 =30, then we can get the factors.
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So, let us look Tor the pairs of Tactors of 30. Some are 1 and 30, 2and 15, 3 and 10, 5
and 6. Of these pairs, 2 and 15 will giveusp +g=17.

So,684+ 17845 =62+ (2+ 150 +5
=6xf+2x+ 152+ 5
= 2(3x+ 1)+ 5032+ 1)
=@x+ 1) (2Zx+5)
Solution 2 : (Using the Factor Theorem)

-5 17 3 ;
o+ 17+ 5= ﬁ[f + ?x + EJ =6 p(x), say. If @ and b are the zeroes of p(x), then

3
x>+ 176+ 3=06(x—a) (x—b). So,ab= E Let us look at some possibilites for a and
b, They could be ilrtltiitiil. Now, p[l)=l+E(lJ+ 3 # (. But
2 3 3 2 2) 4 a6\2) 6

-1 |
P[?] = 1. So. (I s 5) is a factor of p(x). Similarly, by trial, you can find that

[_I-I-”;] 15 a factor of p(x).
1 5
Therefore, t+ 1Tx+5= E[x+§)[x+-2-]
- 6(31+1](2;+ 5]
- 3 2

(3x+1) (2x + 5)

For the example above, the use of the splitting method appears more efficient. However,
1et us consider another example.

I

Example 14 : Factorise y* — 5y + 6 by using the Factor Theorem.

Solution : Let p(y) = ¥ — 5y + 6. Now, if p(v) = (y — @) (¥ — ), you know that the
constant term will be ab. So, ab = 6. So, to look Tor the factors of p(y), we look at the
factors of 6.

The Tactors of Gare 1, 2 and 3,
Now, pf2)=22-(5%x2)+6=0
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So, 3 - 213 a factor of p(y).

Also, p(3)=3*—(5x3)+6=0

So, y—73 isalso a factor of y* — 5y + 6,

Therefore, ¥ —-5v+6=(-2)y-3)

Mote that ¥ — 5v + 6 can also be factorised by splitting the middle term —Sy.

Now, let us consider factorising cubic polynomials. Here, the splitting method will not

be appropriate to start with. We need to find at least one factor first, as vou will see in

the following exarmple,

Example 15 : Factorise x* — 2347 + 142x — 120

Solution : Let p(x) = 23— 23, + 142x - 120

We shall now look for all the factors of —120. Some of these are =1, +2, +3,

+4. +5 26, £8. £10, £12, £15, £20, £24, 230, £60,

By trial, we find that p(1) = 0. So x - | is a factor of p(x).

Now we see that »* — 234% + [42x — 120 = 2% — 3% — 2227 4 22x + 120 - 120
=x%x—1)=22x(x - )+ 120(x - I} (WhyD)
=(x—1)(x*-22x+ 120) [Taking (x — 1) common|

We could have also got this by dividing p(£) by 2 — 1.

Now 4% — 224 + 120 can be factorised either by splitting the middle term or by using
the Factor theorem. By splitting the middle term. we have:

F-22x+ 120 =5 - |2x— 10x + 120
= xfr—12) = 10(x - [2)
= (x = 12) (x - 10)
So, =230 - 142x - 120 = (x = T)(x - 10)(x - 12)

EXERCISE 2.4

1. Determine which of the following polynomials has {1+ 1) a factor |

(T S o e | i) 2+ o+t +a+1

(i) &+ 38+ 3+ | (v) £ -t (2+2)x+42

2. Use the Factor Theorem to determine whether g(x) is a factor of p{«) in each of the
following cases;
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M p)=2¢+x-2- L gix)=x+]1
iy plr)=2+38+32+1, glx)=x+2
(i) plx) =242 +x+6, glxr=x-3
3. Findthe value of &, if x— 1 i3 a factor of pix) in each of the following cases:

i) plel=r+r+k ) pla) =22 +kx+ \f2

i) plx)=lt— fx+1 {iv) plxy =it = I+ k
4. TFactorise ;

iy 12x-Tx+1 i) 28 +Tx+3

(i} B+ 5x—-6 iv) Ixl-x-4
5. Factorise ;

iy -2 —x+2 iy 2 —37F5—-9z-5

i) xF+ 13204+ 326+ 20 ) 27+ -2y 1

2.6 Algebraic Identities

From your earlier classes, you may recall that an algebraic identity is an algebraic
equation that is true for all values of the variables occurring in it, You have studied the
following algebraic identities in earlier classes:

Identity 1  :{(x +yP =2+ 200 +3*
Identity Il :{x—yP =35 -2y +
Identity I : -V =(x+¥) (x-%)
Identity IV :{x+a)(e+b)=x+(a+bx+ab

You mmst have also used some of these algebraic identities to factorise the algebraic
expressions. You can also see their utility in computations.

Example 16 : Find the following products using appropriate identities:
Dx+3NE+3) (i) (x—3(x+95)

Solution : (i) Here we can use Identity T @ (x + v =2+ 20v + . Putting v=3 in it,
we get

D+ =(x+3P=2+2(x)3) + 3P
=x*+6x+9
(1) Using Identity TV abowve. i.e.. (x + a) (x + b) = x* + (a + b)x + ab. we have
(=3 (x+5) =2+ (=3 +5x+(=3)35)
=x*+2x— 15
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Example 17 : Evaluate 105 x 106 without multiplyving directly.
Solation : 105 % 106 = (100 + 5) 2 (100 + 6)
= (1007 + (5 +6) (100) + (5 % 6), using Identity IV
10000 + 1100 + 30
11130
You have seen some uses of the identities listed above in finding the product of some

given expressions. These identities are useful in factorisation of algebraic expressions
also, as you can see in the following examples,

Il

Example 18 : Factorise:

{1) 494° + 70ab + 255° (ii) %x’ - %
Solution : (i) Here you can see that
49a? = (Tal, 25b* = (5b)%, T0ab = 2(7a) (5b)
Comparing the given expression with 2 + Zxy + ¥, we observe that x = 7a and y = 5b.
Uising ldentty I, we get
49a* + T0ab + 258 = (Ta + 5bY = (Ta + 5b) (Ta + 5b)

a 1 1
(ii) We have 222 - Y= (Ex] = [EJ
4 9 \2 3

Now comparing it with Identity ITL, we get

2 3/\2 3
So far, all our identities involved products of binomials. Let us now extend the [dentity
1o a trinomial x + ¥ + z. We shall compute (x + ¥ + 2% by using Tdentity I,
Let x + v =t Then,
(x+y+zf=(t+z)f
=£+2z+7 {Using Identity T)
=(x+yV +2x+yz+ 2 (Substituting the value of £)
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=2+ 2o+ ¥+ 2z + vz + 2 {Using Identity T)
=+ ¥+ 2+ 2y + 2yz+ 2zx (Rearranging the terms)
So, we get the following identity:
fdentity V:i{x +y+zP=x"+y + 22 + 2oy + 257 + 2ix

Remarl : We call the right hand side expression the expanded form of the left hand
side expression. Note that the expansion of (x 4 y + z)? consists of three square terms
and three product terms,

Example 19 : Write (3a +4b + 5cF-in expanded form.
Solution : Comparing the given expression with (x + y + z)%, we find that
¥=13a, y=4band 7 = 5¢.
Therefore, using Identity ¥, we have
{3a +4b + 5c) = (3a)® + (4b6) + (5c)* + 2(3a)(4b) + 2(4b)3c) + 2(5¢)(3a)
= Oa’ + 162 + 25¢% + 24ab + 40bc + 30ac
Example 20 : Expand (d4a — 2b — 3¢}
Solution : Using Identity V, we have
(4a —2b — 3¢ = [da + (-2b) + (-30)
= (da)® + (-2 + (-3c)® + 24a)(-26) + 2(=26)(-3c) + 2(-3¢)(4a)
= 16a? + 48 + 9¢* — 16ab + 12bc - 24ar
Example 21 : Faclorise 422 + ¥ + 2 = dxy — 2yz + daz.
Solution : We have 42* + 32 + 22 = day = 2yz + daz = (2P + (=) + (2P + 2 2x)(=w)
+ 2(=yNz) + 2(2x)(z)
= [2x + (=) + z]? (Using Identity V)
=(x—y+2P=(x-y+H2x—-¥y+2)

So far, we have dealt with identities involving second degree terms, Now let us
extend Identity I to compute (x + ¥)’. We have:

E+yV=@E+y) e+yy
= (X + ¥+ 2oy + 99
= x(xt + 2oy + v¥) + ¥t + 2xy + )
=2+ 20+t v+ ot + P
= + 3ty + Juyt + y

=2+ v+ Al + 0
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So, we gel the following identity:
Identity VI: (x+y =2+ +3yv(x+y)
Also, by replacing v by —y in the Identity VI, we get
Identity VII : (x=3'=x' =y =3p(x = y)
=x'= 3y + 3oy — p?
Example 22 : Wrile the Tollowing cubes in the expanded form:
(i) (3a + 4b)° (ii} (5p - 3¢)°
Solution : (i) Comparing the given expression with (x + ¥}, we find that
x= 3aand y = 4b.
So, using Identity VI, we have:
(3a + 4By = (3a)* + (4b) + 3(3a)(4b)B3a + 4b)
= 27a° + 645 + 108a*h + 144ab?
{ii) Comparing the given expression with (x — ¥}, we find that
x=5p.y=13g.
So, using ldentity Y11, we have:
(5p - 3g) = (5pP® - (3gF° - 3(5p)(34)(5p - 39)
= 125p* — 274 — 225p%q + 135pg°
Example 23 : Evaluate each of the following using suitable identities;
(i) (104) (i) (999)
Solution : (1) We have
(104 = (100 + 4
(100) + (407 + 30100043100 + 4)
{Using Identity VI)
1000000 + 64 + 124800
1124864

1]

(i) We have
(990 = (1000 - 1)
= (1000 = (17 = 3(1000)(1)(1000 - 1)
(Using Identity VII)
= 1000000000 — 1 - 2997000
= 947002994
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Fxample 24 : Factorise 82° + 27v + 36xly + S48
Solution : The given expression can be written ag
(2x) + (3yF + 343y} + 3229
= (20" + (3y) + 23w + 3(20)(3yP
= (Zx + 3y {(Using Identity V1)
= (2x + 3¥)(2x + 3y 2x + 3y)
Now consider (x + y + 2)(x* + ¥+ 22— oy — yz — 2v)
On expanding, we get the product as
A+ -y —yz -z + ¥R+ P+ - xy -y - 20)
+ot+ P+ ay—yr-zn) =0 P ozt - aty - oy - 2P 4y
+ 3+ y2 = Xy = ¥z = xyz + A% + ¥z + 2t Xyg - v - a?
=2 +y+2 =30z (On simplification)
So, we obtain the following identity:
Identity VI : 2+ ¥ + 2 -3pr = +y+ W2 + ¥ + 22—y —yz —2x)
Example 25 : Factorise : 8x% + 3 + 272° — 184z
Solution : Here, we have
8% + v + 2727 — 18xvz
= (2cF + ¥ + (320" — H2)(¥)(32)
=(2r +y + 37)[(20% + ¥ + (32 — (20)(y) — (¥)32) — (2x)(32)]
= {2k + y 4+ 327) (4 + 3 + 92 - Dy — Fyzr— 612)

EXERCISE 2.5
1. Use switable identitiss to fnd the following products;
iy fe+dy e+ 100 (i) (x+8)fx—10) iy {3x+4)1{3x-3)
3 3
fiv) cyﬂ+§u(y=—5; (v) (3-2x) (3 +2x)

2. Evaluate the following products withowt multiplying directly:
iy 103107 ) 95x96 gy 104294
3. Facterise the following using appropriste identities:

i) Sal+Ory+y (i) 4y —dy+ 1 i) A2 — %
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4.

s‘

1.

111

12.

13,
14

15,

Expand each of the following, using suitable identities:

iy (x+2y+dzy?

v (3a—Th—g)?

Factorise:

(i) (2z—y+ 2P (i) (~2x4 3y + 220

o) (Ze45y-32¢ ) !i—a—éb+l]z

() e+ 9+ o7t + | 2y — 2dyr — L6z

(i) 20+ )+ 82~ 22y + 42y -8k
Write the following cubes in expanded [orm:

k]
i} (2x+1)F (i) (2a— 307 {ii} |:-z—..'r- + I:I {iv} l:.x 2

Evaluate the following using suitable identities:

(i (99P

(i) (1028 i) (S9E)

Factorize each of the following:

it Ba'+ b4 1206 + Gabl
(i) 27 =123a= 135a+2254°
1

19
(v) 27—~ —— - =P + =
W Wp=ge—=gl

{ii) 8" — b — 126% + 6al
{iv) 6da® =270 = 1dda?h + 10Rap?

Verify : (D + Y =te+y) (P -ay+¥) (D) X =y =l-y) P +ay+y)
Factorize each of the following:

(i) 27y + 1257
[Hint : See CQuestion 9]
Factorize : 2707 + ' + 27 — Qe

(ii) Gdm'— 34307

1 ;
Verify that £® + ¥+ 2 - Js = 5 (x+ y+ 2 [{x— W+ y—t (- x}‘]

I x+v+z=0, show that & + ¥ + 2% = 3xyz.
Without actually calculating the cubes, find the value of each of the following:

i =127+ 15
() (287 & =158+ 1139

ET

Give possible expressions for the length and breadth of each of the following
rectangles, in which their areas are given:

Area 250" -35a+ 12

(i)

Area 3597+ 13y -12

(i)
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16. What are the possible expressions for the dimensions of the cuboids whose volumes
are given below?

Volume @ 38— [ 2y Wolume : 12ky* + 8ky — 20k

i) {ii)

2.7 Summary

In this chapter, you have stmudied the following points:

1.

Mo W

he i

1.

.

12,
13.
14
15.

A polynomial p(x) in one variable x is an algebraic expression in x of the form
plR)=af+a, o'+ +at+ax+a,
where g, 4., 9, .. ., a_are constants and g_=2 0.

a,8,0,....a, 8w respectvely the cogfficients of 2%, x, 2%, .., x*, and nis called the degree

af the polynomial. Eachof a ¥, &, v, .., ay, witha 20, is called a rerm of the polynomial
pix).

A polynomial of ane term is cafled a momomial.

A polynomial of two terms is called a binomial.

A polynomial of three terms is called a rinormial.

A polvnomial of degree one is called a linear polynomial.

A polvoomial of degree two is called a quadratic pelynemial,
A polyoomial of degree three is called & cubic polynomdal.

A real number "3’ is a zero of a polynomial piz) if plat = 0. In this case, a i5 also called a
rogt of the equation pix) = 0.

Every linear polynomial in one variable has @ unigue 2ero, a non-zero constant polynomeal
has no zero, and every real number is a zero of the zero polynomial.

Remainder Theorem - I plx) i3 any polynomial of degree greater than or equal to 1 and p(x)
iz divided by the linear polynomial x — g, then the remainder is pia).

Factor Theorem ; & — a 15 a factor of the polynomial i), if plat =0, Also,if x—aisa factor
of pix). then pla)=0.

(x+y+ol=r+ @+ 04+ Doy + Dy + 222

(x+3V =2+ ¥+ 3xpix+y)

- yp =2ty -3 -y)

PP+ -dom=dy+ P+ 7+ -y -y
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What's the gend of Mercator's North Poles and Equators. Tropics, fiones and
Meridian Lines? So the Bellman would cry; and crew would reply ' [hey are
merely conventional signs]”

LEWTS CARROLL, The Huniing of the Snark
3.1 Introduction

You have already studied how to locate a point on a number fine. You also know how
to describe the position of a point on the line. There are many other situations, in which
tofind a point we are required Lo describe its posidon with reference to more than one
line. For example, congider the following situations:

I In Fig. 3.1, there is a main road running
in the East-West direction and streets with
numbering from West to East. Also, on each
street, house nmnbers are marked. To look for
a [riend’s house here, 18 it enough to know only
one reference point? For instance, if we only
know that she lives on Street 2, will we be gble
to find her house easily? Not as easily as when
we know two pieces of information about it, W< >F
namely, the number of the street on which 1t is
sitnated, and the house number, If we want to £
reach the house which is sitwated in the 2™
streel and has the number 5, first of all we
would identify the 2™ street and then the house H3s
numbered 5 on it. In Fig, 3.1, H shows the
location of the house. Simularly, P shows the
location of the house corresponding to Street
number 7 and House number 4,

L

P

1!-

i |
—_— e e b LA
5
=t g W e
— 3 el B LA

Stree
— 3 L
Streel 3
Sireet
spreet 7

N}
"
]
¥

Ll R e
Street 4

Ly o Ll ey

Siresl
=
Sirest &
= Lid

Fig. 3.1
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I1. Suppose you pul a dot on a sheet of paper [Fig.3.2 (a)]. I we ask you to tell us
the position of the dot on the paper, how will you do this? Perhaps you will try in some
such manner; “The dot is in the upper half of the paper”, or “It is near the left edge of
the paper™, or “It is very near the left hand upper corner of the sheet”. Do any of
these statements fix the position of the dot precisely? No! But. if vou say * The dot is
nearly 5 em away [rom the left edge of the paper”, it helps to give some idea but still
does not fix the position of the dot. A little thought might enable you to say that the dot
is also at a distance of 9 ¢cm above the bottom line, We now know exactly where the dot is!

aem

Qo

Fig. 3.2

For this purpose, we fixed the position of the dot by specifving its distances from two
hixed lines, the left edge of the paper and the bottom line of the paper [Fig.3.2 (b)]. In
other words, we need two independent informations for finding the position of the dot.

Now, perform the Tollowing classroom activity known as "Seating Plan”,

Activity 1 (Seating Plan) : Draw a plan of the seating in your classroom, pushing all
the desks together. Represent each desk by a square. In each square, write the name
of the student occupying the desk, which the square represents. Position of each
student in the classroom is described precisely by using two independent informations:

(i) the column in which she or he sits,
(i) the row in which she or he sits.

If you are sitting on the desk Tying in the 3™ column and 3™ row (represented by
the shaded square in Fig. 3.3), your position ¢could be written as (3, 3}, [irst writing the
column number, and then the tow number. Is this the same as (3, 5)7 Wrile down the
names and positions of other students in your class. For example, if Sonia is sitting in
the 4% column and 1% row, write $(4,1). The teacher"s desk is nol part of vour seating
plan. We are treating the teacher just as an observer.
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7 [ T shows teacher’s desk
4 § shows Sonia’s desk

1 g*

12 35 4 35 ¢ 7V & 31

Columns e :'i

[:"ig. 3.3

In the discussion above. vou observe that position of any object lying in a plane
can be represented with the help of two perpendicular lines. In case of “dot’, we
require distance of the dot from bottom line as well as from left edge of the paper. In
casze of seating plan, we require the number of the column and that of the row. This
simple idea has [ar reaching consequences, and has given rise to a very imiportani
branch of Mathematics known as Coordinate Geometry. In this chapter, we aim to
introduce some basic concepls of coordinate geometry. You will study more aboul
these in your higher elasses. This study was initially developed by the French philosopher
and mathematician Rend Déscarres.

René Déscartes, the great French mathematician of the
| seventeenth century, liked to lig in bed and think! One
day, when resting in bed, he solved the problem of
deseribing the position of a point in a plans, His method
was a development of the older idea of latitude and
longituds. In honour of Déscaries, the system nsed for
describing the position of a point in a plane is also
known as the Cartesian yystem.

Eené Déscartas (1596 -1650)
Fig. 3.4

EXERCISE 3.1
1. How will you describe the position of a table lamp on your study table o another
person?

2. (Street Plan) : A city has two main reads which cross each other at the centre of the
city, These twa roads are along the North-South direction and East-West direction,
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All the other streets of the city run parallel to these roads and are 200 m apart, There
are 5 streets in each direction, Using lem = 200 m;, draw a model of the city on vour
notebook. Represent the roads/streets by single lines.

There are many cross- streets in your model. A particular crogs-girest is made by
two streets, one running in the North - South direction and another in the East - Weat
direciion, Each cross sireel is refezved (0 in the following manner ; If the 2™ sireet
running in the Morth - South direction and 3% in the East - West direction mesl at some
crossing, then we will call thiz crogs-sireel (2, 3), Using thiz convention, find;

(it how many cross - streets can be referred (o as (4, 31

(i} how many cross - streets can be referved o as (3, 40,

3.2 Cartesian Systemn

You have studied the aumber line in the chapter on ‘Number System’. On the number
line, distances from a fixed point are marked in equal units positively in one direction
and negatively in the other, The point from which the distances are marked is called
the origin. We use the number line to represent the numbers by marking points on a
line at equal distances. IT one unit distance represents the number 17, then 3 onits
distance represents the number ‘3", *0" being at the origin. The point in the pozitive
direction at a distance r from the origin represents the number » The point in the
negative direction at a distance r from the origin represents the number —r. Locations
of different numbers on the number line are shown in Fig. 3.5.

O it Chae unil
distance diztance
" CI‘- iH Il P Y
3 =4 -3 2 I @ 1 2 3 4 &
Fig. 3.5

Descartes invented the idea of placing two such lines perpendicular (o each other
on a plane, and locating points on the plane by referring them to these lines. The
perpendicular lines may be in any direction such as in Fig.3.6. Bul, when we choose

1
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these two lines (o locale a point in a plane in this chapter, one line Y
will be horizontal and the other will be vertical, as in Fig. 3.6(c). T
These lines are actually obtained as follows @ Take two number
lines, calling them XX and Y'Y, Place X'X horizontal [as in Fig. 3.7(a)] 44
and write the numbers on it just as written on the number ling. We do 4
the same thing with Y'Y except that Y'Y is vertical, not horizontal .
[Fig. 3.7(b)]. .
| -
04  Chrigii
|_ +*
.lf! 5
44
Origin
A —— 4 —d ot ¢ - ' s : + > Y )
§ -4 -3 -2 -1 0 1 2 % 5 Y
(1) {(b)
Fig. 3.7
Combine both the lines in such v
a way that the two lines cross each e W
other at their zeroes, or origins e
{Fig. 3.8). The horizontal line XX 5
is called the x - axis and the vertical 4
line Y'Y is called the v - axis. The -
point where XX and Y'Y cross is 2
called the [Il'i.gill, and is denoted “I;'J'Pga.':v":'* AL | Praitive & -axig ~
by O. Since the positive pumbers =~ = 5 5 4 3 7 1@ £nd s 8 e
lie an the directions OX and OY,
OX and OY are called the positive :
directions of the x - axis and the +
¥ - axis, respectively. SimilarTy, OX <
and OY" are called the negative
directions of the x - axis and the Negaivep-axts
M

¥ - axis, respectively,

ig. 3.8
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You observe that the axes (plural of the word I
‘axis’) divide the plane into four parts, These four
parts are called the quadrants (one fourth part),
numberad T, 1, TIT and TV anticlockwise from OX
(see Fig.3.9). So, the plane consists of the axes and
these quadrants, We call the plane, the Cartesian i) 2
plawne, or the coordinate plane, or the xy-plane.
The axes are called the coordinate axes.

Croadeant [l CJoadrant |

Cruediami I Cruadrant TV

L
v
Fig. 3.9

Now, let us see why this system iz 50 bazic to mathematics, and how if is useful.
Consider the following diagram where the axes are drawn on graph paper. Let us see
the distances of the poinis P and Q from the axes. For this. we draw perpendiculars
PM on the x - axis and PN on the y - axis. Similarly, we draw perpendiculars QR and
8 as shown in Fig. 3.10

N B e e D T L A
= M

Q 5

-~ 3
4
W
-.(i

Fig.3.10

You [ind that

{i) The perpendicular distance of the point P from the - axis measured along the
positive direction of the 1 - axis is PN = OM = 4 units.

{ii) The perpendicular distance of the point P from the « - axis measured along the
positive direction of the v - axis is PM = ON = 3 units.
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(i) The perpendicular distance of the point Q from the ¥ - axis measurad along
the negative direction of the & - axis is OR = 80) = 6 units,

(iv) The perpendicular distance of the point ) from the x - axis measured along
the negative direction of the v - axis is 05 = R0Q = 2 units.

Now, using these distinces, how can we describe the points so that there is no

confugion?

‘We write the coordinates of a point, using the following conventions:

{f) The x - coordinate of a point is its perpendicular distance from the y - axis
measured along the x -axis (positive along the positive direction of the x - axis
and negative along the negative direction of the x - axis). For the point P, it is
+ 4 and for (), it is — 6. The x - coordinate is also called the ahscissa.

(ii) The y - coordinate of a point is its perpendicular distance from the x - axis
measured along the y - axis (positive along the positive direction of the y - axis
and negative along the negative direction of the y - axis). For the point P, it is
+ 3 and for Q, it is —2. The y - coordinate s also called the ordinate.

{ii) In stating the coordinates of a point in the coordinate plane, the x - coordinate
comes first, and then the ¥ - coordinate. We place the coordinates in brackets.

Hence, the coordinates of P are (4, 3) and the coordinates of Q are (— 6, — 2).

Note that the coordinates describe a point in the plane wniguely. (3. 4) is not the

same as (4, 3).

Example | : See Fig. 3.11 and complete the following statements:

(i)
(if)
(i}

{iv)

The abscissa and the ordinate of the point B are _ _ _ and _ _ _, respectively.
Hence, the coordinates of Bare (_ _, _ ).

The x-coordinate and the y-coordinate of the point M are _ _ _and _ _ _
respectively. Hence, the coordinates of M are {_ _, _ ),

The r-coordinate and the y-coordinate of the point L are _ _ _ and _ _ _,

respectively. Hence, the coordinates of Lare (_ _, _ _}

The ax-coordinate and the y-coordinate of the point 8 are _ _ _ and
respectively. Hence, the coordinates of S are {_ _, _ _).

s i o el
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Fig. 3.11

Solution : (i) Since the distance of the point B from the y - axis is 4 units, the
x - coordinate or abscissa of the point B is 4. The distance of the point B from the
x - axis is 3 units; therefore, the y - coordinate, i.e., the ordinate, of the point B is 3.
Hence, the coordinates of the point B are (4, 3).

As in (1) above :
(i) The x-ecoordinate and the y - coordinate of the point M are -3 and 4, regpectively.
Hence, the coordinates of the point M are (-3, 4).

{iii) The x- coordinate and the y - coordinate of the point L are —5 and —4, respectively.
Hence, the coordinates of the point L are (-5, — 4).

{iv) The x-coordinate and the y- coordinate of the poini 5 are 3 and — 4, respectively.
Hence. the coordinates of the point S are (3, —4).
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Fxample 2 : Write the coordinates of the

points marked on the axes in Fig, 3.12. }

Solution : You can see that | y

{i) The point A is at a distance of + 4 units WE
from the y - axis and at a distance zero 4
from the x - axis. Therefore, the C TH A -
x - coordinate of Ais 4 and the € 53 437 10 5 1 143

Retll

¥ - coordinate is 0. Hence, the
coordinates of A are (4, 0).

(if) The coordinates of B are (0, 3). Why?

(ili} The coordinates of C are {(— 5. 0).
Why? <)

{iv) The coordinates of D are (0, — 4). Why?

S

o

D

ur

2
(v) The coordinates of E are [5* ﬂ]. Why?

Since every point on the x - axis has no distance (zero distance) from the x - axis,
therefore, the y - coordinate of every point lying on the x - axis is always zero. Thus, the
coordinates of any point on the x - axis are of the form (x. 0), where x is the distance of
the point from the ¥ - axis. Similarly, the coordinates of any point on the y - axis are of
the form (0, y), where y is the distance of the point from the x - axis. Why?

What are the coordinates of the origin OF It has zero distance from Boih the
axes 3o thar its abscissa and ordinate are both zero. Therefore, the coordinates of
the origin are (0, 0).

In the examples above, you may have observed the following relationship between
the signs of the coordinates of a point and the guadrant of a point in which it lies.

(i) Ifapointis in the Ist quadrant, then the point will be in the form {+, 4}, since the
15t quadrant is enclosed by the positive x - axis and the positive ¥ - axis.

(i) I apointisin the 2nd quadrant, then the point will be in the form (—, +), since the
2nd quadrant i3 enclosed by the negative x - axis and the positive y - axis.

(i} Ifapointisin the 3rd quadrant, then the point will be in the form (—, —), since the
3rd quadrant is enclosed by the negative x - axis and the negative y - axis,

{iv) Ifapointisin the 4th quadrant. then the point will be in the form (+. —), since the

4th quadrant is enclosed by the positive 1 - axis and the negative y - axis
{see Fig. 3.13).
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%
F.
A
3
I 1
) 4 (+.4)
W e + . > X
5 -8-3-1 " R T T R
|.
I 21 IV
(~.=) = f+. ~i
F.|
3
a2
Y
Fig. 3.13

Remark : The system we have discussed above lor describing a point in a plane is
only a convention, which is accepted all over the world. The system could also have
been, for example, the ordinate first, and the abseissa second. However, the whole
world sticks to the system we have degeribed (o avoid any confugion.

EXERCISE 3.2
L Wiite the answer of cach of the following questions;

(iv What is the name of horizontal and the vertical lines drawn to determine the
position of any point in the Cartesian plane?

(i} Whatis the name of each part of the plane formed by these two lines?
(i} Write the name of the point where these two Tines intersect.
2. SeeFig.3.14. and write the following:
tif 'The coordinates of B.
fiiy The coordinates of C.
(iii} The poing identified by the coordinates (=3, =5).
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1

i} The point identified by the coordinates (2, = 4).
ivy The abacizsa of the point I,

ivit The ordinate of the point H.

(vii) The coordinates of the point L.
iviii} The coordinates of the point M.

—— g

3.3 Plotting a Point in the Plane il its Coordinates are Given

Uptil now we have drawn the points for you, and asked you to give their coordinates.
Now we will show vou how we place these points in the plane if we know its coordinates.
We call this process “plotting the point”,

Let the coordinates of a point be (3, 5). We want to plot this pointin the coordinate
plane. We draw the coordinate axes, and choose our units such that one centimetre
represents one unit on both the axes, The coordinates of the point (3. 5) tell us that the
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distance of this point from the v - axis along the positive x - axis is 3 units and the
distance of the point from the ¢ - axis along the positive y - axis is 5 units. Starting from
the origin O, we count 3 units on the positive x - axis and mark the comresponding point
as A, Now, slarting from A, we move in the positive direction of the v - axis and count
5 units and mark the corresponding point as P (see Fig.3.15). You see that the distance
ol P from the v - axis is 3 units and [rom the x - axis is 5 units, Hence, P is the position
of the point. Note that P lies in the 1st quadrant, since both the coordinates of P are
positive. Similarly, you can plot the point Q (5, - 4) in the coordinate plane. The distance
of Q from the x - axis is 4 units along the negative y - axis, so that its v - coordinate is
- 4 (see Fig.3.15). The point Q lies in the 4th guadrant. Why?

Y

A

54 P {3 5)

& 4

34

2

Xe - A i Lo
5 s -2 1o 1 ey -3

'|.

7

31

44 Q{53.—4)
34

!
Fig. 3.15

Example 3 : Locate the points (5, 0J, (0, 5), (2, 5), (5, 2), (-3, 5), (-3, -5), (3, —3) and
(6. 1) in the Cartesian plane.

Solution : Taking lem = lunit, we draw the x - axis and the v - axis. The positions of
the points are shown by dots in Fig.3.16.
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F
[—3, T} ie(0,5) «(2.3)
44
34
2 « (5.2}
| . « (6, L)
(3,17
x'{ s > A
5 .4 2 19 M [ i R (T
|
2
3 « (5,3}
4
(-3 '_‘1,]1: 5
X
L
\
Fig. 3.16

Note : In the example above, you see that (5, 0) and (0. 5) are not at the same
position. Similarly, (5, 2) and (2, 5) are at different positions. Also, (-3, 5) and (3, -3)
are al different positions. By taking several such examples, you will find that, if x #y,
then the position of (x, y) in the Cartesian plane is different from the position
of (y,x). So. il we interchange the coordinates x and y, the position ol {(y. x) will difler
from the position of (x, y). This meang that the order of x and y is important in (x, ¥).
Therefore, (x, v) is called an ordered pair. The ordered pair {x. ¥) # ordered pair (y, x),
ifxsty Also(x, y)=(y.2) ifx=w

Example 4 : Plot the following ordered pairs (x, ¥) of numbers as points in the Cartesian
plane. Use the scale lom = | unit on the axes.

x -3 0 -1 4 2

y 7 35| =3 4 =
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Solution : The pairs of numbers given in the table can be represented by the points
{=3,7),(0,-3.5), (- 1,=3). (4. 4) and (2, — 3). The locations of the points are shown
by dots in Fig.3.17.

.

(=3, T) = 7

5

4 . (4.4)

(), 3.5

Fig. 3.17

Activity 2 : A game for two persons (Requirements; two counters or coins, graph
paper, two dice of different colours, say red and green):

Place each counter at {0. 0). Each player throws two dice simultaneously. When
the first player does so, suppose the red die shows 3 and the green one shows 1, So,
she moves her counter to (3, 1). Similarly, if the second player throws 2 on the red and
4 on the green, she moves her counter to (2, 4). On the second throw, if the first player
throws 1 on the red and 4 on the green, she moves her counter from (3, 1) to
{3+ 1, 1 +4), that is, adding | to the x - coordinate and 4 to the v - coordinate of (3. 1).

The purpose of the game is to arrive first at (10, 10) without overshooting, i.e..
neither the abscissa nor the ordinate can be greater than 10. Also, a counter should not
coincide with the position held by another counter. For example. if the first player’s



CoorpNATE GEOMETRY S

counter moves on 10 a point already oecupied by the counter of the second player, then
the second player s counter goes to (0, 0). If amove is not possible without overshooting,
the player misses that turn. You can extend this game to play with more friends.
Remark : Plotting of points in the Canesian plane can be compared (o some extent
with drawing of graphs in different sitnations such as Time-Distance Graph, Side-
Perimeter Graph, etc which yvou have come across in earlier classes. In such situations,
we may call the axes, r-axis, d-axis, s-axis or p-axis, elc. in place of the
x and y axes.
EXERCISE 3.3

1. In which quadrant or on which axis do each of the points (= 2, 4), (3, = 1), (- 1, 0},
i1, 2)and (-3, - 5) lie? Verify your angwer by locating them on the Cartesian plane.

2. Plotthe points (5 ¥) given in the following table on the plane. choosing suitable units
of distance on the axes.

x 2 = 0 1 3

¥ 8 7 ~125 3 =1

3.4 Summary

In this chapter, vou have studied the [ollowing points

1. To locate the positon of an object or 4 point in a plane, we require two perpendicular
lines. One of them is horizontal, and the other is vertical.

2. The plane is called the Cartesian, or coordinate plane and the lines are called the coordinate
AXEE,

3. The hgrizontal line ig called the . -axis, and the vertical Tine is called the y - axis.

4. The covrdinate axes divide the plane into foor parts called guadrants,

5.  'The point of intersection of the axes is called the origin,

. The distance of a point from the y - axis is called its s-coordinate, or abscissa, and the
distance of the point from the y-axis is called its y-coordinate, or ordinate.

7. Ifthe abscissa of a point 15 ¢ and the ordinate 15 ¥, then (x, v) are called the coordinates of
the point.

8. The coordinates of a point on the i-axis are of the form Ly, 07 and that of the point on the
y-axis are (0, v).

U, The coordinates of the origin are (0, (7).

10, The coordinates of & point are of the form (+, ) in the first quadrant, (-, +) in the gecond
guadrant, (-, - in the third guadrant and (+. =) in the fourth quadrant, where + denotes a
pozitive real number and - denotes a negative real number.

11, Ifx2w then (x ) 20y, 2, and (o) = (wa ifx=y,



LINEAR EQUATIONS IN TWO VARIABLES
I

The pringipal use of the Analyiic Art 1 1o bring Mathematical Problemy fo
Eguations dnd fo exhibil those Eguaions i the most simple térmy that can be

—Fdmund Halley

4.1 Introduction

In earlier classes, vou have studied linear equations in one varable, Can vou write
dawn a linear equation in ong variable? You may say that s+ 1 =0, x + /2 =0 and
JE ¥+ \E = (0 are examples of linear equations in one variable. You also know that
such equations have a unique (Le., one and only one) solution. You may also remember
how to represent the solution on a number line, In this chapter, the knowledge of linear
equations in one variable shall be recalled and extended to that of two variables. You
will be considering questions like: Does a linear equation in two variables have a
solution? If yes, is it unigue? What does the solution look like on the Cartesian plane?
You shall also use the concepts you studied in Chapter 3 to answer these questions.

4.2 Linear Equations
Let us first recall what you have studied so far, Consider the following equation:
2e4+5=0
Its solution, i.e., the root of the equation, is —%. This can be represented on the

number line as shown below:
Root

)
o
o
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While solving an equation, you must always keep the following points in mind:
The solution of a linear equation is not affected when:
(i) thesame number is added to (or subtracied from) both the sides of the equation.

(it} you multiply or divide both the sides of the equation by the same non-zero
number,

Let us now consider the following situation:

In a One-day International Cricket match between India and Sri Lanka plaved in
Nagpar, two Indian baismen together scored 176 runs. Express this information in the
form of an equation.

Here, vou can see that the score of neither of them is known. i.e., there are two
unknown quantities. Let us use x and y (o denote them. So, the number of runs scored
by one of the batsmen is x, and the number of runs scored by the other is v. We know
that

x+v= 176,
which is the required equation.

This is an example of a linear equation in two variables. 11 i3 customary to denote
the variables in such equoations by x and v, but other letters may also be used. Some
examples of linear equations in two variables are:

12s+3=5,p+dg=T.mu+5v=%and 3 = \Ex—?}r.
Nate that you can put these equations in the form 1.25 + 3t - 5 = 0,
p+dg—-T=0me+5v—9=0and \,Ex— Ty — 3 = 0, respectively.

S0, any equation which can be put in the form ax + by + ¢ =0, where q, b and ¢
are real numbers, and a and b are not hoth zero, 15 called a linegr equation in two
variables, This means that you can think of many many such equations.

Example 1 : Write each of the following equations in the form ax + by + ¢ = 0 and
indicate the values of a, F and ¢ in each case:

(2% +3y=437 (iDx—-4=.3y (ifi) 4 = 5¢ - 3y (iv) 2x =y
Solution : () 2¢+ 3y =437 canbe written as 2¢ + 3y - 4.37=0.Here a =2, =3
and ¢ = 4.37.

(i) The equation x — 4 = 43 y can be written as x — /3y -4 =0. Herea = 1,

b=-+3 and ¢ = -4,

{iii} The equation 4 = 5x— 3y can be written as Sx— 3y -4 =0.Herea=5,=-3

and ¢ =— 4. Do you agree that it can also be writlen as —5x + 3y +4 =07 In this
cage g=-5, =5 ande=4,
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iv) The equation 2x = y can be written as 2v -y +0=0. Herea =2, b = -1 and
c=1{

Equations of the type at+ b =0 are also examples of linear equations in two variables
because they can be expressed as

ax+0v+b=0
For example, 4 — 3x =0 can be written as -3x + 0y + 4 =10,
Example I : Write each of the following as an equation in two variables:

(i) x=-5 fii) p=2 (1) 2x =13 {iv)5y=2
Solution : (i) x=-Scanbewritten as lx + Oy =-SF, or Lx+ Oy + 5=10,
(i) v=2canbe written as Q.x + 1.y =2, or Qx+1y-2=0
(i) 2x =3 can be writien as 2y + Dy~ 3 =0,

{iv) Sy = 2 can be written as 0.y + 3y -2 =10,

EXERCISE 4.1

1. The cost of a nolebook ig twice the cost of 4 pen. Wrile a linear equalion in two
variables to reprezent this statement.

( Take the cost of a notebook to be ¥ x and that of a pen o be T y).

2. Express the following lingar equations in the form ax + &% + ¢ = 0 and indicate the
values of g, b and ¢ in each case;

i) 2x+3y=0935 (ﬂ}x~§- 10=0 (i) ~2x+3y=6  (iv) x=3y
(v) 2x=-5y {vi) 3xr+2=0 (vil) y-2=0 (vil) 5=2x

4.3 Solution of a Linear Equation

You have seen that every linear equation in one variable has a unique solution. What
can you $dy aboul the solution of a linear equation involving lwo variables? As there
are two variables in the equation, a solution means a pair of values, one for x and one
for v which satisfy the given equation. Let us consider the equation 2x + 3y = 12
Here, x=73 and v= 2 is a solution because when you substitute x = 3 and y = 2 in the
equation above, you find that

2x+Iy=2xDN+GFx2)1=12

This solution is written as an ordered pair (3, 2), first writing the value for x and
then the value for y. Similarly, (0. 4) is also a solution for the equation above.
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On the other hand, (1, 4) is not a solution of 2x + 3y = 12, because on putling
x=1and y=4 we get 2x + 3y = 14, which is not 12. Note that (0, 4) is a solution but
not (4, 0).

You have seen at least two solutions for 2x + 3y =12, 1.e., (3, 2) and (0, 4). Can
you find any other solution? Do you agree that (6, () 15 another solution? Verify the
same. [n fact, we can get many many solutions in the following way. Pick a value of
your choice for x (say x = 2} in 2x + 3y = 12. Then the equation reduces to 4 + 3y =12,

8
which is a linear equation in one variable. On solving this, you gety= <. 50 | 2, % is

3
another solution of 2x + 3y = 12, Similarly. choosing x=— 35, you find that the equation

22
becomes =10 + 3y = 12. This gives y = 3 So, _5,§) is another solution of

2x + 3y = 12, So there is no end to different solutions of a linear equation in two
vanables. That is, a linear equation in two variables has infinitely many selutions.

Example 3 : Find four different solutions of the equation x + 2y = 6.
Solution : By inspection, x =2, y= 2 is a solution because forx =2, y=2
x+2y=2+4=6
Now, let us choose x = 0. With this value of x, the given equation reduces to 2y =6
which has the unique solution y=3. S0 4 =0. y = 3 is also a solation of x + 2y = 6.
Similarly, taking v =0, the given equation reduces to r=6. So, x=6, y=01is a solution
of x + 2y = 6 as well. Finally. let us take y = 1. The given equation now reduces to
x + 2 =6, whose solution is given by x = 4. Therefore, (4, 1) is also a solution of the
given equation, So four of the infinitely many solutons of the given equation are;
(2,2), (0, 3), (6,0) and (4, 1).

Remark : Note that an easy way of getting a solution is to take x = ) and get the
corregponding value of y. Similarly, we can put ¥ = 0 and obtain the corresponding
value of x.
Example 4 : Find two solutions for each of the following equations:

(i) 4x+3y=12

(i) 2x+5y=0

{im) 3p+4=0
Solution : (i) Taking x =0, we get 3y = 12, i.e.,, ¥ = 4. So, (0, 4) is a solution of the
given equation, Similarly, by taking y = 0, we get x=13. Thus, (3, 0) is also a solution.
{i1) Taking x =0, we get Sy =0, 1.e.. y=0. So (1}, V) i5 a solution of the given equation.
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Now, if vou take y = (), you again get (0, 0) as a soludon, which is the same as the
garlier one. To get another solution, take « = 1, say. Then you can check that the

2
corresponding value of y is T So [], —%} is another solution of 2r + 3y = 0.
(iii) Writing the equation 3y + 4 =0 as 0.x + 3y + 4 = 0, vou will find that y= — for

any value of x. Thus, two solutions can be given as [ﬂ, - %J and [E , —%) ;

EXERCISE 4.2

1. Which one of the following options is troe, and why?
¥v="x 4 5has

(1) a unigue solution, (i) only two golutions.  (iii) infinitely many solufions

!_-J

Write four solutions for each of the following equations:
W 2x+y=7 (i) ma+y=9 (i) &=y

3. Check which of the following are solutions of the equation x — 2y =4 and which are
not:
(i (0,2) (u) 2,00 (i (4,00

i) (V2. 42) e

4. Findthevalue of k, if x =2, y= | 15 a solution of the equation 2e+ 3y =&

4.4 Graph of a Linear Equation in Two Variables

So far, you have obtained the solutions of a linear equation in two variables algebraically.
Now, let us look at their geometric representation. You know that each such equation
has infinitely many solutions. How can we show them in the coordinate plane? You
may have got some indication in which we write the solution as pairs of values. The
solutioms of the linear equation in Example 3, namely,

x+2y=0 (1)
can be expressed in the form of a (able as follows by writing the values of y helow the
corresponding values of x :

Table 1

;- 0 2 4 )
¥ 3 2 1 0
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In the previous chapter, you ¥
studied how to plot the points on a
graph paper. Let us plot the points Py
(0, 3),(2,2), 4 1) and (6, M ona
graph paper. Now join any two of
these poinis and obtain 4 line, Let us
call this as line AB (see Fig, 4.2),

Do you see that the other two 3
points also lie on the line AB? Now,
pick another point on this ling, say
(8, =1). Is this a solution? In fact
8+ 2(-1)=6. 50, (8, -1) 13 a solution, Y
Pick any other point on this line AB
and verify whether its coordinates Fig. 4.2
satisfy the equation or not. Now, take
any point not Iving on the line AB. say (2. 0). Do its coordinates satisty the equation?
Check, and see that they do not.
Let us list our ohservations:

1. Every point whose coordinates satisfy Equation (1) lies on the line AB.
2. Every point (a, b) on the line AB gives a solution x = &, v = b of Equation (1).
3. Any point, which does not lie on the line AB, is not a solution of Equation (1).

So, you can conclude that every point on the line satisfies the equation of the line
and every solution of the equation is a point on the line. In fact, a linear equation in two
variables is represented geometrically by aline whose points make up the collection of
solutions of the equation. This is called the graph of the linear equation. So, to obtain
the graph of a linear equation in two variables, il is enough to plot two points
corresponding to two solutions and join them by a line. However, it is advisable to plot
more than two such points so that you can immediately check the correciness of the
graph.

Remark : The reason that a, degree one, polynomial equation ax + by + ¢ =0 is called
a linear equation 15 that its geomelrical representation is a straight line,

Example 5 : Given the point (1, 2), find the equation of a line on which it lies. How
many such equations are there?

Solution ; Here (1, 2) is a solution of a linear equation you are looking for. So, you are
looking for any line passing through the point (1, 2). One example of such a linear
equation is x + v =3, Others are y — x = 1, ¥ = 2x, since they are also satisfied by the
coordinates of the point (1, 2). In fact. there are infinitely many linear equations which
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are gatishied by the coordinates of the point (1, 2). Can you see this pictorially?

Example 6 : Draw the graph of x + ¥ =7,

Solution : To draw the graph, we
need at least two solutions of the
equation, You can check that x = 0,
y="7.and x =7, ¥ =0 are solutions
of the given equation. So, you can
use the following table to draw the

graph:

Table 2

Draw the graph by plotung the
two points from Table 2 and then
by joining the same by a line (see Fig. 4.3).

Example 7 : You know that the force applied on
a hody is directly proportional to the acceleration
produced in the body. Write an equation to express
this situation and plot the graph of the equation.

Solution : Here the variables involved are force
and acceleration. Let the force applied be v units
and the acceleration produced be ¢ units. From
ralio and proportion, you can express this fact as
y = kx, where k is a constant. (From your study
of science, you know that k is actually the mass
of the body.)

Now, since we do not know what k is, we cannot
draw the precise graph of v = kx. However, if we
give a cerlain value to k, then we can draw the
graph. Let us take & = 3, i.e., we draw the line
representing y = 3x.

For this we find two of its solutions, say (0, 0) and
(2, 6) (see Fig. 4.4).

Fig.4.3

o= Kr L Ja L oy

e

{2.6)
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From the graph, you can see that when the Torce applied is 3 unils, the aceeleration
produced is 1 unit, Also, note that ((), 0) lies on the graph which means the acceleration
produced is 0 units, when the force applied is 0 units,

Remark : The graph of the equation of the form v = kx is a line which always passes
through the origin,

Example 8 : For each of the graphs given in Fig. 4.5 select the equation whose graph
it is from the choices given below:

{a) For Fig. 4.5 (1),

i x+yp=0 ) w=2x ) y=x v) y=2x+1
(b) For Fig. 4.5 (ii),

iy z+y=0 (i) v=2x (i) v=2x4+4 fiv) y=x—4
{¢) For Fig,. 4.5 (iii),

i x+y=0 (i) y=2x (i) y=2x+ 1 iv) y=2x-4

Fig. 4.5



74

MATIEMATICS

Solution : (a) In Fig. 4.5 (i), the points on the line are (-1, -2), (0, 0}, (1, 2). By
inspection, ¥ = 2x is the equation corresponding to this graph. Yoo can find that the
y-coordinate in each case is double that of the x-coordinate.

{b) In Fig. 4.5 (ii), the points on the line are (-2, 0, (0, 4), (1, 6). You know that the
coordinates of the points of the graph (line) satisfy the equation y = 2x + 4. So,
v =2x + 4 is the equation corresponding to the graph in Fig, 4.5 (ii).

{c) In Fig. 4.5 (iii), the points on the line are (-1, -6, (0,—4), (1,-2), (2, 0). By inspection,
you can see that y = 2x — 4 15 the equation corresponding to the given graph (line).

EXERCISE 4.3

Diraw the graph of each of the following linear cquations in two vanables:

M xz+y=4 (i) s—y=2 (i) y=3z (iv) 3=2c+y
Give the egpations of two lines passing through (2, [4). How many more such lines
are: there, and why?

If the point 3, 4) lies on the graph of the equation 3y = ax + 7. find the value of a.
The taxi fare in a citv is a8 follows: For the first kilometre, the fare is T & and for the

subsequent distance it is ¥ 5 per km. Taking the distance covered as ¢ km and total
fare as Rs v, write a linear equation for this information, and draw ifs graph.

From the choices given below, chooss thie squation whoge graphs are givenin Fig, 4.6
and Fig. 4.7,

For Fig. 4.6 For Fig. 4.7

iy y=z i y=x+2

i) x+y=0 i) y=x-2

(i) y=2x« (i) v=-x+2

v 24 3p=Ta {iv) x+2y=6 1‘:
Y
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6. If the work dons by a body on application of a constant force is dirsetly proportional
to the distance travelled by the body, express this in the form of an equation in two
variables and draw the graph of the same by talang the constant force as 3 units. Also
read from the graph the work done when the distance travelled by the body is

(1) Zunits {i1) 0 unit

7. Yamini and Fatima, two students of Class IX of a school, together contributed 3 100
towards the Prime Mimister's Relief Fund to help the earthquake victims, Write a linear
squation which satisfies this data. (You may take their contdbutions ag T x and
T y.) Draw the graph of the same.

8. Incounlries like USA and Canada, temperatire is measured in Fahrenheit, whereas in
countries like India, it is measored in Celsios, Here is a linear equation that converts

Fahrenheit to Celsias.
9
= |=|C+32
(3
iy Draw the graphof the linear equation ahove using Celsius for x-axis and Fahrenheit
for y-axis.

iy If the temperature is 30°C, what is the temperature in Fahrenheit?
(i} 1f the temperature is 93°F, what is the temperature in Celsiug?

fivy If the temperature is 0°C. whatl g the temperature in Fahrenheit and il the
temperatare 15 0°F, what is the termperature in Celging?

iv) Is there a temperature which is numerically the same in both Fahrenheit and
Celsins? If yes, find it.

4.5 Equations of Lines Parallel to the x-axis and y-axis

You have studied how to write the coordinates of a given point in the Cartesian plane.
Do you kmow where the points (2, 0), (<3, 0), (4, 0) and (n, 0), for any real number
mn, lie in the Cariesian plane? Yes, thev all lie on the x-axis. But do yvou know why?
Because on the x-axis, the y-coordinate of each point is 0. In fact, every point on the
x-axis 1s of the form (x, 0). Can you now guess the equation of the x-axis? It is given
by y = 0. Note that y = {} can be expressed as 0.x + 1.y = {). Similarly, observe that the
equation of the v-axis is given by x =100,

Now, consider the equation x — 2 = 0. If this is treated as an equation in one
variable x only, then ithas the unigoe solution x=2. which is a point on the number line.
However, when treated as an equation in two variables, it can be expressed as



76

MATIEMATICS

x+ 0y — 2 =0. This has infinitely many
solutions, In fact, they are all of the form
(2, r), where ris any real number. Also, vou
can check that every point of the form (2, #)
1s a solution of thiz equation. So as, an
equalion in two variables, x — 2 =0 is
represented by the line AB in the graph in
Fig. 4.8,

Example 9 : Solve the equation
2x + | = x— 3. and represent the solution(s)
on (1) the number line,
(ii) the Cartesian plane,
Solution : We solve 2r+ 1 = x -3, to get
=r==3=1

ie. = -4

X

_1|I"q

2 A

3 {2, 3)

2 (2.2

] (2, 1)

(20
.- — =N

] L 1 2 I 4
| 4 2. -1}
: B

3 4

L

e

Fig. 4.8

{i) The representation of the solution on the number line is shown in Fig. 4.9, where

x =—4 is treated as an equation in one variable.

r=-4

£

I
|
i
3
4

L T

Fig.4.9

(1) We know that x = = 4 can be wrillen as
.1“+D,j.'=—-4

which is a linear equation in the variables
x and y. This is represented by a line. Now
all the values of v are permissible because
0.y is always 0. However, x must satisfy the
equation x=-4. Hence, two solutions of the
given equation are x=—4,y= Qand x=-4,
w=12,

Note that the graph AB is a line parallel to

the y-axis and ar a distance of 4 units to the
left of it {sec Fig. 4.100.

bat

A

L

Fig. 4.10

priry
=4

=
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Similarly, you can obtain a line parallel to the x-axis corresponding (o equations of

the type

y=3 or Ox+1ly=3

EXERCISE 4.4
1. Give the geomeiric representations of y =3 as an equation
(1} ingne vanable
fii} in two variables
2. Give the geometric representations of Ze + 9 = 0 as an squation
(i} 1 oune vanable

iy an twao yariables

4.6 Summary

In this chapter, you have siudied the following points:

1.

[
-
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An equation of the form ay + by + ¢ =0, where a, b and ¢ are real numbers, such that g and
& are not hoth zero, is called a linear equation in two variables.

A Tingar equation in (wo variables has infinitely many zolutions.

The graph of every linear equation in two variables is a straight line.

r=1 iz the eqnation of the y-axis and y = 0 is the equation of the x-axis.

The graph of x = g ig a atraight Tine paralle] o the w-axis,

The graph of y = g is a straight line pavallel to the x-axis.

An equation of the type ¥ = mx represents a line passing through the origin,

Every point on the graph of a linear equalion in two variables is a solulion of the linear
equation. Mareover, ¢very solution of the linear equalion is a poial on the graph of the
linear eguation.



INTRODUCTION TO EUCLID’S GEOMETRY

5.1 Introduction

The word 'geometry’ comes form the Greek words ‘geo’, meaning the ‘earth’,
and ‘metrein’, meaning ‘to measure’. Geometry appears to have originated from
the need for measuring land. This branch of mathematics was studied in various
forms in every ancient civilisation. be itin Egypl. Babylonia, China, India, Greece.
the Incas, etc. The people of these civilisations faced several practical problems
which required the development of geometry in various ways.

For example, whenever the river Nile
overflowed, it wiped out the boundaries between
the adjoining fields of different land owners. Afier
such flooding, these boundaries had to be
redrawn. For this purpose, the Egyptians
developed a number of geometric technigques and
rules for calculating simple areas and also for
doing simple constructions. The knowledge of
geometry was algo used by them for computing
volumes of granaries, and for constructing canals
and pyramids. They also knew the correct formula
to find the volume of a fruncated pyramid (see
Fig. 5.1).You know that a pyramid is a solid figure,
the base of which is a triangle, or square, or some
other polygon, and its side faces are triangles
converging to a point at the top.

Fig. 5.1 : ATruncated Pyramid
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In the Indian subcontinent, the excavations at Harappa and Mcohenjo-Daro, etc.
show that the Indus Valley Civilisation (about 3000 BCE) made extensive use of
geometry, It was a highly organised society. The cities were highly developed and
very well planned. For example. the roads were parallel to each other and there was
an underground drainage system. The houses had many rooms of different types. This
shows that the town dwellers were skilled in mensuration and practical arithmetic.
The bricks used for constructions were kiln fired and the ratio length : breadth : thickness,
of the bricks was found to be 4 : 21 1,

In ancient India, the Swlbasutras (200 BCE o 500 BCE) were the manuals of
geomeirical consiructions. The geometry of the Vedic period originated with the
construction of altars (or vedis) and fireplaces for performing Vedic rites. The location
of the sacred fires had to be in accordance to the clearly laid down instructions about
their shapes and argas, if they were to be effective instruments. Square and circalar
altars were used for honsehold ntuals, while altars whose shapes were combinations
ol rectangles, triangles and trapeziums were required for public worship. The srfvantra
(given in the Arharvaveda) consists of nine interwoven 1sosceles triangles. These
triangles are arranged in such a way that they produce 43 subsidiary triangles. Though
accurate geometric methods were used for the constructions of altars, the principles
hehind them were not discussed.

These examples show that geometry was being developed and applied everywhere
in the world. But this was happening in an unsystematic manner. What ig interesting
about these developments of geometry in the ancient world is that they were passed
on [rom one generation 1o the next, either orally or through palm leal messages, or by
other ways. Also, we find that in some civilisations like Babylonia, geometry remained
a very practical oriented discipline. as was the case in India and Rome. The geometry
developed by Egyptians mainly consisted of the statements of results. There were no
general roles of the procedure. In fact, Babylonians and Egyptians used geometry
mostly for practical purposes and did very little to develop it as a systematic science.
Butin civilisations like Greece, the emphasis was on the reasoning behind why certain
constructions work. The Greeks were interested in establishing the truth of the
statements they discovered using deductive reasoning (see Appendix 1).

A Greek mathematician, Thales is credited with giving the
first known proof. This proof was of the statement that a circle
is bisected (i.e., cot into two equal parts) by ils diameter, One of
Thales" most famous pupils was Pythagoras (572 BCE), whom
vou have heard about. Pythagoras and his group discovered many
geometric properties and developed the theory of geometry to a
great extent. This process continued till 300 BCE. At that time
Euchd, a teacher of mathematics al Alexandria in Egypt, collected
all the known work and arranged it in his famous treatise,

(640 BCE - 546 BCE)

Fig. 5.2
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called “Elements’. He divided the ‘Elements’ into thirteen
chapters, each called a book. These books influenced
the whole world's understanding ol geometry [or
generations o come,

In this chapter, we shall discuss Buclid's approach
to geometry and shall y to link it with the present day
geometry.

Euclid (325 BCE =265 BCE)
Fig. 5.3

5.2 Euclid’s Delinitions, Axioms and Postulates

The Greek mathematicians of Euclid’s time thought of geomertry ag an abstract model
of the world in which they lived. The notions of point, line, plane {(or surface) and so.on
were derived [rom what was seen around them. From studies of the space and solids
in the space around them, an abstract geometrical notion of a solid ohject was developed.
A solid has shape, size, position, and can be moved from one place to another. Its
boundaries are called surfaces. They separate one part of the space from another,
and are said to have no thickness. The boundaries of the surfaces are curves or
siraight lines. These lines end in points,

Consider the three steps from solids to points (solids-surfaces-limes-points). In
each step we lose one extension, also called a dimension. So, a solid has three
dimensions, a surface has two, a line has one and a point has none. Euclid summarised
these statements ag definitions. He began his exposition by listing 23 definitions in
Book 1 of the *Elements’. A few of them are given below ;

l. A point is that which has no part,

A line is breadthless length.

The ends of a line are points,

A straight line is a line which lies evenly with the points on itself.

A sarface is that which has length and breadth only.

The edges ol a surface are lines.

A plane surface is a surface which lies evenly with the straight lines on itsell.

b S R

I you carefully study these definitions, you find that some of the terms like part,
breadth, length, evenly, etc. need to be further explained clearly, For example, consider
his definition of a point, In (his definition, *a part’ needs to be defined. Suppose if you
define “a part’ to be that which occupies ‘area’. again ‘an area’ needs to be defined.
50, to define one thing, you need to define many other things, and you may get a long
chain of definitions without an end. For such reasons, mathematicians agree (o leave
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some geomelric terms undefined. However, we do have a intuitive feeling for the
geometric concept of a point than what the "definition’ above gives us. So, we represent
a point as a dol. even though a dot has some dimension,

A similar problem arises in Definition 2 above. since it refers to breadth and length,
neither of which has been defined. Because of this, a few terms are kept undefined
while developing any course of study. So, in geometry, we rake a point, a line and «
plane (in Euclid's words a plane surface) as undefined terms. The only thing 1s
that we can represent them intuitively, or explain them with the help of “physical

maodels’,

Starting with his definitions, Euclid assumed ¢ertain properties, which were not (o
be proved. These assumptions are actually *obvious universal truths’. He divided them
into two types: axioms and postulates. He used the term ‘postulate’ for the assumptions
that were specific to geometry, Common notions (often called axioms), on the other
hand, were assumptions used throughout mathematics and not specifically linked to
geometry. For details about axioms and postulates, refer to Appendix 1. Some of
Euclid’s axioms, not in his order, are given below ;

{1) Things which are equal fo the same thing are equal (o one another.
{2) If equals are added to equals, the wholes are equal.

{3) If equals are subtracted from equals, the remainders are equal.

(4) Things which coincide with one another are equal to one another.

{3) The whole is greater than the part.

{6) Things which are double of the same things are equal to one another.
{7} Things which are halves of the same things are equal to one another.

These ‘common notions” refer to magnitudes of some kind. The first common
notion could be applied 1o plane fgures. For example, if an area of a triangle equals the
area of a rectangle and the area of the rectangle equals that of a zquare, then the area
of the triangle also equals the area of the square.

Magnitudes of the same kind can be compared and added, but magnitudes of
different kinds cannot be compared. For example. a line cannot be added {o a rectangle.
not can an angle be compared to a pentagon,

The 4th axiom given above seems to say that if two things are identical (that is,
they are the same), then they are equal. In other words, everything equals itself. It is
the justification of the principle of superposition. Axiom (5) gives us the definition of
‘greater than’, For example, il a quantity B 15 a part of another quantity A, then A can
be written as the sum of B and some third quantity C. Symbolically, A > B means that
there is some C suchthatA =B + C.
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Now let us discuss Euvelid’s five postulates. They are :
Postulate 1 : A straight line may be drawn from any ome point to any other point.

Note that this postulate tells us that at least one straight line passes through two
distinct points, but it does not say that there cannot be more than one such line. However,
in his waork, Euelid has frequently assumed, without mentioning, that there 15 a unigue
line joining two distinct points. We state this result in the form of an axiom as follows:
Axiom 5.1 : Given two distinct points, there is q unigue line that pagses thiough
therm.

How many lines passing through P also pass through  (see Fig. 5.4)7 Only one.
that is, the line PQ. How many lines passing through Q also pass through P? Only one,
that is, the line P(). Thus, the statement above is self-evident, and so is taken as an
axiom,

L
W

Fig. 54

Postulate 2 : A ferminated line can be produced indefinitely.

Note that what we call a line segment now-a-days is what Euclid called a terminated
line, So, according to the present day terms, the second postulate says that a line
segment can be extended on either side to form a line (see Fig. 5.5).

Fig. 5.5
Postulate 3 : A circle can be drawn with any centre and any radius,
Postulate 4 : All right angles are equal 1o one another.

Postulate 5 : If a straight line falling on two straight lines makes the interior
angles on the same side of it taken logether less than two right angles, then the
rwo straight lines, if produced indefinitely, meet on that side on which the sum of
angley is less than two right angles.
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For example, the line PQ in Fig. 5.6 falls on lines
AB and CD such that the sum of the interior angles 1
and 2 is less than 180" on the lefl side of PO,
Therefore, the lines AB and CD will eventually
intersect on the left side of PO,

Fig. 5.6

A brief look al the five postulates brings to vour notice that Postulate 5 15 far more
complex than any other postulate, On the other hand, Postulates 1 through 4 are so
simple and obvious that these are taken as ‘self-evident truths’. However, it is not
possible to prove them. So. these statements are accepted without any proof
(see Appendix 1). Because of its complexity, the fifth postolate will be given more
attention in the next section.

Now-a-days, “postulates” and ‘agioms™ are terms that are used interchangeably
and in the same sense, “Postulate’ is actually a verb, When we say “let us postulare™.
we mean, “lel us make some statement based on the observed phenomenon in the
Universe™. Its truth/validity is checked afterwards. IT it 15 true. then it is accepled as a
‘Postulate’.

deduce from these axioms a statement that contradicts any aziom or previously proved
statement. So, when any system of axioms is given, it needs to be ensured that the
system is consistent.

Alter Euclid stated his postulates and axioms, he used thern to prove other results,
Then using these resul(s, he proved some more results by applying deductive reasoning.
The statements that were proved are called propositions or theorems. Eunclid
deduced 465 propositions in a logical chain using his axioms, postulates. definitions and
theorems proved earlier in the chain. In the next few chapters on geometry, you will
be psing these axioms to prove some theorems.

Now, let us see in the following examples how Euclid used his axioms and postulates
for proving some of the results:

Example 1 : If A, B and C are theee points on a line, and B lies between A and C
{see Fig. 5.7), then prove that AB + BC = AC.
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Solution : In the figure given above. AC coincides with AB + BC.

Also, Euclid’s Axiom (4) says that things which coincide with one another are equal to
one another. So, it can be deduced that

AB + BC = AC

Note that in this solution, it has been assumed that there is a unique line passing
through two points,

Exampie 2 : Prove that an equilateral triangle can be constructed on any given line
segment,

Solution : In the statement above, a line segment of any length is given, say AB
Lsee Fig. 5.8(1)].

C C

A B A B A =)
{1} k (i1} {1i1)

Fig. 5.8

Here, vou need to do some construction. Using Euclid’s Postalate 3, vou can draw a

circle with point A as the centre and AB as the radius [see Fig. 5.8(ii)]. Similarly, draw

another circle with point B as the centre and BA as the radius. The two circles meet at

a point, say C. Now, draw the line segments AC and BC to form A ABC

[see Fig. 5.8 (iii)].

S0, you have to prove that this triangle is equilateral, i.e., AB = AC = BC.
Now, AB = AC, since they are the radii of the same circle 4]
Similady, AB = BC (Radii of the same circle) (2}

From these two facts, and Euclid’s axiom that things which are equal to the same thing
are equal to one another, you can conclude that AB = BC = AC.

So. A ABC is an equilateral triangle.

Note that here Euclid has assumed, without mentioning anywhere. that the two circles
drawn with centres A and B will meet each other at a point.

Now we prove a theorem, which iz frequently used in different results:
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Theorem 5.1 : Tivo distinct lines cannot have more than one point in conmon.
Proof : Here we are given two lines [ and m. We need (o prove that they have only one
point in commaon,

For the time being, let us suppose that the two lines intersect in two distinct points,
say P and Q. So, vou have two lines passing through two distinct points P and Q. But
this assumption clashes with the axiom that only one line can pass through two distinct
points. So. the assumption that we started with, that two lines can pass through two
distinct points is wrong,

From this, what can we conclude? We are forced to conclude that two distinet
lines cannot have more than one point in common. [ |

EXERCISES.1
1. Which of the following stalements are true and which are [alse? Give reasons for your
ANSWers.
i(ip Only one line can pass through a single point.
it} There are an infinite onmber of lines which pass through twe distingt points.
(i} A terminated line can be produced indefinitely on both the gides.
tiv) Tf two circles are equal, then their radii are equal.
(v} InFig 5.9 if AB=P(}and P} =XY, then AB = XY,

':"’/Hj ""’//U ﬁ./

v

Fig. 5.9

!_-J

Give a definition for each of the following terms. Are thers other terms that need to be
defined first? What are they, and how might you define them?

i} parallel lines {iil perpendicular lines (i} line segment
(iv) radivs of acircle (V) squate
3. Consider two ‘postulates’ given below;

i} Given any two distinct points A and B, there exists a third point C which is in
between A and B,

(i} There exist al least thres pomts that are not on the same line.

Do these postulates contain any undefined terms? Ave these postolates consistent?
o they follow from Euclid's posmlates? Explain.
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4. If a point C lies between two points A and B such that AC = BC, then prove that
1
AC= 5 AB. Explain by drawing the figure.

In Question 4, point C is called a mid-point of line segment AR, Prove that every line
segrment has one and only one mid-point.

6. InFig. 5 10,if AC=BD, then prove that AB = CD.

w

Fig. 5.10

7. Why iz Axiom 5, in the list of Euclid’s axioms, congidered a ‘universal trufh’ ? (Note that
the question is not about the fifth postalate. )

5.3 Equivalent Versions of Euclid’s Fifth Postulate

Euchd’s fifth postulate is very significant in the history of mathematics. Recall it again
from Section 5.2. We see that by implication, no intersection of lines will take place
when the sum of the measures of the interior angles on the same side of the falling line
is exactly 1807, There are several equivalent versions of this postulate. One of them is
‘Playfair’s Axiom’ (given by a Scottish mathematician John Playfair in 1729). as stated
helow:

“For every line | and for every point P not Iving on [, there exists a unique line
m passing through P and parallel to 1.

From Fig, 5.11, you can see that of all the lines passing through the point P, only line
m is parallel to line 1.

Fig. 5.11
This result can also be stated in the following form:

Two distinct intersecting lines cannot be parallel o the same line,
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Euclid dicl not require his fifth postulate to prove his first
28 thegremg, Many mathematicians, mcluding him, werse
convinced that the fifth postulate is actually a theorem that
can be proved uging just the first four postulates and other
axioms. However, all attempts to prove the fifth postulate as a
theorem have [ailed. Bul these elforls have led to a greal
achievement — the creation of several other geometries, Thess
geomeiries are quite different from Burclidean geometry, They
are called non-Euclidean geomerrier. Their creation is
considered a landmark in the history of thowght becauss till
then everyone had believed that Euclid's was the only geomsiry
and the world itself was Euclidean. Now the geomeiry of the universe we Hve in has been
ghown to be a non-Enclidean geometry, In fact, itis called spherical geometry. Inspherical
geametry, lines are not sivaight. They are parts of great circles (ie., circles obtained by
the intsrsection of a sphere and planes passing through the centre of the sphere).

Fig. 5.12

In Fig. 5.12. the lines AN and BN (which are paris of great circles of a sphere) are
perpendicular to the same line AB. But they are meeting each other, though the sum of
the angles on the same side of line AB is not less than two right angles (in fact, it is 90°
+00° = 1B0%). Also, note that the sum of the angles of the triangle NAB is greater than
180P, as S A+ 2B = [B0°. Thus, Euclidean geometry is valid only for the figures in the
piane. On the curved surfaces. it fails.

Now, let us consider an example,

Example 3 : Consider the following statement : There exists a pair of straight lines
that are everywhere equidistant from one another, Is this statement a direct consequence
of Euclid's fifth postulate? Explain.

Solution : Take any line [ and a point P not on /. Then, by Playfair’s axiom, which is
equivalent to the fifth postulate, we know that there is a unique line m through P which
is parallel to [,

Now, the distance of a point from a line is the length of the perpendicular from
the point to the line. This distance will be the same for any point on m from ! and any
point om / from m. So, these two lines are everywhere equidistant from one another.

Hemark : The geometry (hat you will be studying in the next few chapters is
Euclidean Geometry. However, the axioms and theorems used by us may be different
from those of Euclid’s. '
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EXERCISES.2
1. How would you rewrite Euclid’s fifth postlate so that it would be easier to understand?
2. Does Euclid’s fifth postulaie imply the existence of parallel lines? Explain.

3.4 Swmmary

In this chapter, you have studied the following points:

1.

2.

Though Buclid defined a point, a ling, and a plane, the definitions are not accepted by
mathematicians. Therefore, these terms are now taken as ondefined.

Axioms or postulates are the assumptions which are obvious nniversal tuths, They ace oot
proved.

Theorems are statements which are proved, nsing definiions, axioms, previously proved
statements and deduchve reasoning.

Some of Euclid's axioms were |

1} Things which are squal (o the same thing are equal to ong another,
i2} T equals are added to equals, the wholes are equal,

(3} If equals are subtracted from equals, the remainders are equal.

(4} Things which coincide with onc another are equal o one another.

i3} The whole is greater than the part.

6} Things which are double of the same things are equal to one another,
i7) Things which are halves of the same things are equal 1o one another.
Euclid's postulates were :

Postulate 1 : A straight line may be drawn from any one poind (o any other point.
Postulate 2 : A terminated line can be produced indefinitely.

Postulate 3 : A circle can be drawn with any centre and any radius.
Postulate 4 : All right angleg are equal to one another.

Postulate 5 : If a straight line falling on two steaight lines makes the interior angles on the

same side of it taken together less than two right angles, then the two straight lines, if

produced indefinitely, meet on that side on which the sum of angles is less than two right

anglas.

Two equivalent versions of Euclid's fifth postulate are!

iy “Forevery line [ and for every point P not lying on [, there existe a unigue line m
passing through P and parallel o [,

fiiy Two distinct intersecting lines cannot be parallel to the same line.

All the attempits to prove Euclid’s fifth postulate nsing the first 4 postulates failed. But they

led 10 the discovery of several other geounetriss, called non-Euclidean geometries,
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6.1 Introduction

In Chapter 5. you have studied that a minimum of two points are required to draw a
line. You have also stdied some axioms and, with the help of these axioms, you
proved some other statements. In this chapter, you will study the properties of the
angles formed when two hnes intersect each other, and also the properties of the
angles formed when a line intersects two or more parallel lines at distinct points.
Further yvou will use these properties to prove some statements using deductive reasoning
{see Appendix 1). You have already verified these statements through some activities
in the earlier classes.

In vour daily life, vou see different types of angles formed between the edges of
plane surfaces. For making a similar kind of model using the plane surfaces, you need
to have a thorough knowledge of angles. For instance, suppose you want to make a
model of a hut to keep in the school exhibition using bamboo sticks. Imagine how you
would make it? You would keep some of the sticks parallel to each other, and some
sticks would be kept slanted, Whenever an architect has to draw a plan for a multistoried
building, she has to draw intersecting lines and parallel lines at different angles. Without
the knowledge of the properties of these lines and angles, do you think she can draw
the layout of the building”?

In science, you study the properties of light by drawing the ray diagrams.
Faor example, to study the refraction property of light when it enters from one medium
to the other medium, vou use the properties of intersecting lines and parallel lines.
When two or more forces act on a body, vou draw the diagram in which lorces are
represented by directed line segments to study the net effect of the forces on the
body. Al that time. you need to know the relation between the angles when the rays
{or line segments) are parallel to or intersect each other. To find the height of a tower
or to find the distance of a ship from the light house, one needs to know the angle
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Tormed between the horizontal and the line of sight. Plenty of other examples can be
given where lines and angles are used. In the suhsequent chapters of geometry, you
will be using these properties of lines and angles to deduce more and more useful
properties.

Let us first revise the termg and definitions related to lines and angles learnt in
earlier classes.

6.2 Basic Terms and Delinitions

Recall that a part {or portion) of a line with two end points is called a line-segment
and a part of a line with one end point is called a ray. Note that the line segment AB is
denoted by AB. and its length is denoted by AB. The ray AB is denoted by AB, and
a line 1s denoted by E_ﬁ However, we will not use these symbols, and will denote
the line segment AB, ray AB, length AB and line AB by the same symbol, AB. The
meaning will be clear from the context. Sometimes small letters I, m, », ete. will be
used to denote lines.

If three or more points lie on the same line, they are called collinear points;
otherwise they are called non-collinear points.

Recall that an angle is formed when two rays originate from the same end point.
The rays making an angle arg called the arms of the angle and the end point is called
the vertex of the angle. You have studied different types of angles, such as acute
angle, right angle, obluse angle, straight angle and reflex angle in earlier classes
(see Fig. 6.1).

F

p 3 (‘\
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{iyacute angle ; ()" <x<90° tiirright angle : y=90" (i1} obtuse angle ; W < z< 180°

)

LN | :

L)

W
!

Livh smraightangle : p= | 80° {v) reflex angle : 1807 < ¢ < 360°
Fig. 6.1 : Types ol Angles
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An acute angle measures between 07 and 907, whereas a right angle is exactly
equal to 90°. An angle greater than 90° but less than 1807 is called an obtuse angle.
Also, recall that a straight angle is equal to 180°. An angle which is greater than 1807
but Iess than 360" is called a reflex angle. Further, two angles whose sum is 907 are
called complementary angles, and two angles whose sum is 180° are called
supplementary angles,

You have also studied about adjacent angles
in the sarlier classes (see Fig. 6.2). Two angles
are adjacent, if they have a common vertex, a
common arm and their non-common arms are
on different sidez of the common arm. In
Fig. 6.2, £ ABD and £ DBC are adjucent
angles. Ray BD ig their commaon arm and point
B is their common vertex. Ray BA and ray BC
are non common arms. Moreover, when two B E’ >
angles are adjacent, then their sum is always . . '
equal to the angle formed by the two non- Bg 62 Ajnrent anghe;
common arms. So, we can write

Z ABC = 2 ABD + ~ DBC.

Note that £ ABC and £ ABD are not b
adjacent angles. Why? Because their non-
common arms BD and BC he on the same side
of the common arm BA,

A

If the non-commeon arms BA and BC i (/T,’
Fig. 6.2, form aline then it will look like Fig. 6.3. <+ B G
In this case. 2 ABD and ~ DBC are called i
linear pair of angles, Fig. 6.3 : Linear pair of angles

You may also recall the vertically opposite
angles formed when two lines, sav AB and CD,
intersect each other, say at the point O
(see Fig. 6.4). There are two pairs of vertically
opposile angles,

One pair is ZAOD and £BOC. Can you
find the other pair?

Fig. 6.4 : Vertically opposite
angles
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6.3 Intersecting Lines and Non-intersecting Lines

Draw two different lines P(Q and RS on a paper. You will see that vou can draw them
in two different ways as shown in Fig. 6.5 (i) and Fig. 6.5 (i),

|3 Q
5
(1) Intersecting lines (1i) Non-intersecting (parallel) lines

Fig. 6.5 : Different ways of drawing two lines

Recall the notion of a line, that it extends indefinitely in both directions. Lines PQ
and RS in Fig. 6.5 (i) are intersecting lines and in Fig, 6.5 (ii) are parallel lines. Note
that the lengths of the common perpendiculars at different points on these parallel
lines is the same. This equal length is called the distance between two parallel lines.

fi.4 Pairs of Angles

In Section 6.2, you have learnt the definitions of

some of the pairs of angles such as C
complementary angles, supplementary angles,

adjacent angles, linear pair of angles, etc. Can

you think of some relations between these

angles? Now, let us find out the relation between

the angles formed when a ray stands on a line. /—_ \ -
Draw a figure in which a ray stands on a line as = 0 B
shown in Fig. 6.6. Name the Tine as AB and the

ray as OC. What are the angles formed at the  Fig. 6.6 : Linear pair of angles
point O? They are ~ AQC. /BOC and Z AOB.

Can we write £ AOC + 2 BOC = £ AOB? (1
Yes! (Why? Eefer to adjacent angles in Section 6.2)
What is the measure of &£ ADB? It iz 180%, {Why?) ()

From (1) and (2}, can vou say that .~ AOC + 2~ BOC = 18077 Yes! (Why?)

From the above discussion, we can state the following Axiom:
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Axiom 6.1 : If a ray stands on a line, then the sum of two adjacent angles so
Sormed is 1807,

Recall that when the sum of two adjacent angles is 180°, then they are called a
linear pair of angles.

In Axiom 6.1, it is given that ‘a ray stands on a line'. From this ‘given’. we have
concluded that ‘the sum of two adjacent angles so formed is 1807°, Can we wrile
Axiom 6.1 the other way? That is, take the ‘conclusion’ of Axiom 6.1 as ‘given® and
the ‘given” as the ‘conclusion’. So it becomes:

(A) If the sum of two adjacent angles is 1807, then a ray stands on a line (that is,
the non-common arms form a line),

MNow you see that the Axiom 6.1 and statement (A) are in a sense the reverse of
each others. We call each as converse of the other. We do not know whether the
statement (A} is trug or not. Let us check, Draw adjacent angles of different measures

as shown in Fig. 6.7. Keep the ruler along one ol the non-common arms in each case.
Does the other non-common arm also Tie along the ruler?

)

Al

W

B

L

B

Fig. 6.7 : Adjacent angles with different measures
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You will find that only in Fig. 6.7 (ii1), both the non-common arms lie along the
ruler, that is, points A, O and B lie on the same line and ray OC stands on it. Also see
that «#~ AOC + .2 COB = 1257 + 55% = 180", From this, you may conclude that statement
{A)is true. So, you can state in the form of an axiom as follows:

Axiom 6.2 : If the sum of two adjacent angles i5 1807, then the non-conmen qrims
of the angles form a line.

For obvious reasons, the two axioms above together is called the Linear Pair
Axiom,

Lel us now examine the case when two lines intersect each other,

Recall, from earlier classes. that when two lines intersect. the vertically opposite
angles are equal. Let us prove this result now. See Appendix | for the ingredients of a
prool, and keep those in mind while studying the proof given below.

Theorem 6.1 : If two lines intersect each other, then the vertically opposite
angles are equal.

Prool : In the staternent abowve, it is given
that ‘two lines intersect each other”, So, Tet
AB and CD be two lines intersecting at O as
shown in Fig. 6.8. They lead to two pairs of
vertically opposile angles, namely,

{i) £ AOC and £ BOD (ii) £ AOD and
£ BOC. Fig. 6.8 : Vertically opposite angles

We need to prove that 2 AOC = £ BOD
and £ AOD = 2 BOC.

Now, ray OA stands on line CD.
Therefore, ~ AOQC + 2 AOD = 180° (Linear pair axiom) (1)
Can we write 2 AOD + 2 BOD = 180°? Yes! {Why?) (2)
From (1) and (2), we can write
£ AOC + £ AOD = £ AOD + £ BOD
This implies that £ AOC =2 BOD (Refer Section 5.2, Axiom 3)
Similarly, it can be proved that ZAOD = ZBOC C
Now, let us do some examples based on Linear Pair Axiom and Theorem 6.1.
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Example 1 : In Fig. 6.9, lines PQ and RS
intersect each other at point O. If
L POR: ZR0OQ=5:7, find all the angles.
Solution : 2 POR +2 ROQ = 180

(Linear pair of angles)
But ZPOR:ZROQ=35:7

{Given)
; 5
Therefore, Z POR = 1 » 180°% =T5° Fig. (.9
o, 7 A
Similarly. ZROQ = 1 x 180° = 105°
Now, ZPOS = JROQ = 105° {Vertically opposite angles)
and Z 500 = ZPOR = 75° (Vertically opposite angles)

Example 2 : In Fig. 6.10, ray OS stands on a line POQ. Ray OR and ray OT are
angle bisectors of £ POS und & S0Q), respectively. If £ POS = x, find £ ROT,

Solution : Ray OS stands on the line POQ).

Therefore, Z POS + £ S0Q = 180" . S
BuL ZPOS=x ) T

Therefore. x+ 2 800Q= 180" s - 2
So. Z80Q = 180° — x ..
Now, ray OR bisects .« POS, therefore, Fig. 6.10
1
ZROS = E x Z POS
1
=y 2 = 2
1
Similarly. 2 80T = E % £ S0Q
|
= {(180° - x)

1
=
1
LR ]
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Now, ZROT = 2 ROS + 2 80T

Example 3 : In Fig. 6.11, OF, OQ, OR and OS are
four rays. Prove that £ POQ + 2~ QOR + .2 SOR +
Z POS =360°,

Solution : In Fig. 6.11, you need to produce any of
the rays OP. OQ, OR or OS backwards 10 a poinL
Let us produce ray OQ backwards to a point T 30
that TOQ is a line (see Fig. 6.12).

Now, ray OP stands on line TOQ).
Therefore, ZTOP+ £ZPOQ = 180" (1)
(Linear pair axiom)
Similarly, ray OS stands on line TOQ).
Therefore, LTOS + £ 800Q=180" (2)
But £ 800Q=280R + £ QOR
So, (2) becomes
£ TOS + £ S0R + £ QOR = 180°

Now, adding (1) and (3), you get

£ TOP + £ POQ + £ TOS + £ SOR + £ QOR = 360° (4)
But L TOP+ £ TOS = £ POS
Therefore, (4) becomes

£ POQ + 2 QOR + £ SOR + £ POS = 360°

EXERCISE 6.1

1. InFig 6.13, lines AB and CD intersect at O If
£ AQC + 2 BOE =T70° and « BOD =40°, find
< BROE and reflex « COE.
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2. InFig. 6.14, lineg XY and MN intersect at O. If
LPOY=90andg: p=2:3,findc.

3. InFig 6.15, & PQR = £ PR{), then prove that
ZPQS=FRT.

4. InFig 6.16, if £+ v=w + 1, then prove that AORB
isaline.

5. InFig 6,17, POQ isaline, Ray OR is perpendicufar
to line PQ). OF is another ray lying between rays R
OP and OR. Prove thal 8

1
£ZROS= 2 (£ QOS5 - £ POS).

. Ttisgiventhat / KYZ =647 and XY is produced < ] —
to point P. Draw a figure from the given : +
information. If ray YU bisects £ ZYP, find £ XY(Q) .
and reflex / QYP. e Y



=
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6.5 Parallel Lines and a Transvorsal

Recall that a line which intersects two or more lines
at distinct points is called a transversal
(see Fig. 6.18). Line / intersects lines m and » at
points P and Q respectively, Therefore, line [ is a
transversal for lines m and n. Observe that four angles
are formed at each of the points P and Q.

Let us name these angles as 21,22, ..., £8as
shown in Fig. 6.18.
S, 22 27 and £ 8 are called exterior

angles, while / 3, 2 4. 2 5 and £ 6 are called
interior angles,

Fig. 6.18

Recall that in the earlier classes, you have named some pairs of angles Tormed
when a fransversal intersects two lines. These are as follows:

ia) Corresponding angles :

(i)Z1and £5 (i) £2and £ 6

(iii) £ 4 and £ 8 {iv) £3and £ 7
(b) Alternate interior angles :

(i) Z£4and £ 6 {il) Z3and £ 5
{c) Alternate exterior angles:

(i) L land £7 (if) £ 2and £ 8
(c)) Interior angles on the same side of the transversal:

(i) Z4and £5 (i) £3and £ 6

Interior angles on the same side of the transversal
are also referred to as consecutive interior angles
or allied angles or co-interior angles. Further, many
a timies, we simply use the words alternate angles for
alternate interior angles. i

W

Now, let us find out the relation between the
angles in these pairs when line m is parallel (o line n,
You know that the miled lines of yvour notebook are
parallel to each other. So, with ruler and pencil. draw
two parallel lines along any two of these lines and a
transversal to intersect them as shown in Fig. 6.19,

W




Livts aMp ANOLES o9

Now, measure any pair of corresponding angles and find oul the relation between
them, Youmay findthat : £ 1=25,22=26, 2 4=/8and £ 3 =7 Fromthis,
you may conclude the following axiom.

Axiom 6.3 : If a transversal intersects two parallel lines, then each pair of
corresponding angles iy equal.

Axiom 6.3 is also referred to as the corresponding angles axiom. Now, let us
discuss the converse of this axiom which is as follows:

If a transversal intersects two lines such that a pair of corresponding angles is
equal, then the two lines are parallel.

Duoes this statement hold true? It can be venfied as follows: Draw a line AD and
mark points B and C on it. At B and C. construct £ AB(Q) and £ BCS equoal to each

other as shown in Fig. 6.20 (i). / /
% B C Y / /

Fig. 6.20

Produce QB and SC on the other side of AD 1o Torm (wa lines PQ and RS
[see Fig, 6.20 (ii}], You may observe that the two lines do not intersect each other. You
may ilso draw common perpendiculars to the two lines PO and RS at different points
and measure their lengths. You will find it the same everywhere. So, yon may conclude
that the lines are parallel. Therefore, the converse of corresponding angles axiom is
also true. So, we have the following axiom:

Axiom 6.4 : If a transversal intersects two lines such that a pair of corresponding
angles iz equal, then the two lines are paralle] to each orher,

Can we use corresponding angles axiom to find
out the relation between the alternale interior angles
when a transversal intersects two parallel lines? In
Fig. 6.21. transveral PS intersects parallel lines AB
and CD at points Q and R respectively.

Is £ BQR = £ QRC and £ AQR = .2 QRD? .
You know that £ PQA = £ QRC (N [
{Corresponding angles axiom)
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Is Z PQA = 2 BOQR? Yes! (Why ) (2)
So, from (1) and (2), you may conclude that

Z BQR = £ QRC.
Similarly, £ AQR = £ QRD,

This result can be stated a3 a theorem given below:

Theorem 6.2 : If a transversal intersects two parallel lines, then each pair of
aliernate inierior angles is egual.
Now, using the converse of the corresponding angles axiom, can we show the two

lines parallel if a pair of altemate interior angles is equal? In Fig. 6.22, the transversal
PS intersects lings AB and CD at points Q and R respectively such that

ZBOR = £ QRC. g
Is AB || CD? f
ZBQR= £PQA  (WhyD) (1) & >

A ) bE]
But, ZBOQR = £ QRC (Given) (2)

So, from (1) and (2). you may conclude that

ZPQA = Z QRC c
But they are comresponding angles.
S0, AB 1CD  (Converse of corresponding angles agiom)
Thas result can be stated as a theorem given below:

D

#
7]
"""'"'E-.
v

Fig. 6.22

Theorem 6.3 : If a transversal intersects two lines such that a pair of alternate
interior angles {5 equal, then the two lines are parallel.

In a similar way, you can obtain the following two theorems related to interior angles
on the same side of the transversal.

Theorem 6.4 : If a transversal intersects two parallel lines, then each pair of
interior angles on the same side of the transversal is supplementary.

Theorem 6.5 : If a transversal intersects two lines such that a pair of interior
angles on the same side of the transversal is supplementary, then the two lines
are parallel.

You may recall that yvou have verified all the above axioms and theorems in earlier
classes through activities. You may repeat those activities here also.
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6.6 Lines Parallel to the Same Line
If two lines are parallel to the same line, will they be parallel to each other? Let us
check it. See Fig. 6.23 in which line m |l line { and hine n |l line L

Let us draw a line  transversal for the lines, I, m and n. Tt is given that
line e/l line { and ling |l line /, r

Therefore, # 1=/2 and Z1=.3 /k\]

(Corresponding angles axiom) /€ ‘
So. Z2=.3(Why?) 7
But £ 2 and £ 3 are corresponding angles and they ™ * \ﬁ

W

v

are equal,
Therelore, you can say that B
Line m Il Line n
{Converse of corresponding angles axiom) Fig, 6.23
This result can be stated in the form of the following theorem:

3

L

Theorem 6.0 : Lines which are parallel to the same line are parallel to each
other.

Note : The property above can be extended to more than two lines also.

Now. let us solve some examples related to parallel lines.

Example 4 : InFig, 6.24 ifPQIRS, ZMXQ =135 and £ MYR =407, find ~ XMY.

IMig. 6.24 Fig. 6.25

Solutivn : Here, we need to draw a line AB parallel to line PQ, through point M as
shown in Fig. 6.25. Now, AB || PQ and PQ Il RS.
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Therefore,
Now.,

But

50,
Therefore,
Now.
Therefore,

AB I RS (Why?)
£ QXM + .~ XMB = 180"
(AB || PQ, Interior angles on the same side of the transversal XM)

£ QXM = 135°

135% + £ XMDB = 180"
ZXMB = 45° (0
ZBMY = £ MYR {AB | RS, Aliernate angles)
ZBMY = 4° (2)

Adding (1) and (2), vou get

That is.

ZXMB + £ BMY = 457 +40°
L XMY = B5®

Example 5 : If a transversal intersects two lines such that the bisectors of a pair of
corresponding angles are parallel, then prove that the two lines are parallel.

Solution :

In Fig. 6.26, a tranaversal AD intersects two lnes PQ and RS al points B

and C respectively. Ray BE is the bisector of &2 ABQ) and ray CG is the bisector of
< BCS; and BE || CG:

We are to prove that PQ I RS,
Itis given that ray BE is the bisector of £ ABQ.

Therefore,

Therefore,

n
B
i

1 - " =
£ ABE= 5 £ABQ M 3 B 7 Q
L
Similarly, ray CG is the bisector of £ BCS, . -
i i C 8
ZBCG= 3 £ BCS (2) D

But BE Il CG and AD is the transversal.

Therefore,

Fig. 6.26

L ABE = £ BCG

(Corresponding angles axiom) {3)
Substituting (1) and (2) in (3), you get

That is,

1 1
— £LABQ=— ZBCS
2 Q 2

Z ABQ = £ BCS
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But, they are the corresponding angles formed by transversal AD with PQ and RS;

and are equal,

Therefors,

PQ Il RS

{Converse of corresponding angles axiom)

Example 6 : In Fig. 6.27. AB | CD and CD || EF. Also EA | AB. If £ BEF =55°, find

the values of x, y and z,
¥+ 55 = 1808

(Interior angles on the same side of the
transversal ED)

Solution :

Therefore, »=180"-35"=125"
Again x=y

{AB || CD, Corresponding angles axiom)
Therefore x =125

MNow, since AB | CI} and CD || EF, therefore, AB || EE

Sa, < BAB + 2 FEA = 180F
Therelore, DO" + z 4+ 55° = 18(F
Which gives z= 35"
EXERCISE 6.2
1. InFig. 6.28, find the values of x and ¥ and then

show that AB || CI>.

F A L L

E

A

L& ]

L
Ln
1

0 _)}.

W L L
Fig. 6.27

{Interior angles on the same
side of the transversal EA)

5

.28

-
Fig.
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InFig. 6.29, FABICT, CDIEFandy:z=3:7, \
ﬁ'l'ld.-'l:- o

E NF
Fig. 6.29
In Fig. 6.30, if AB (| CD, EF 1 CD and " g
/GED=126° find Z AGE, /GEF and ZFGE. <\ U B
{ E D

In Fig: 6.31, if PQ || 8T, & PQR = 110" and
ZRST=130" find ~ QRS.

[Hint : Draw a line parallel to ST through
pointR.]

In Fig. 6.3, if AB Il C0, £ APQ = 50° and
LPRD=127%, find xand v,

In Fig. 6.33, PQ and RS are two mirrors placed _ P B *“

parallel to each other. An incident ray AB strikes .
the mirror PO} al B, the reflecled ray moves along D
the path BC and sirikes the muror RS at C and A

again rellects back along CD. Prove that

ABICD.

5 o
e >

R c &
Iig. 6.33
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6.7 Angle Sum Property of a Triangle

In the earlier classes, you have studied through activities that the sum of all the angles
of a triangle is 1807, We can prove this statement using the axioms and theorems
related to parallel lines.

Theorem 6.7 : The sum of the angles of a triangie is 180°.

Prool : Let us see what is given in the statement
above, that is, the hypothesis and what we need to
prove, We are given a triangle PQR and £ 1, 2 2
and . 3 are the angles of A PQR (see Fig. 6.34).

Weneedwoprovethat £ 1 + £2 + £3=180" Let
us draw a line XPY parallel to QR throogh the
opposite vertex P, as shown in Fig. 6.33, so that we
can use the properties related to parallel lines.

Now. XPY is a line.
Therefore, L4+ LT+ 25=180° (1)
But XPY Il QR and PQ, PR are transversals,

So; Fd=2 and £5=73
(Pairs of alternate angles)

Substituting < 4 and £ 5 in (1), we get
L2+ 21 +23=180°
That is, Zl+£2+23=180° |

Fig. 6.35

Recall that you have studied about the formation of an exterior angle of a triangle in
the earlier classes (see Fig. 6.36). Side QR is produced to point 8. 2 PRS is called an
exterior angle of APQR.

Is L34+ £4= 1807 (Why?) (1)
Also, see that
L1+ 22+ £3=180° (Why?) (2)
From (1) and (2). you can see that
Li=L1+L2,

This result can be stated in the formof  © R ]
a theorem as given below: Fig. 6.36

Tr

&
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Theorem 6.8 : If a side of a triangle is produced, then the exterior angle 5o
formed is equal to the sum of the two interior opposite angles.

It is obvious from the above theorem that an exferior angle of a riangle is greater
than either of its interior apposite angles.

Now, let us take some examples based on the above
theorems,

Example 7 : In Fig. 6.37,if QT L PR, £ TQR =40
and . SPR =307, find xx and y,

Solution : In A TQR, 90° + 407 + ¢ = 180°
(Angle sum property of a triangle)
Therefore, x=5r

Now, v= 2 SPR +x (Thearem 6.8)
Therefore. y= 30"+ 50"
= 80° Q
Example 8 : In Fig. 6.38, the sides AB and AC of A

AABC are produced 1o points E and D respectively.
If bisectors BO and CO of £ CBE and ~ BCD
respectively meet at point O, then prove that

1
£ BOC =90% - E ZBAC,

Solution : Ray BO is the bisector of £ CBE. E D
1
Therefore, £ CBO = 5 £ CBE
= (180° - y)
o_ 2 _
=90 5 (1) . 0 :
Similarly, ray CO is the bisector of ~ BCD, e
1
Therefore. £ BCO= 5 < BCD
|
=3 (180° - g)
z
=0Q° - —
90 5 (2)
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In ABODC, 2 BOC + ~BCO+ 2 CBO= 180° (3
Substituting (1) and (2) in (3), you get
2 BOC +90° - 4;- +90° - -% = 180°

e R

So. ROE = 2 + 5
1

ar, L BOC = E (w47 (4)
But, x+y+z= 180" (Angle sum property of a triangle)
Therefore, y+z= 180" —x

Therefore, (4) becomes

1
£BOC= - (180°~)

i
= 00" — B
1
=490° - = £ BAC
2
EXERCISE 6.3

1. InFig 6.39, sides QP and RO of A PQR are produced to points § and T respectively.
If £8PR= 135" and S PQT = L 107, find “ PRO.

2. InFig. 640, £ X=62° .2 XYZ =54 If YO and ZO are the bisectors of 2 XYZ and
# WEY respectively of AKYZ, find « OZY and £ YOZ,

3. InFig 641,ifABIDE, £ BAC=35"and 2~ CDE =537, [ind ~# DCE,

Y
4
e e
T 0 R Y Z
Fig, 6.39 Fig. 6.40 Fig. 6.41

4. InFig. 642, if lines PQ and RS intersect at point T. such that £ PRT =407, £ RPT=05"
and £ T8Q=75"find £ SOT.
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5. InFig. 643, PO LPS POQISE, £ SQR =28" and .2 QRT=4635", then find the values

of rand .
] )
. L] I b
i
S R 3
Fig. 6.42 Q Fig. 6.43
6. TnFig, 6.44, the sids QR of APQR is produced to ‘ T
a point §. If the bisectors of .~ PQR and 3
£ PR3 meet at point T, then prove that
1
£ JTR= 3 £ OPR.,
s
Q B
Fig. .44

6.8 Sunumary

In this chapter, you have studied the following pomts:

L. Ifaray stands onaling, then the sum of the two adjacent angles so formed 15 1807 and vice-
versa, This property is called as the Linsar pair axdom.

2. Tf two lines intersect each other, then the vertically opposite angles are equal.
3. If 2 wansversal intersects tovo paralle] lines, then

i1} each pair of corresponding angles is squal,

(it} each pair of alternate interior angles is equal,

iii) each pair of inierier angles on the same side of the transversal is supplementary.
4. If a transversal inlersects two lines such that, sither

(i} any one pair of corresponding angles is equal, or

(it any one pair of alternate interior angles is equal, or

(i} any one pair of inlerior angles on the same side of the ranaversal 15 supplementary,
then the linss are parallel,

5. Lines which are parallel to a given line are parallel to each other.
6. 1he sum of the three angles of a triangle is 1807,

7. lfaside of a riangle is produced, the exteror angle so formed is equal (o the sum of the two
interior opposile angles,
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7.1 Introduction

You have studied about triangles and their various properties in your earlier classes,
You know that a closed figure formed by three imersecting lines is called a triangle.
{“Tri" means ‘three’), A tnangle has three sides, three angles and three vertices. For
example, in triangle ABC, denoted as A ABC (see Fig. 7.1); AB, BC, CA are the three
sides, £ A. £ B, £ C are the three angles and A. B, C are three vertices.

In Chapter 6, you have also studied some properties A

of triangles. In this chapter, you will study in details

abont the congruence of triangles, mles of congmence,

some more properties of triangles and inequalities in

a wiangle. You have already verified most of these

properties in earlier classes. We will now prove some

of them.

7.2 Congimence of Triangles Fig. 7.1

You must have observed that two copies of your photographs ol the same size are
identical. Similarly. two bangles of the same size, two ATM cards issued by the same
bank are identical. You may recall that on placing a one rupee coin on another minted
in the same year, they cover each other completely.

Do you remember what such figures are called? Indeed they are called congruent
figures (“congruent” means equal in all respects or figures whose shapes and sizes
are both the same).

Now, draw two circles of the same radins and place one on the other. What do
you observe? They cover each other completely and we call them as congruent circles.
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Repeat this activity by placing one
sguare on the other with sides of the same
measure (see Fig. 7.2) or by placing two
equilateral triangles of equal sides on each
other. You will observe that the squares are
congruent to each other and so are the
equilateral triangles. Fig.7.2

You may wonder why we are studying congruence. You all must have seen the ice
tray in your refrigerator. Observe that the moulds for making ice are all congruent,
The cast used for moulding in the tray also has congruent depressions {may be all are
rectangular or all circular or all tnangular). So, whenever identical objects have to be
produced, the concept of congruence is nsed in making the cast.

Sometimes, you may find it difficult to replace the refill in vour pen by a new one
and this is so when the new refill is not of the same size as the one you want (o
remove. Obviously, if the two refills are identical or congruent, the new refill fits,

So, you can find numerous examples where congruence of objects is applied in
claily life situations,

Can you think of some more examples of congruent figures?

Now, which of the following figures are not congruent to the square in
Fig 7.3 (i) :

(i) (i) (i) (iv)
Fig. 7.3
The large squares in Fig. 7.5 (ii) and (iii) are obviously not congruent 1o the one in
Fig 7.3 (i}, but the square in Fig 7.3 (iv) is congruent to the one given in Fig 7.3 (i).
Let us now discuss the congruence of two triangles,

You already know that two irangles are congruent if (he sides and angles of one
triangle are equal to the corresponding sides and angles of the other triangle.
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Now, which of the triangles given below are congruent to triangle ABC in
Fig. 7.4 (1)?

R 25 Qe p

.5 [y

{iv)

Fig. 74

Cut out each of these triangles from Fig. 7.4 (ii) to (v) and mm them around and
try to cover A ABC. Observe that triangles in Fig, 7.4 (i1}, (iii) and (iv) are congruent
to A ABC while A TSU of Fig 7.4 (v) is not congruent 1o A ABC.

IF A PQR is congruent o A ABC, we write A POR = A ABC.

Notice that when A PQR = A ABC. then sides of A PQR fall on corresponding
equal sides of A ABC and so is the case for the angles.

That is, PQ covers AB, QR covers BC and RP covers CA; £ P covers £ A,
£ Q covers £ B and £ R covers £ C. Also, there is a one-one correspondence
between the vertices. That is, P comresponds to A, Q to B, R to C and so on which is
writien as

PoAQoBRoC

Note that under this correspondence. A PQR = A ABC; but it will not be correct to
write AQRP = A ABC.

Similarly, for Fig. 7.4 (iii).
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FD « AB, DE «» BC and EF <3 CA
and FeA DB andEeC
S0, A FDE = A ABC but writing A DEF = A ABC is not correct.
Give the correspondence between the triangle mm Fig. 7.4 (iv) and A ABC,

So, it is necessary to write the correspondence of vertices correctly for writing of
congruence of {riangles in symbolic form,

Note that in congroent iriangles corresponding parts are equal and we write
in short *CPCT" for corresponding parts of congruent triangles.

7.3 Criteria for Congruence of Triangles

In earlier classes, vou have learnt Tour criteria for congruence of tangles. Let us
recall them.

Draw two tiangles with one side 3 cm. Are these riangles congruent? Observe
that they are not coagruent (see Fig. 7.5).

3 om
1.8 ¢cm

24 cm
{1 (1)

Fig. 7.5

D

Now, draw two triangles with one side 4 cm and one angle 507 (see Fig. 7.6). Are
they congruent?

lr

4. em . 4cm

Fig. 7.0
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See that these two triangles are not congruent,

Repeat this activity with some more pairs of triangles.

So, equality of one pair of sides or one pair of sides and one pair of angles is not
sufficient to give us congruent triangles,

What would happen if the other pair of arms (sides) of the equal angles are also
equal?

In Fig 7.7. BC = QR. £ B = # Q and also, AB = PQ. Now, what can you say
about congruence of A ABC and A PQR?

Recall from your earlier classes that, in this case, the two {riangles are congruent.
Verify this for A ABC and A POQR in Fig. 7.7.

Repeal this activity with other pairs of tiangles. Do you observe that the equality
of two sides and the included angle is enough for the congruence of triangles? Yes, il
15 enough,

Fig. 7.7

This is the first criterion for congruence of triangles.

Axiom 7.1 (SAS congruence rule) : Tivo rriangles are congruent if two sides
and the included angle of one triangle dare equal to the two sides and the included
angle of the other rriangle.

This result cannot be proved with the help of previously known results and so itis
accepted true as an axiom (see Appendix 1),

Let us now take some examples. C B
Example 1 : In Fig, 7.8, OA = OB and OD = OC. Show that
(i) A AOD = ABOC and (ii) AD Il BC.
Solution : (i) You may observe that in A AOD and A BOC,
OA = 0B
Ob = 0C

} {Given) A b

Fig. 7.8
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Alzq, since ~ AOQD and .« BOC form a pair of vertically oppozite angles, we have
£ AOD = £ BOC.
So, A ACD = ABOC {by the 5AS congruence rule)
(ii) In congruent triangles AOD and BOC, the other corresponding parts are also
gqual,
So, £ OAD = £ OBC and these form a pair of alternate angles for line segments
AD and BC,

Therefore, AD Il BC.

Example 2 : AB is a line segment and line [ is ifs perpendicular bisector. If a point P
lies om [. show that P is equidistant from A and B. !

A
Solution : Line / L AB and passes through C which p
is the mid-peint of AB (see Fig. 7.9). You have o
show thalt PA = PB. Consider A PCA and A PCB.

We have AC= BC (Cis the mid-point of AB)

LPCA= £PCB =90 {(Given) H - B
PC = PC (Common) -
S0, A PCA =APCB (5AS rule)
and so. PA = PB, as they are corresponding sides of J
congruent triangles. Fiz. 7.9

Now, let us construet two triangles, whose sides are 4 em and 5 em and one of the
angles is 307 and this angle is not included in between the equal sides (see Fig. 7.10).
Are the two triangles congruent?

[

5om

4 om 4 oy
Fig. 7.10



[RIANTLES |15

Notice that the two triangles are not congruent.

Repeat this activity with more pairs of triangles. You will obzerve that for triangles
to be congruent, it is very important that the equal angles are included between the
pairs of equal sides.

So., SAS congruence rule holds but not ASS or 55A mle.

Next, try to construct the two triangles in which two angles are 60° and 45° and
the side included between these angles is 4 em {see Fig. 7.11).

Fig. 7.11

Cut out these triangles and place one triangle on the other. What do you observe?
See that one triangle covers the other complegely; that is, the two triangles are congruent.
Repeat this activity with more pairs of triangles. You will observe that equality of two
angles and the included side is sufficient for congruence of triangles.

This result is the Angle-Side-Angle criterion for congruence and is wriiien as
ASA criterion. You have verified this criterion in earlier classes. but let us state and
prove this result.

Since this result can be proved, it is called a theorem and to prove it, we use the
SAS axiom for congruence.

Theorem 7.1 (ASA congruence rule) : Two trigngles are congruent if two angles
and the included side of ore triangle are egual to two angles and the included
side of other triangle.

Prool : We are given two triangles ABC and DEF in which;
LB= LE LC=LF
anel BC = EF
We need 1o prove that A ABC= A DEF
For proving the congruence of the two trangles see thut three cases arise.
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Case (i) : Let AB = DE (zee Fig. 7.12).

Now what do vou observe? You may observe that

AB =DE (Assumed)
ZB=-2E {Given)
BC = EF {Given)
So, AABC = A DEF (By SAS rule)
A [
H | C E : F
Fig. 7.12

Case (ii) : Let if possible AB > DE. 50, we can lake a point P on AB such that
PB = DE. Now consider A PBC and A DEF (see Fig. 7.13).

A D

E I F
Fig. 7.13
Ohbserve that in A PBC and A DER
PB =DE {By construction)
£LZB=ZE (Given)
BC =FEF (Given)

So, we can conclude that:

A PBC = A DEF, by the SAS axiom for congruence.
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Since the triangles are congrent, their corresponding parts will be egual.
Sa, ZPCB = -2DFE
But, we are given that

Z ACB = ZDFE

So, £ ACB = £ PCB

15 this possible?

This is possible only if P coincides with A.

or, BAa=ED

50, A ABC = A DEF (by SAS axiom)
Cuase (i) : I AB < DE, we can choose a4 point M on DE such that ME = AB and

repeating the argurnents as given in Case {ii), we can conclude that AB = DE and so,
A ABC = A DEF m

Suppose, now in (wo triangles two pairs of angles and one pair of corresponding
sides are equal but the side iz not included berween the corresponding equal pairs of
angles. Are the triangles still congruent? You will observe that they are congruent.
Can you reason out why?

You know that the sum of the three angles of a triangle is 1807, So if two pairs of
angles are equal, the third pair is also equal (180" — sum of equal angles).

So, two iriangles are congruent if any two pairs of angles and one pair of
corresponding sides are equal. We may call it as the AAS Congruence Rule,

MNow let us perform the following activity

Draw triangles with angles 40°, 507 and 90°. How many such triangles can you
draw?

In fact, you can draw as many triangles as you want with different lengths of
sides (sec Fig. 7.14).

i/ d N

Fig. 7.14
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Observe that the triangles may or may not be congruent to each other.

So, equality of three angles is not sufficient for congroence of triangles. Therefore,
for comgruence of thiangles out of three equal parts, one has to be a side,

Let us now lake some more examples,
Example 3 : Line-segment AB is parallel to another line-segment CI). Q is the

mid-point of AD (see Fig. 7.15). Show that (i) AAOB = ADOC (ii) O is also the
mid-point of BC,

Solution : (i) Congider A AOB and ADOC, D
£ ABO = 2 DCO
{Alternate angles as AB || CD 0

and BC is the transversal)
L AOB = 2 DOC
(Vertically opposite angles)
OA = OD (Given) Fig. 7.15
Therefore, AAOB = ADOC  (AAS rule)
(it) OB = OC (CPCT)
So. O is the mid-point of BC.

EXERCISE 7.1

1. Inquadrilateral ACBD. C

AC = AD and AB bisecis £ A
isee Fig. 7.16). Show that A ABC = A ABD.

What can you say about BC and BD?

[

Fig. 7.16
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2,

3‘

4.

si

ABCD 18 4 quadrilateral in which AD = BC and

L DAB =2 CBA (see Fig. 7.17). Prove that
i} AABD=ABAC

iy BD=AC

i) £ABD=2BAC,

AD and BC are equal perpendiculars 1o a line
segment AB (see Fig. 7.18). Show that CI bisects
AR,

I

{ and m are two parallel lines intersected by
another pair of parallel lines p and g4
(see Fig. 7.19), Show that A ABC = ACDA.

Line {13 the bisector of an angle 2 A and B is any
point on !, BP and BQ) are perpendiculars from B
to the arms of £ A (see Fig. 7.20)). Show that:

iy AAPB=AAQB
it BP =B or B is equidistant from the arms
of £ A,

Fig. 7.19

Q

>

I_]E
P

Fig. 7.20

L3
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6 In Fig. 7.21, AC = AE, AB = AD and E
£ BAD =~ BAC. Show that BC =DE.
A
. B
Fig. 7.21
7. ABisaline segment and P'is its mid-point. D and
E are poinis on the same side of AB such that o ’
£ BAD = 2 ABE and £ EPA = 2 DPB i -
isee Fig. 7.221. Show that
i} ADAP=AEBP
fii} AD=BE
4 B
E}
Fig. 7.22
8. Innghttriangle ABC, right angled at C. M is 5 A
the mid-point of hypotenuse AB. C is joined :
to M and produced to 4 point I such that
DM = CM. Point D is joined to point B
{(sce Fig. 7.23). Show that; b
(i) AAMC=ABMD
{if) < DBC is aright angle. B C
{iii) A DBC = A ACB Fig. 7.23
1
(iv) CM = B AB

7.4 Some Properties of a Triangle

In the above section you have studied two criteria for congraence of triangles. Let us
now apply these results to study some properties related 1o a triangle whose two sides
are equal,
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Perform the activity given below:

Construct a triangle in which two sides are
equal, say each equal to 3.5 ¢cm and the third side
equal to 5 cm (see Fig, 7.24). You have done such
tonstructions in earlier classes.

Do you remember what is such a triangle
called?

A triangle in which two sides are equal is called
an isosceles triangle. So, A ABC of Fig. 7.24 15
an isosceles triangle with AB = AC,

Now, measure /B and .~ C. What do you observe?

Fig. 7.24

Repeat this activity with other isosceles triangles with different sides.

You may observe that in each such triangle. the angles opposite to the equal sides

are egual,

This 15 a very important result and is indeed true for any isosceles triangle, It can

be proved as shown below.

Theorem 7.2 : Angles opposite to equal sides of an isosceles triangle are equal.

This result can be proved in many ways. One of
the pronfs is given here,

Proof : We are given an isosceles triangle ABC
in which AB = AC. We need to prove that
LB=2C

Let us draw the hisector of £ A and let D be

the point of intersection of this bisector of
Z A and BC (see Fig. 7.25).

In A BAD and A CAD,
AR = AC
ZBAD = £ CAD
AD = AD
So, A BAD = A CAD

A

{Given)

{By construction)
{Common)

(By SAS rule)

So, £ ABD = 2~ ACD, since they are corresponding angles of congruent triangles.

5o, LZB=2C
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Is the converse also true? That is:

If two angles of any triangle are equal, can we conclude that the sides oppesite to
them are alzo equal?

Perform the following activily.

Construct a triangle ABC with BC of any length and £ B = £ C = 50°. Draw the
bisector of ~ A and let it intersect BC at D (see Fig. 7.26).

Cut out the triangle from the sheet of paper and fold it along AD so that vertex C
falls on vertex B, A

What can you say about sides AC and AB?
Observe that AC covers AB completely

5o, AC = AB

Repeat this activity with gome more triangles. 50° S0°A\
Each time you will observe that the sides opposite P I8 C
to equal angles are equal. So we have the Fig. 7.26
following:

Theorem 7.3 : The sides opposite to equal angles of a iriangle are equal.
This is the converse of Theorem 7.2.
You can prove this theorem by ASA congruence rule.
Let us take some examples to apply these resulls.

Example 4 : In A ABC, the bisecior AD of £ A i3 perpendicular to side BC
(see Fig. 7.27). Show that AB = AC and A ABC is isosceles.

Solution : In AABD and AACD,

ZBAD = £ CAD (Given) o
AD = AD (Comimon)
L ADB = £ ADC =90° (Given)
50. A ABD= A ACD {ASA rule)
So, AB = AC (CPCT)
or, A ABC is an isosceles triangle. B E_L,—! C
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Example 5 : E and F are respectively the mid-points
of equal sides AB and AC of A ABC (see Fig. 7.28).
Show that BF = CE.

Solution : In A ABF and A ACE,

AB = AC (Given)
SA= A (Common)
AF= AE  (Halves of equal sides) i
So. A ABF = A ACE (SAS rule) -
Therefore, BF = CE (CPCT)

Example 6 : In an isosceles triangle ABC with AB = AC, D and E are points on BC
such that BE = CD (see Fig. 7.29). Show that AD = AE.

Solution : In A ABD and A ACE,

AB = AC (Given) (1) &
LB=Z¢C
(Angles opposite to equal sides) (2)
Alsa. BE= CD
So, BE - DE = CD - DE B 5 B c
That is, BD = CE (3 Fig. 7.29
So. A ABD = A ACE
(Using (1), (2}, (3) and SAS rule).

This gives  AD = AE (CPCT)

EXERCISE 7.2

1. Inanisosceles tiangle ABC, with AB = AC, the bisectors of £ B and £ C intersect
each otherat O. Join A to O. Show that

i} OB=0C (i) AObisects £ A

2. InAABC AD isthe perpendicular bisscior of BC
isee Fig, 7.30), Show that A ABC is an isosceles
irangle inwhich AB=AC,

A
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3.

i

ABC 18 an isoseeles (riangle in which alttudes

A
BE and CF are drawn to equoal sides AC and AB
respectively {sze Fig. 7.31). Show thal these F E
altitndes are equal.,
B C

Fig. 7.31

ABC is amangle in which altitodes BE and CF o
sides AC and AB are equal {see Fig. 7.32). Show

A
that
tif AABE=AACF F £
i} AB=AC, ie, ABC is an isosceles inangls.
B C

Fig. 7.32

ABC and DBC are two izosceles triangles on the A
gsame base BC (see Fig. 7.33). Show that ’
Z ABD= 2 ACD. //\
B v l_
D

Fig. 7.33

AABC 1s an izosceles langle in which AB = AC, X

Side BA is produced to D such that AD = AB :
isee Fig. 7.34), Show that £ BCD is anight angle.
ABC is aright angled tiangle in which £ A=90°
and AB = AC. Find £ Band £ C. A
Show that the angles of an equilateral triangle
are 60° each,
B C

Fig. 7.34
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7.5 Some More Criteria for Congruence of Triangles

You have seen earlier in this chapter that equality of three angles of one tnangle to
three angles of the other is not sufficient for the congruence of the two triangles. You
may wonder whether equality of three sides of one triangle (o three sides of another
triangle is enough for congruence of the two triangles, You have already verified in
earlier classes that this is indeed true,

To be sure, construct two (riangles with sides 4 em. 3.5 ¢m and 4.5 cm
(zee Fig. 7.35). Cut them out and place them on each other. What do you observe?
They cover each other completely, if the equal sides are placed on each other, So, the
triangles are congruent.

4 ¢

&m
Fig. 7.35
Repeat this activity with some more triangles, We arrive al another rule for
CONBruence.

Theorem 7.4 (S88 congruence rule) @ [f three sides af one triangle are equal 1o
the three sidey of another triangle, then the two triangles are congruent.

This theorem can be proved using a suitable construction.

You have already seen that in the SAS congruence rule, the pair of equal angles
his to be the included angle between the pairs of corresponding pair of equal sides and
if this iz not so, the two triangles may not be congruent.

Perform thizs activity:

Construct two right angled triangles with hypotenuse equal to 5 cm and one side
equal to 4 cm each (see Fig. 7.36),
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4 cm 4 em
Fig. 7.36
Cut them out and place one triangle over the other with equal side placed on each
other. Turn the triangles, if necessary. What do you observe?

The two triangles cover each other completely and so they are congruent. Repeat
this activity with other pairs of right triangles. What do you observe?

You will find that two right triangles are congruent if one pair of sides and the
hypotenuse are equal. You have verified this in earlier classes.

Note that, the right angle is not the included angle in this case.

So, vou arrive at the following congruence rule:

Theorem 7.5 (RHS congruence rule) : If in two right rriangles the hvpotenuse
and one side of one rriangle are egual to the hvpotenuse and one gide of the
ather triangle, then the rwo triangles are congruent.

Note that RHS stands for Right angle - Hypotenuse - Side.
Let us now take some examples.

Example 7 ¢ AB is a line-segment. P and Q are P

poinis on opposite sides of AB such that each of them / \
is equidistant from the points A and B (see Fig. 7.37).

Show that the line PQ is the perpendicular bisector A / - B

of AB.

Solution : Yon are given that PA = PB and
QA = QB and vou are to show that PQ L AB and

PO bisects AB. Let PQ) intersect AB at C, ¥
Can you think of two congruent triangles in this figure? ¢
Let us take A PAQ and A PBQ. Fig. 7.57

In these triangles,



[RIANTLES 127

AP =BP (Given)

AQ=BQ (Given)

PQ=PQ (Common)

So. A PAQ = A PBO) {555 mle)

Thezefore, L APQ = 2 BP(} (CPCT).
Now lel us consider A PAC and A PBC,

You have : AP =BP (Given)

£ APC = £ BPC(Z APQ = £ BPQ proved above)

PC =PC {Common)

Sa, A PAC = A PBC {SAS rule)

Therefors, AC =BC {CPCT) (1)

and 2 ACP =2 BCP (CPCT}

Also. Z ACP + 2 BCP = 180° (Linear pair)
Sa, 2L ACP = 180°

ar, Z ACP =90° (2)

From {1} and (2), you can easily conclude that P() is the perpendicular bisector of AB.
[MNote that, without showing the congruence of A PAQ and A PBQ, you cannot show

that A PAC = APBC even though AP = BP {Criven)

FC=PC (Common)

and £ PAC = 2 PBC (Angles opposite 1o equal sides in
AAPB)

It is because these results give us S5A rule which is not always valid or wue for
congruence of triangles. Also the angle is not included between the equal pairs of
sides,]

Let us take some more examples.
Example 8 : P is 4 point equidistant from two lines [ and m Intersecting at point A
{see Fig. 7.38). Show that the line AP bisects the angle between them.

Solution : You are given that lines 7 and m intersect each ather at A. Let PB L 1,
PC | m. It is given that PB = PC.

You are to show that 2 PAB = 2 PAC,
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Let us consider A PAB and A PAC. In these two f
triangles,

PB =PC (Given)
£ PBA = £ PCA =9(}* {Griven)
FA =PA (Commaon)

So. A PAB = A PAC (RHS rule) Fig. 7.38
B0, < PAB =2 PAC (CPCT)

Note that this result is the converse of the result proved in Q.5 of Exercise 7.1,

EXERCISE 7.3

1L AABCand ADBC are lwo isosceles triangles on
the same baze BC and vertices A and D are onthe
same side of BC (see Fig. 7.39). If AT is extended
1o inderasel BC at P, show thal
iy AABD=AACD

(i} AABP=AACP

(i) AP bisects £ A s well as 2 D, . P =
iiv) AP is the perpendicular bisector of BC. Fig. 7.39

2, ADis an altitnde of an isosceles triangle ABC in which AB = AC. Show that
tiv  AD bisects BC (i) AD bisects ~ A

3. Two sides AB and BC and median AM A P

of one friangle ABC are respectively
equal o 2ides PO and QF. and median
PN of APQR (see Fig. 7.40). Show that:

i) AABM=APQN 8 o @ N R

M
iy AABC=APQR Fig. 740

4. BE and CF are two equal altitudes of a riangle ABC. Using RHS congruence
tule. prove that the tnangle ABC is isosceles.

5. ABC is an isosceles triangle with AB = AC. Draw AP L BC (o show that
ZB=2C.
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7.6 Inequalities ina Triangle

So far, you have been mainly studying the equality of sides and angles of a triangle or
triangles. Sometimes, we do come across unequal objects. we need to compare them.
For example, line-segment AB is greater in length as compared (o line segment CD in
Fig. 7.41 (i) and £ A is greater than < B in Fig 7.4 (ii).

I i A > >
() (1)
Fig. 7.41
Let us now examine whether there is any relation berween unequal sides and
unequal angles of a triangle. For this, let us perform the following activity:
Activily : Fix two pins on a drawing board say al B and C and tie a thread (o mark a
side BC of a triangle.

Fix one end of another thread at C and tie a pencil
at the other (free) end . Mark a point A with the
pencil and draw A ABC (see Fig 7.42). Now, shift
the pencil and mark another point A’ on CA beyond
A (new position of it)

So, A'C=AC (Comparing the lengths)

Join A" to B and complete the triangle A'BC.
What can you say about 2 A'BC and £ ABC?
Compare them. What do you observe?

Clearly, Z A'BC=> ~ ABC

Continue 1o mark more points on CA (extended) and draw the triangles with the
side BC and the points marked,

You will observe that as the length of the side AC is increased (by taking different
positions of A, the angle opposite w iL, that is, £ B also increases.

Let us now perform another activity :
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Activity : Construct a scalene triangle (that is a triangle in which all sides are of
different lengths). Measure the lengths of the sides,

Now, measure the angles. What do you
observe?

In A ABC of Fig 7.43, BC is the longest zide
and AC is the shortest side.

Also, £ Aisthe largest and £ B is the smallest, A
Repeal this activity with some other tnangles.

o

Fig. 7.43

We arrive at a very important resull of inequalities in a triangle. It is stated in the
form of a theorem as shown below:

Thevrem 7.6 : If two sides of a triangle are unequal, the angle opposite to the
longer side is larger (or greater).

You may prove this theorem by taking a point P
on BC such that CA = CP in Fig, 7.43,

Now, let us perform ancther activity :

Aclivily : Draw a line-segment AB. With A as cenire
and some radius, draw an arc and mark different
points say P, Q. R. 5, T onit Fig. 7.44

Join each of these points with A as well as with B (see Fig. 7.44). Observe that as
we move from P o T, & A is becoming larger and larger. What is happening (o the
length of the side opposite to it7 Observe that the length of the zide is also increasing;,
thatis £ TAB> £ SAB > “RAB=> 2 QAB>2PAB and TB> 5B =RB = QB > PB.

Now, draw any (riangle with all angles unequal A
to each other. Measure the lengths of the sides
(see Fig. 7.45).

Observe thal the side opposite to the fargest angle
is the longest, In Fig. 7.45, = B is the largest angle
and AC is the longest side.

Repeat this activity for some more triangles and B C
we zee that the converse of Theorem 7.6 is alzo true. Fig. 7.45
In this way, we arrive al the following theorem:
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Theorem 7.7 ¢ In any triangle, the side opposite to the larger (greater) angle is
longer.

This theorem can be proved by the method of contradiction,
Now take a triangle ABC and in it, find AB + BC, BC + AC and AC + AB. What
do you observe?
You will observe that AB +BC = AC,
BC + AC> AB and AC + AB = BC.

Repeat this activity with other triangles and with this you can arrive at the following
theorem ; B]

-

Theorem 7.8 : The sum of any two sides of a
triangle is greater than the third side,

In Fig. 7.46, observe that the side BA of A ABC has
been produced to a point D such that AD = AC. Can you
show that 2 BCD > ~ BDC and BA + AC > BC? Have
you arrived at the proof of the above theorem. B e

Let us now take some examples based on these results. Fig. 7.46

Example ¢ : D is a point on side BC of A ABC such that AD = AC (see Fig. 7.47).
Show that AB = AD.

Solution : Tn A DAC,
AD = AC (Given) A
S0, L ADC = £ ACD
{(Angles opposite to equal sides)
Now, £ ADC is an exterior angle for AABD,
So. £ ADC > £ ABRD
or; L ACD > £ ABD D
OF. £ ACB > £ ABC Fig. 747
So, AB = AC (5ide opposite to larger angle in A ABC)
or. AB > AD (AD = AC)
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EXERCISE7.4

1. Show that in a right angled triangle, the A
hypolenuse is the longest side.
2, 1In Fig. 748, sides AB and AC of A ABC are
extended o points P and Q respectively. Also,
ZPBC< £0QCH. Showthat AC > AB, 5 &

3. InFig. 749, £ B=< s Aand /£ C< 2D, Show thal

B
AD=<=BC I
0
M

c

Fig. 7.49
4. AB and CD are respeclively the smallest and

longest sides of a quadrilateral ABCD 2
isee Fig, 7.50), Show that ~ A > 2 C and
LZBz2D,
A
C

B

Vig. 7.50
5. InFig7.51, PR>PQ and PS bisecis £ QPR. Prove

that 2 PSR > £ PSQ. 1
]

]

[

|

[

1
|
I

Q L R
= oy

Fig. 7.51
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6.

Show that of all line ssgmeants drawn from a given poinl not on it, the perpendicular
line segment is the shortest,

EXERCISE 7.5 (Optional)*

ABCizatriangle. Locate apoint in the interior of A ABC which is equidistant from all
the vertices of A ABC.

In atriangle logate a point in its interior which 15 equidistant from all the sides of the
triangle,

In a huge park, prople are concentrated at three A

points (zee Fig. 7.52):

A where there are different slides and swings
for children,

B mearwhich a man-made lake is situated,
£ which is near to a large parking and exit. ®

Where should an icecream parlour be sef up 30

that maximum nurber of persons can approach Fig. 7.52
i?

i Hint : The parlour should be eguidistant fraom A, B and C)

Complete the hexagonal and star shaped Rangolies [gee Fig. 7.53 (1) and (ii)] by filling
them with as many equitateral triangles of side 1 em as vou can, Count the nuriber of
triangles in each case. Which has more triangles?

LA

cm

5 em

(i ()
Fig. 7.53

*These exercises are nol from examination point of view.
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7.7 Sumpmary

In this chapter, you have siudied the following points

L
2
3
4,

8.

fh.

a9,
10
11.

12.

13,

14.
15,

Two figures are congruent, if they are of the same shape and of the same size.
Two vircles of the same radii are congrient,
Two squares of the same sides are congruent.

If two triangles ABC and POR are congruent under the correspondence A « P,
B+ Q and C e R, then symbolically, it is expressed as A ABC = A PQR.

If two sides and the included angle of one triangle are sgual o two gides and the meluded
angle of the other wiangle, then the two triangles are congruent (SAS Congruence Rule).

If two angles and the included side of one triangle are equal to two angles and the
incloded side of the other triangle, then the two triangles are congreent (ASA Congruence
Rule),

If two angles and one side of one triangle are equal to two angles and the corresponding
side of the other triangle, then the two triangles are congruent {AAS Congruence Rule).

Angles opposite to equal sides of a triangle are equal.
Sides opposite to egual angles of a triangle are equal.
Bach angle of an equilateral triangle iz of 60°.

If three sides of one riangle are equal to three gides of the other riangle. then the two
triangles are congruent {SS5 Congruence Rule).

If in two right triangles, hypotenuse and one side of 2 triangle are equal (o the hypotenuse
and cme side of other mangle, then the two mangles are congruent (RHS Congruence
Rule),

In & triangle, angle opposite to the longer side i= larger (greatec).
In a iriangle, side opposite 1o the larger (greater) angle 15 longer.
Sum of any two sides of a triangle is greater than the third zide.
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8.1 Introduction

You have studied many properties of a triangle in Chapters 6 and 7 and you know that
on joining three non-collinear points in pairs, the figure so obtained is a triangle. Now,
let us mark four points and see what we obtain on joining them in pairs in some order.

AV

(1) (i} (iid) (v}
Fig. 8.1

Note that if all the points are collinear (in the same line), we obtain a line
segment [see Fig. 8.1 (i)], if three out of four points are collinear. we get a triangle
[see Fig, 8.1 (ii)], and if no three points oul of four are collinear, we obtain a closed
figure with four sides [see Fig. 8.1 (iii) and (iv)].

Such a figure formed by joining four points in an order is called a guadrilateral.,
In this book, we will consider only quadrilaterals of the type given in Fig. 8.1 (iii) but
not as given in Fig. 8.1 (iv).

A quadnlateral has four sides, four angles and four vertices [see Fig. 8.2 (i)].

(i) (i)
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In quadrilateral ABCD, AB, BC, CD and DA are the four sides: A, B, C and I are
the four vertices snd & A, £ B, £ C and £ D are the four angles forrned at the
vertices,

MNow join the opposite vertices A to C and B to D [see Fig. 8.2 (ii)].

AC and BD are the two diagonals of the guadrilateral ABCD.

In this chapter, we will study more about different types of quadrilaterals, their
properties and especially those of parallelograms,

You may wonder why should we study about quadrilaterals (or parallelograms)
Look around vou and you will find so many objécts which are of the shape of a
guadrilateral - the floor, walls, ceiling, windows of your classroom, the blackboard,
each face of the duster, each page of vour book, the top of your study table etc. Some
of these are given below (see Fig. 8.3),

\
/

Blackboard Book Table
Fig. 8.3

Although most of the objects we see around are of the shape of special quadrilateral
called rectangle, we shall study more about quadrilaterals and especially parallelograms
because a rectangle is also a parallelogram and all properties of a parallelogram are
true for a rectangle az well,

8.2 Angle Sum Property of a Quadrilateral

Let us now recall the angle sum property of a
gquadrilateral.

The sum of the angles of a quadrilateral is 3607,
This can be verified by drawing a diagonal and dividing
the quadrilateral into two triangles.
Let ABCD be a guadrilateral and AC be a B
i : A
diagonal (see Fig. 8.4),

What is the sum of angles in A ADC? Fig. 8.4
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You know that

L DAC + £ ACD + ~ D= 180° (1
Similarly, in A ABC,

Z CAB + 2 ACB + £ B= 180" (2)

Adding (1) and (2), we get
LDAC+ ZACD+ 2D+ ZCAB+ £ ACB + £ B = 180"+ 180" = 360"
Also, ZDAC+ZCAB=ZAand ZACD+ ZACB =2£C
S0, LA+ D+ £ B+ £ C=360°%
Le., the sum of the angles af a guadrilateral {5 360°

8.3 Types of Quadrilaterals
Lowok at the different quadrilaterals drawn below:

[ e

6
&

(2} {i1) 0 (zn)

G E

[iv) {v) (vi)

Fig. 8.5
Observe that :

®  One pair of opposite sides of quadrilateral ABCD in Fig. 8.5 (i) namely, AB
and CD are parallel. You know that it is called a rrapezivm,

e  Both pairs of opposile sides ol quadrilaterals given in Fig. 8.5 (i), (iid) . (iv)
and (v} are parallel. Recall that such quadrilaterals are called paralielograms.

S0, quadrilateral PQRS of Fig. 8.5 (ii) is a parallelogram.
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Similarly, all quadrilaterals given in Fig. 8.5 (iii), (iv) and (v) are parallelograms.
In parallelogram MNRS of Fig. 8.5 (iii), note that one of its angles namely
£ M is aright angle. What is this special parallelogram called? Try to recall.
It is called a rectangle.

The parallelogram DEFG of Fig. 8.5 (iv) has all sides equal and we know that
it is called a rhombus.

The parallelogram ABCD of Fig. 8.5 (v) has £ A =90" and all sides equal; it
is called a square.

In quadnlateral ABCD of Fig. 8.5 (vi), AD = CD :nd AB = CB i.e., two pairs
of adjacent sides are equal, It is not a parallelogram. It is called a kire.

Note that a square, rectangle and rhombus are all parallelograms.

A sguare is a rectangle and also a rhombus.
A parallelogram is & trapezium,
A Kite is not a parallelogram.

A trapezium is not a parallelogram (as only one pair of opposite sides is paralle]
in a trapeziom and we reguire both pairs to be parallel in a parallelogram).

A rectangle or a rhombuos is not a square.

Loolsat the Fig, 8.6. We have a rectangle and 4 parallelogram with same perimeter

14 em.

b C

A I om T
em
i) iy
Fig. 8.6

Here the area of the parallelogram is DP x AB and this is less than the area of the
rectangle, Le., AB x AD as DP < AD. Generally sweet shopkeepers cut “Burfis” in the
shape of a parallelogram to accomoedate more pieces in the same tray (see the shape
of the Burfi before you eat it next time!),

Let us now review some properties of a parallelogram learnt in earlier classes.
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8.4 Properties of a Parallelogram

Let us perform an activicy,

Cut out a parallelogram from a sheet of paper
and cut it along a diagonal (see Fig. 8.7). You obtain
two triangles. What can you say about these
triangles?

Place one triangle over the other. Tum one around,
if necessary. What do you observe?

Observe that the two triangles are congruent o

Fig. 8.7
each other. 2

Repeat this activity with some more parallelograms, Each time you will observe
that each diagonal divides the parallelogram into two congruent triangles.
Let us now prove this result.
Theorem 8.1 : A diagonal of @ parallelogram divides it into two congruent
triangles.

Proof : Let ABCD be a parallelogram and AC be a diagonal (see Fig. 8.8). Obgerve
that the diagonal AC divides parallelogram ABCD into two triangles, namely, A ABC
and A CDA. We need to prove that these triangles are congruent

In A ABC and A CDA, note that BC || AD and AC is a transversal,

So, ZBCA=2ZDAC (Pair of altemate angles) D €
Also. AB || DC and AC is a transversal.

So. £ BAC=./DCA (Pair of alternate angles)

and AC =CA {(Common) & 4

So, AABC=ACDA (ASA rule) Fig. 8.8

or, diagonal AC divides parallelogram ABCD into two congruent
triangles ABC and CDAL |
Mow, measure the opposite sides of parallelogram ABCD, What do you observe?

You will find that AB = DC and AD = BC.
This is another property of a paralielogram stated below:

Theorem 8.2 : In g parallelogram; oppesite sides are equal,
You have already proved that a diagonal divides the parallelogram into two congroent
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triangles; so what can you say about the corresponding parts say, the corresponding
sides? They are equal.

S0, AB=DC and AD=BC

Now what is the converse of this result? You already know that whatever is given
in a theorem, the same is to be proved in the converse and whatever is proved in the
theorem it is given in the converse. Thus, Theorem 8.2 can be staled as given below ;

IT a quadrilateral is a parallelogram, then each pair of its opposite sides is equal. So
its converse is

Theorem 8.3 : If each pair of opposite sides of o quadrilateral is equal, then it
iz a parallelogram.

Can you reason out why?! D

Let sides AB and CD of the guadrilateral ABCD
be equal and also AD = BC (see Fig. 8.9). Draw

diagonal AC.
Clearly. A ABC = A CDA (Why?)
So, Z BAC = 2 DCA & ’ B
and Z BCA = 2 DAC {Why?) Fig. 8.9

Can you now say that ABCID 15 a parallelogram? Why?

You have just seen that in a parallelogram each pair of opposite sides is equal and
conversely if each pair of opposite sides of a quadrilateral is equal. then i1t is a
parallelogram, Can we conclude the same result for the pairs of opposite angles?

Draw a parallelogram and measure its angles. What do you ohserve?
Each pair of opposite angles is equal.

Repear this with some more parallelograms. We arrive at vet another result as
given below.

Theorem 8.4 : [n a parallelogram, opposite angles are equal.

Now, is the converse of this result also true? Yes. Using the angle sum property of
a quadrilateral and the results of parallel lines intersected by a transversal, we can see
that the converse is also trug, So, we have the following theorsm :

Theorem 8.5 : If in a quadrifateral, each pair of opposite angles is equal, then
it is a parallelogram.
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Thete is vet another property of a parallelograr. Let us study the same. Draw a
parallelogram ABCD and draw both its diagonals intersecting at the point O
isee Fig. 8.10).

Measure the lengths of OA, OB, OC and OD.
Whart do vou observe? You will observe that
OA=0C and OB =0D.
or, O is the mid-point of both the diagonals,
Repeal this activity with some more parallelograms.
Each time you will find that O is the mid-point of both the diagonals,
S0, we have the following theovem :

Theorem 8.6 : The diagonals of a parallelogram
bisect each ather.

Now, what would happen, if in a quadrilateral
the diagonals bisect each other? Will it be a
parallelogram? Indeed this 15 true.

This result is the converse of the resalt of o
Theorem 8.6. Itis given below;

Theorem 8.7 : If the diagonals of a quadrilateral
bisect each other, then it (s a parallelogram.

Fig. 8.10

D

You can reason out this result as follows:

Note that in Fig. 8.11, 1t is given that OA = OC
and OB = OD.

So, AAOB =ACOD (Why7)
Therefore, £ ABO = £ CDO  (Why?)
From this. we get AB || CD

Sirnilarly, BC Il AD

Therefore ABCD is a parallelogram.
Let us now take some examples,

Fig. 8.11

Example 1 : Show that each angle of a rectangle is a right angle.
Solution : Let us recall what a rectangle is,

A rectangle is a parallelogram in which one angle is a right angle.
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D c

Let ABCD be a rectangle in which 2 A =907,
We have to show that L B=2£C=D =90

We have, AD || BC and AB is a transversal
(see Fig. 8.12).

S, ZA+ZB=180° (Inisrior angles on the same A B
side of the transversal) Fip. 8.12
But, LA=9%0P
So, ZB=180° = £ A=1R0°-90° = 9°
Now, LC=£LAand £D=4B
{Opposite angles of the parallellogram)
Sa, L C=90% and 2 D = 90~

Therefore, each of the angles of a rectangle is a right angle.

Example 2 : Show that the diagonals of 4 rhombus are perpendicular to each other,
Solution : Consider the rhombus ABCD (see Fig. 8.13).

You know that AB = BC = CD = DA (Why?)

Now, in A AQD and A COD,

OA = OC (Diagonals of a parallelogram
bisect each other)

0D = 0D (Comomon)
AD =CD

Therefore, A AOD = A COD
(355 congruence rule)

This gives, £ AOD = 2 COD (CPCT)

Bu, £ AOD + £ COD = 180" (Linear pair)

So. 24 AOD = 1807

or, L AOD = ¥

So, the diagonals of a rhombus are perpendicular to each other.

b i

Fig, 8.13

Fxample 3 : ABC is an isosceles triangle in which AB = AC. AD bisects exterior
angle PAC and CD || AB (see Fig. 8.14), Show that
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() Z“DAC = £ BCA and (ii) ABCD is a parallelogram,
Solution : (i} A ABC is isosceles in which AB = AC {Given)
S50, L ABC=2ACB (Angles opposite to equal sides)
Also. S PAC= ZABC+ ZACB

(Exterior angle of a triangle) 4
O ZPAC=2ZACB (1) A ¥
Now, AD hisects £ PAC,
So, ZPAC=2ZDAC (2)
Therefore,

2£DAC=2ZACB [From(l)and (2)] B
o, £ DAC= ZACB o

(ii} Now, these eqgual angles form a pair of altermate angles when ling segments BC
and AD are intersected by a ransversal AC.

S0, BC Il AD
Also, BA Il CD (Given)
Now, both pairs of opposite sides of quadrilateral ABCD are parallel.

So, ABCD is a parallelogram.

Example 4 : Two parallel lines [ and m are intersected by a transversal p
{(see Fig. 8.15). Show that the quadrilateral formed by the bisectors of interior angles
is a rectangle,

Solution : It is given that PS || QR and transversal p intersects them at points A and
C respectively.

The bisectors of & PAC and £ ACQ intersect al B and bisectors of & ACR and
£ SAC intersect at D,

We are to show that quadrilateral ABCD is a
rectangle.

Now., 2 PAC = /2 ACR
{Alternate angles as | || mand p 15 a transversal)

1 1
50, zéE'ﬁ;C: 2 £ ACR

ie, ZBAC = £ ACD

Fig. 8.15
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These form a pair of alternate angles for lines AB and DC with AC as transversal and
they are equal also,

Sa, AB Il DC
Simnilarly, BC Il AD  (Considering £ ACB and £ CAD)
Therefore, quadrilateral ABCD is a parallelogram.
Also. ZPAC+ 2 CAS =180 (Linear pair)
So. l .ﬁFAC+l ZC&S:lXIED“:'Qﬂ“
2 2 2
ar, LBAC 4+ £ CAD =3"
or. Z BAD = 90°

So, ABCD is a parallelogram in which one angle is 90°,
Therefore, ABCD is a rectangle.

Example 5 : Show that the bisectors of angles of a parallelogram form a rectangle.

Solation : Let P, Q, R and § be the points of D C
intersection of the bisectors of £ Aand £ B, £ B
and # C, £ Cand £ D, and 2 D and Z A respectively
of parallelogram ABCD (see Fig. 8.16).

In A ASD, what do you observe? A &
Since DS bisects £ D and AS bisects £ A, therefore, Fig. 8.16
1 1
ZDAS+ £ ADS= 2 LA4 EéD
1
=5 (ZA+£ZD)
1 P
=g 180° (£ Aand £ D are interior angles
on the same side of the wansversal)
= ofF
Alsa, £ DAS + 2 ADS + 2~ DSA = 180 (Angle sum properly of a triangle)
o, 0° + L DSA = 1807
o, £ DSA = 9

S0, £ PSR = 90F (Being vertically opposite 1o .~ DSA)
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Similarly, it can be shown that & APB = 907 ar £ 5PQ = 90% (as it was shown for
Z DSA). Similarly, £ POR =90° and £ SRQ = 90",
So, PORS 1s a quadrilateral in which all angles are night angles,

Can we conclude that it is a rectangle? Let us examine. We have shown that
£ PSE =~ PQR =90° and ~ SPQ = ~ SRQ = 90°. So both pairs of opposite angles
are egual,

Therefore, POQRS 15 a parallelogram in which one angle (in fact all angles) is 90° and
so, PORS is a rectangle.

8.5 Another Condition for a Quadrilateral to be a Parallelogram

You have studied many properties of a parallelogram in this chapter and you have also
veritied that if in a quadrilateral any one of those properties is satisfied, then it becomes
a parallelogram.

We now study vet another condition which is the least required condition for a
quadrilateral to be a parallelogram.

It is stated in the form of a theorem as given below:
Theorem 8.8 : A guadrilateral is a parallelogram if a pair of opposite sides is
equal and parallel,

Look at Fig 8.17 in which AB = CD and
AB |l CD. Let us draw a diagonal AC. You ¢an show
that A ABC = A CDA by SAS congruence rule.

So, BC I AD (Why?)
Let us now take an example to apply this property A +

of a parallelogram.

Esample 6 : ABCD is a parallelogram in which P

and ©) are mid-points of opposite sides AB and CD n 0
(see Fig. 8.18). If AQ imersecis DP at § and BQ

intersects CP at R, show that:

{i} APCQ is a parallelogram,
ity DPBQ iz a parallelogram.
(ifi) PSQR is a parallelogram. A 5 B

I . P

Fig. 8.17

Iig. 5.18
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Solution : (i} In gquadrilateral APCQ,

AP QC (Since AB I CD) (1)

AP = % AB, CQ= % CD (Given)

Also, AB=CD (Why)
So. AP =0QC (2)
Therefore, APCQ is a parallelogram [From (1) and (2} and Theorem #.8]

(i) Similarly, quadnilateral DPBQ is a parallelogram, because
DQ || PB and DQ = PB
{iii}) In quadrilateral PSOQR,
SPII QR (SP is a part of DP and QR is a part of QB)
Similarly, SQ Il PR
So, PSQR is a parallelogram.

EXERCISE 8.1
1. The angles of guadrilaleral are in the ratio 3 ¢ 5 ¢ 9 : 13, Find all the angles ol the
quadrilateral,
2. If the diagonals of a parallelogram are equal, then show that it is a rectangle.

3. Show that if the diagonals of a quadrilateral bisect each other at right angles, then it
1% a thombus,

Show that the diagonals of a square are equal and bisect each other af right angles.

5. Show that if the diagonals of a quadrilateral are equal and bisect each ather at right
angles, then il is a square, n -

6. Disgonal AC of & parallelogram ABCD bisects
£ AtseeFig. §.19). Show that

(ip it biseeis 2 C also,
it ABCDi3 a thombus.

7. ABCD is a rhombus, Show that diagonal AC )
bisects £ A as well as £ C and diagonal BD Fig. 8.19
bisects . B asg well as 2 D,

8. ABCD is a rectangle in which diagonal AC bisects < A as well as < C. Show thal:
(i) ABCD i a sqooge (il diagonal BD bisecis < B as well as 2 1D,
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9,

10.

11.

12,

In parallslogram ABCD, two points P and () are A
taken on diagonal BD soch that DP = BQ
tsee Fig. 8.20). Show that:

iy AAPD=ACQB
iy AP=C0Q

(i) AAQB=ACTD Q

vy AQ=CP G
(v} APCQisdparallelogram

D

ABCD i a parallelogram and AP and CQ) are
perpendiculas from veitices A and C on diagonal
BD (seeFig. £.21). Show that

i AAPB=ACQD
(i) AP=CQ

In AABC and ADEF, AB=DE, AB I DE, BC =EF
and BC || EF. Vertices A, B and C are joined mw
verfices D, E and F respeciively (see Fig. 8.22),
Show that

b quadslateral ABED is a parallalogram
it} guadrilateral BEFC is a pavallelogram
i) ADNCFand AD=CF

(v} guadrlateral ACFD is a parallelogram
(v} AC=DF

ivi) AABC=ADEF

ABCD is a trapezium in which AB || CD and A B
AD=BC (32 Fig, 8.23), Show that

i) LA=ZB £
fi) £LC=£D i
i) AABC=ABAD [
iiv) diagonal AC = diagonal BD Fig. 8.23

[Hint: Extend AB and draw a line through C
paraliel to DA intersecting AB produced alE.]

Ll
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8.6 The Mid-point Theorem
You have studied many properties of a triangle as well as a quadrnilateral. Now let us
study yet another result which is related to the mid-point of sides of a triangle. Perform
the following activity.

Draw a triangle and mark the mid-points E and F of two sides of the triangle. Join
the points E and F (see Fig, 8.24).

Measure EF and BC, Measure £ AEF and £ ABC.

What do vou abserve? You will find that ;

A

1
EF = — BCand £ AEF = ~ ABC

2
so, EF I BC
Repeat this activity with some more triangles, Fiv. .34

So, you arrive at the following theorem:
Theorem 8.9 : The [ine segment joining the mid-points of two sides of a triangle

is parallel tw the third side.
You can prove this theorem using the lollowing

clue:
Observe Fig 8.25 in which E and F are mid-points /\
of AB and AC respectively and CD || BA. E 5

Z
AAEF = A CDIF  (ASA Rule) / \/
S50. EF=DFand BE =AE=DC (Why?) C

Therefore. BCDE 15 a parallelogram. (Why?) Fig. 8.25
This gives EF Il BC.

u

1 1
In this case, also note that EF = E El = -E'E{J.
Can vou state the converse of Theorem 8.97 Is the converse true?
You will see that converse of the above theorem is also true which is stated as
below:

Theorem 8.10 : The line drawn through the mid-poimt aof one side of a triangle,
parallel to another side bisects the thivd side.
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In Fig 8.26, obgerve that E is the mid-point of A i
AB, line /s passsing through E and is parallel to BC
and CM |l BA.

Prove that AF = CF by using the congruence of
A AEF and A CDF. '

Fxample 7 : In A ABC, D, E and F are respectively
the mid-poinis of sides AB, BC and CA
{see Fig. 8.27). Show that A ABC is divided into four
congruent triangles by joining I3, E and F,

Solution : As D and E are mid-points of sides AB
and BC of the triangle ABC, by Theorem 8.9,

DE Il AC
Sirnilary, DF Il BC and EF Il AB
Therefore ADEF. BDFE and DFCE are all parallelograms.
Now DE is a diagonal of the parallelogram BDFE,
therefore. A BDE = A FED
Similarly A DAF = AFED
and A EFC = A FED
So, all the four triangles are congruent.

Example 8 : [, m and n are three parallel lines

intersected by transversals p and g such that I, m i
s/ [

and 7 cut off equal intercepts AB and BC on p

(see Fig. 8.28). Show that I, m and = cut off equal
intercepts DE and EF on g also, oD E

Solution : We are given that AB = BC and have : -
to prove that DE = EE £ = F o

Letus join A to F intersecting m at G. /
The trapezium ACFD is divided into two triangles; Fig. 8.28

> [
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namely A ACF and A AFD.

In A ACEF, it is siven that B is the mid-point of AC (AB = BC)
anid BG | CF  (since m |l /).

5o, G is the mid-point of AF  (bv using Theorem 8. 10)

Now, in A AFD, we can apply the same argumient as G is the mid-point of AF,
GE Il AD and so by Theorem 8.10. E is the mid-point of DF,

ie, DE = ER
In other words, [, m and # cut off equal intercepts on g also.

EXERCISE 8.2

1. ABCDisaquadrilateral in which P, Q. R and S are
mid-points of the sides AB, BC, CD and DA
(see Fig 8.29). AC is a diagonal. Show that :

|
it SRIACand SR= 2 AC

iy PQ=5R
(i} PORS is a parallelogram,

Fig. 8.29

2. ABCDis athombus and P, (), R and § are ©wihe mid-points of the sides AB, BC.CD
and DA respectively. Show that the quadiilateral PORS is a rectangle.

3. ABCDIs arectangle and P, Q, R-and & are mid-points of the sides AB, BC, CD and DA
respectivaly. Show that the quadrilateral POQRS is a thombus.

4, ABCDisatrapezium in which AB || DC. BD is a diagonal and E is the mid-point of AD.
A line is drawn through B parallel to AB intersecting BC al F (se¢ Fig, 8.30). Show that
F iz the mid-pointof BC.

L C

Fig. 8.30
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[o
4

5. In a parallelogram ABCD, E and F are the D
mid-points of sides AB and CD respectively
fsee Fig. 8.31). Show thal the line segments AF
and EC trisect the diagonal BD.

A E B
Fig. 8.31

6. Show that the ling segments joining the mid-poinis of the opposite sides of a
quadrilateral bisect each other,

7. ABCisatriangleright angled at C. A line through the mid-point M of hypotenuse AB
and parallel 1o BC interseciz AC at D, Show that

) D ig the mid-point ol AC m MD 1 AC

1
i) CM=MA= EAB

8.7 Summary

In thag chapter, you have spudied the following points ¢

1.
-'z'r
3

Sum of the angles of a quadrilateral is 360°,
A diagonal of a parallelogram divides it into two congruent wiangles,
In a parallelogram,

(i} opposite sides are equal {ii} oppasile angles are equal
(i} diagonals hisect each other
A quadrilateral is a parallelogram, if
iy  opposile sides are equal ar {ii} opposile angles are equal
or (i} diagonals bisect each other
or (ivia pair of opposite sides is equal and parallel
Diagonals of a rectangle bisect each other and are equal and vice-versa.
Diagonals of a rhombus bisect each other at right angles and vice-versa.
Diagonals of a square bisecl each other at right angles and are sgual, and vice-versa.

The ling-segment joining the mid-points of any two sides of a tmangle is parallel to the
third side and is half of it.

A line through the mid-point of a side of a triangle parallel 1o another side bisects the third
side,

The quadrilateral formed by joining the mid-points of the sides of a quadrilateral, in order,
is a parallelogram.
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9.1 Introduction

In Chapter 5, you have seen that the study of Geometry, originated with the
measurement of earth (Jands) in the process of recasting boundaries of the fields and
dividing them into appropriate parts. For example, a farmer Budhia had a triangular
field and she wanted to divide it equally among her two daughters and one son. Without
actnally caleulating the area of the field, she just divided one side of the triangular field
into three equal parts and joined the two points of division to the opposite vertex. In
this way, the field was divided into three parts and she gave one part to each of her
children. Do you think that all the three parts so obtained by her were, in fact, equal in
area? To get answers to this type of questions and other related problems, there is a
need fo have a relook at areas of plane figures, which you have already studied in
earlier classes.

You may recall that the part of the plane enclosed by a simple closed figure is
called a planar region corresponding to that figure. The magnitude or measure of this
planar region is called its area. This magnitude or measure is always expressed with
the help of & number (in some unit) such as 5 cm?, 8 m?, 3 hectares ete. So, we can say
that area of a figure is a number (in some unit) associated with the part of the plane
enclosed by the figure,

We are also familiar with the concept

A B
of congruent figonres from earlier classes
and from Chapler 7. Twao figures are
called congruent, if they have the same
shape and the same size. In other words,

if two figures A and B are congrent
(see Fig. 9.1), then using a tracing paper, Fig.9.1
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you can superpose one figure over the other such that it will cover the other completely.
So if two figures A and B are congruent, they must have equal areas. However,
the converse of thiz statement is nod rie; In other words, two figures having egual
areas need nat be congruent, For example, in Fig. 9.2, rectangles ABCD and EFGH
have equal areas (9 x 4 cin® and 6 % 6 cm?) but clearly they are not congruent, (Why?)

E 6 emi F

9 ecm

4 ¢m 0 cm

D €

Fig, 9.2

Now let us look at Fig, 9.3 given below:

L...I

Fig. 9.3

You may observe that planar region formed by figure T is made up of two planar
regions formed by figures P and Q. You can easily see that

Area of figure T = Area of figure P + Area of figure Q.

You may denote the area of figure A as ar(A), area of figure B as ar(B), area of
figure T az ar(T), and so on. Mow you can say that area of a figure iz a number
(in some unit) associated with the part of the plane enclosed by the figure with
the following two properties:

(L If A and B are two congruent figures, then ar(A) = ar(B):
and (2) if a planar region formed by a figure T is made up of two non-overlapping
planar regions formed by jigures P and Q, then ar(T) = ar(P) + ar(Q).

You are also aware of some fomulae for finding the areas of different figures
such as rectangle, square, parallelogram, triangle ete., from your earlier classes. In
this chapter, attempt shall be made to consolidate the knowledge about these formulae
hy studying some relationship between the areas of these geometric figures under the
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condition when they lie on the same base and between the same parallels. This study
will also be useful in the understanding of some results on "similarity of triangles’.

9.2 Figures on the Same Base and Between the Same Parallels

Look at the following figures:

Z?-M%

D
{iii) (1)

Fig. 9.4

In Fig. 9.4(i), trapezium ABCD and parallelogram EFCD have a common side
DC. We say that wapezium ABCD and parallelogram EFCD are on the same base
DC. Similarly. in Fig. 9.4 (ii), parallelograms PQRS and MNRS are on the same base
SR; in Fig. 94451, wiangles ABC and DBC are on the same base BC and in
Fiz. 9.4(iv), paralielogram ABCD and triangle PDC are on the same base DC.

MNow look at the following figures:

Wwﬁ =4

{11} {1il} (Tv)

Fig. 9.5

In Fig. 9.5(1), clearly trapezium ABCD and parallelogram EFCD are on the same
base DC. Tn addition to the above, the vertices A and B (of trapeziem ABCD) opposite
to baze DC and the vertices E and F (of parallelogram EFCD) opposite to base DC lie
on a line AF parallel 1o DC. We say that trapezium ABCD and parallelogram EFCD
are on the same base DC and between the same parallels AF and DC. Similarly.
parallelograms PQRS and MNRS are on the same base SR and between the same
parallels PN and 5E [zee Fig.9.5 (ii)] as vertices P and Q) of PQRS and vertices
M and N of MNRS lie on a line PN parallel to base SR.In the same way, triangles
ABC and DBC lie on the same base BC and between the same parallels AD and BC
[see Fig. 9.5 (iii)] and parallelogram ABCD and tmangle PCD lie on the same base
DC and between the same parallels AP and DC [see Fig. 9.5(iv)].
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So, two figures are said 1o be on the same base and berween the same paraliels,
if they have a commeon base (side) and the vertices (or the vertex) opposite to the
commaon base of each figure lie on a line parallel 1o the base.

Keeping in view the above statemeni, you cannot say that A PQR and A DQR of
Fig. 9.6(i) lie between the same parallels | and QR. Similarly, you cannot say that

ﬁ'E

(ii)
Fig. 9.6

parallelograms EFGH and MNGH of Fig. 92.6(ii) lie between the same parallels EF
and HG and that parallelograms ABCD and EFCD of Fig. 9.6(iii} lie between the
same parallels AB and DC (even AD
though they have a common base DC " € >
and lie between the parallels AD and

BC). So. it should clearly be noted

that out of the rwe parallels, one

must be the line containing the T
compon base.Note that AABC and i1 )
ADBE of Fig. 9.7(i) are not on the G

common base. Similarlv, AABC and parallelogram PQRS of Fig. 9.7(ii} are also not on
the same base.

Q

(1}

EXERCISE 9.1

1. Which of the following Figures lie on the same base and between the same parallels.
In such a case, write the common bage and the two parallels.

/5” w ////

8 DC R

(iv) f"-’} (vi)
Fig. 9.8
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9.3 Parallelograms on the same Base and Between the same Parallels

Now letus try to find a relation, if any, between the areas of two parallelograms on the
same base and between the same parallels. For this. let us perform the following
activities:

Activity 1 : Let us take a graph sheet and draw two parallelograms ABCD and
PQCD on it as shown in Fig. 9.9.

Fig, 9.9

The above two parallelograms are on the same base DC and between the same
parallels PB and DC. You may recall the method of finding the areas of these two
parallelograms by counting the squares.

In this method, the ar¢a is found by counting the number of complete squares
enclosed by the figure, the number of squares a having more than half their parts
encloged by the figure and the number of squares having hall their parts enclosed by
the figure. The squares whose less than half parts are enclosed by the figure are
ignored. You will find that areas of both the parallelograms are (approximately) [ 5em?,
Repeat this activity® by drawing some more pairs of parallelograms on the graph
sheet. What do you observe? Are the areas of the two parallelograms different or
equal? If fact, they are equal. So, this may lead you to conclude that parallelograms
on the same base and between the same parallels are egual in area. However,
remember that this is just a verification,

Activity 2 : Draw a parallelogram ABCD on a thick A H E
sheet of paper or on a cardboard sheet. Now. draw a
line-segment DE as shown in Fig. 9.10.

*This activity can alse be performed by using a Geoboard.
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Next, cut a triangle A" D" E' congruent to A E (A)B F
triangle ADE on a separate sheet with the help
of a tracing paper and place A ADE’ in such
a way that ATY coincides with BC as shown
in Fig 9.11.Note that there are two
parallelograms ABCD and EE'CD on the same [ )
bage DC and between the same parallels AE'

and DC. What can you say about their areas? a3
Az AADE = A A'D'E’
Therefore ar {(ADE) = ar (A'D'E")
Also ar (ABCD) = ar (ADE) + ar (EBCD)
=ar (ATYE") + ar (EBCD)
= ar (EE'CI))

S0, the two parallelograms are equal in area.
Let us now try to prove this relation between the two such parallelograms.

Theorem 9.1 : Parallelograms on the same base and between the same parallels
are egual in araa

A E B
Proof : Two parallelograms ABCD and EFCD, on
the same base DC and between the same parallels
AF and DC are given (zee Fig.9.12),
D i

‘We need to prove that ar (ABCD) = ar (EFCD).
In A ADE and A BCE. Fig. 9.12

£ZDAE = ZCBF (Corresponding angles from AD || BC and wansversal AF) (1)
£ AED = £ BFC (Corresponding angles from EDR || FC and transversal AF)  (2)

E

Therefore, £ ADE = »~ BCF (Angle sum property of a triangle) (3
Also, AD = BC (Oppozite sides of the parallelogram ABCIY) (4)
8o, AADE = ABCF [By ASA rule, using (1), (3), and {4)]
Therefore. ar (ADE) = ar (BCF) (Congruent figures have equal areas) (5)
Now, ar (ABCD) = ar (ADE) + ar (EDCB)
= ar {BCF)} + ar (EDCE) [Fromi{3)]
= ar (EFCD)

So, parallelograms ABCD and EFCD are equal in area. W
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Let us now take some examples to illustrate the use of the above theorem.

Example 1 ; In Fig. 9.13, ABCD is a parallelogram  E__4 F B
and EFCD is a rectangle.

Also, AL L DC. Prove that

(i} ar (ABCD) = ar (EFCD) -

(i) ar (ABCD) = DC x AL S L4
Solution : (i) As a rectangle is also a parallelogram, Fig. 9.13

therefare, ar (ABCD) = ar (EFCD) (Theorem 9.1)

(ii) From above result,
ar (ABCD) = DC x FC (Area of the rectangle = length x breadth) (1)

As AL L DC, therefore, AFCL is also a rectangle
So, AL =FC (2)
Therefare, ar (ABCD) = DC x AL [From (1) and (2})]

Can you see from the Result (ii) above that area of a parallelogram is the product
of its any side and the coresponding altitude. Do you remember that vou have
studied this formula for area of a parallelogram in Class VII. On the basis of this
farmula, Theorem 9.1 can be rewriiten as parallelograms on the same hase or
equal bases and between the same parallels are egual in area.

Can you write the converse of the above statement? It is as follows: Parallelograms
on the same base (or squal bases) and having equal areas lie between the same
parallels, Is the converse true? Prove the converse using the formula for area of the
parallelogram.

Example 2 : If a triangle and a parallelogram are on the same base and between the
same parallels, then prove that the area of the triangle is equal to half the area of the
parallelogram. P D 0 E

Solution : Let A ABP and parallelogram ABCD be
on the same base AB and between the same parallels
AB and PC (see Fig. .14,

1
You wish to prove that ar (PAB) = 2 ar{ABCD)

Fig. 9.14

Draw B(Q) I AP to obtain another parallelogram ABQF. Now parallelograms ABQFP
and ABCD are on the same base AB and between the same parallels AB and PC.
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Therefore, ar (ABQP) = ar (ABCD) {By Theorem 9.1) (1)
But APAB = ABQP (Diagonal PB divides parallelogram ABQP into two congruent
riangles.)
So, ar (PAB) = ar (BQP) (2)
|
Therefore, ar (PAB) = 2 ar (ABQP)  |From (2] (3)
1
This gives ar (PAB) = 3 ar (ABCD) [From (1) and (3)]
EXERCISE 9.2
1. InFig.9.15, ABCD iz a parallelogram, AE L DC A B
and CF L AD.[TAB = 16 cm, AE=8 cm and )
CF=10cm, find AD. r
2. If EF.(G and I are respectively the mid-points of \
the sides of a parallelogram ABCD, show that IDE G

ar (EFGH )= % ar (ABCDY Fig. 9.158

3. Pand Qare any two poinis lying on the sides DC and AD respectively of a parallelogram
ABCD. Show that ar (APB) = ar (BQC).

4. In Fig. 9.16, P is a point in the interior of a A B
parallelogram ABCD. Show thal

I
) sr(APB) +ar (PCD) = - ar (ABCD) P
D
(i) ar (APD)+ar (PBC) =ar (APB) +ar (PCD) ‘
[Hint : Through F, draw a line parallel to AB.] lig. 9.16
5. InFig 9.17, PORS and ABRS are parallelograms P A Qg B

and X iz any point on side BR, Show that
tidar (PORS)=ar (ABRS)

LA

ﬁi}arfﬂﬂ}:lzat i PORS) R

Fig: 9.17
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6. Afarmer was having a field in the form of a parallslogram POQRS, She ook any poinl A
on RS and joined it to points P and (). In how many parts the fields is divided? What
are the shapes of these parts? The farmer wants to sow wheat and pulses in equal
portions of (he [eld geparately. How should she doit?

9.4 Triangles on the same Base and between the same Parallels

Let us look at Fig. 9,18, Init. you have two triangles
ABC and PBC on the same base BC and between
the same parallels BC and AP, What ean vou say
about the areas of such triangles? To answer this
guestion, you may perform the activity of drawing
several pairs of triangles on the same base and
between the same parallels on the graph sheet and
find their areas by the method of counting the

A B

Fig. 9.18

squares. Each time, you will find that the areas of the two tmangles are (approximately)
equal. This activity can be performed using a geoboard also. You will again find that

the two areas are (approximately) equal.

To obtain a logical answer to the above question,
you may proceed as follows:

In Fig. 918, draw CD Il BA and CR || BP such
that D and R lie on line AP{see Fig.9.19).

From this, you obtain two parallelograms PBCR
and ABCD on the same base BC and between the
same parallels BC and AR.

Fig. 9.19

Therefore, ar (ABCD) = ar (PBCR) (Why?)
Now AABC = ACDA and APBC = ACRP (Why?)

Sa. ar (ABC) = %ar (ABCD) and ar (PBC) = %sr (PBCR)  (Why?)

Therefore, ar (ABC) = ar (FBC)

In this way, you have arrived at the following theorem:

Theorem 9.2 ¢ Two triangles on the yame base (or equal bases) and between the

same parallels are equal in area.
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Now, suppose ABCD iz a parallelogram whose one of the diagonals iz AC

(see Fig. 9.20). Let AN _L DC. Note that .

AADC= ACBA {Why?) [
|
So. ar (ADC) = ar (CBA) (Why?) i
I
J. |

Therefore, ar (ADC) = 2 ar (ABCD) Ih

o N C
Fig. 9.20

(DCxAN)  (Why?)

— 2=

So. area of AADC = 5 % base DC = corresponding altitude AN

In other words, grea of a triongle fv half the product of ity bave (or any side) and
the corresponding altitude (or height). Do you remember thal you have leant this
formula for area of a triangle in Class VII 7 From this formuola, you can see that iwe
triangles with same base (or equal bases) and equal areas will have egual
corresponding altitydes,

For having equal corresponding altitudes, the triangles must lie between the same
parallels. From this, you arrive at the following converse of Theorem 9.2 |

Theorem 9.3 : Two triangles having the same base (or equal bases) and equal
arcas [ie between the same parallels.

Let us now take some examples 1o illustrate the use of the above results.

Example 3 : Show that a median of a triangle divides i{ into two friangles of equal
areas.

Solution : Let ABC be a triangle and let AD be one of its medians (see Fig. 9.21).
You wish to show that

ar (ABD) = ar (ACD),
Since the formula for area involves altitude, let us
draw AN _1 BC.

1
Now  arfABD) = — x base x altitude (of A ABD) _
2 B o] I C

* BDDx AN Fig. 9.21

b2 =
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1

= EKCDXJ!&N {As BD = CD)
1

=5 % bage x altitude (of A ACD)

= ar{ ACD)

Example 4 : In Fig, 9.22, ABCD is a quadsilateral -
and BE Il AC and also BE meets DC produced at E. A
Show that area of A ADE is equal to the area of the
quadrilateral ABCD.
A C E

Solution : Observe the figure carefully . ]

ABAC and A EAC lie on the same base AC and Fig, 9.22
between the same parallels AC and BE.,
Therefore. ar(BAC) = ar(EAC) {(By Theorem 9.2)

So, arBAC) + ar{ADC) = ar(EAC) + ar(ADC) ({Adding same areas on both sides)
or arl ABCD)) = ar{ADE)

EXERCISE9.3

A
1. InFig9.23, E iz any point on median AD of a
A ABC. Show that ar (ARE)}=ar (ACE).
2, Inawiangle ABC, E is the mid-point of median
1
AD. Show that ar (BED) = 1 ar{ ABC)
3 D £

i
3. Show that the diagonals of a parallelogram divide 1
it into four triangles of equal area. Fig. 9.23
4. InFig 924, ABC and ABD are two riangles on
the same base AB. If line- segment CD i3 bisected
by AB al O, show that arf ABC) = ar (ABD).

/{N
ﬂ W B
D

Fig, 9.24
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3.

10.

D, E and F are respectively the mid-points of the sides BC, CA and AB of a A ABC.
Show that

1
{1y BDEF iz a parallelogram, {if} ar(DEF) = P ar (ABC)

1
(111} ar (BDEF) = 9 sr(ABC)

InFig. 9.25, diagonals AC and BD of quadrilateral A
ABCD intersect at O such that OB = 0D, D
If AB = €D, then show that:

L ar DOCi=ar (AOB)

(i) ar (DCB) =ar (ACE) B
(iti) DA CB or ABCDYis a parallelogram. c

[Hine: From D and B, draw perpendiculars to AC. | Fig. 9.25

D and E are points on sides AB and AC respectively of A ABC such that
arlDBCY = ar (EBC). Prove that DE 1 BC,

XY iz aline paraliel to side BC of a riangle ABC, HBE | ACand CF || AB mest XY atE
and F respectively, show that

ar (ABE) =ar (ACF) n s
The sidz AB of a parallelogram ABCD is produced
to any point P A ling through A and parallel to CP
meets OB produced at  and then parallelogram B

PBOR iz completed (see Fig. 9.26). Show that
ar (ABCD) =ar(FBOR ).

[Hing - Join AC and POQ). Now compare ar (AC())
and ar (APQ).]

Q R
Fig, 9.26

Diagonals AC and BD of a irapezium ABCD with AB | DC intessect each other at O.
Prove thatar (AOQD) =ar (BOC) A B

. InFig 927, ABCDE iz a pentagon, A line through

E parallel to AC meets DC produced at F Show £
thal '

(il ar (ACB) =ar (ACF)
i} ar (AEDF) = ar { ABCDIE) D

Fig. 9.27
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12, Avillager Ivwaari has a plot of land of the shaps of a guadrlateral. The Gram Panchayat
of the village decided to take over some portion of his plot from one of the comers to
construct & Health Centre. Itwaari agrees Lo the above proposal with the condition
thal he should be given equal amount of Land in lieu of his land adjoining has plot so
ag to form a triangular plot, Explain how this proposal will be implemented.

13. ABCD 5 a rapezium with AB I DC, Aline parallel 1o AC intersects AB at X and BC
at Y. Prove that ar (ADX ) =ar (ACY).

[Hint ! Join CX.]
14. InFig.9.28 AP | BQ Il CR. Prove that
ar (AQC) = ar(PBR).

15, Diagenals AC and BD of a quadrilateral
ABCD intersect at O in such a way that R
ar (AOD) = ar (BOC), ProvethatABCD isa
frapazinm.

16. In Fig.9.29, ar (DRC) = ar (DPC) and A B
ar (BDP) = ar {ABC). Show that both the

quadrilaterals ABCD and DCPR are
rapezInms. D

A P

Fig. 9.28

It P

Fig. 9.29

EXERCISE 9.4 (Optional)*

1. Parallelogram ABCD and rectangle ABEF are on the same bage AB and have equal
areas. Show that the perimeter of the parallelogram is greater than that of the rectangle.

2. In Fig. 30. D and E are two points on BC A
such that BD = DE = EC. Show that
ar{ ABTY) =ar (ADE) =ar (AEC).

Can you now angwer the question that you have
ledt in the “Inrodugtion’ of this chaprer, whether
the field of Budhig has been actoally divided
into three parts of equal area? B D E

o)

*These exercises are not from examination point of view.
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[Remark: Note thal by taking BD = DE = EC. the triangle ABC is divided into three
triangles ABD, ADE and AEC of equal areas, In the same way, by dividing BC into #
equal parts and joining the points of division so obtained to the opposite vertex of
BC, you can divide AABC inlo n tiangles of equal areas. ]

3. In Fig. 9.31. ABCD., DCFE and ABFE are parallelograms. Show that
ar{ADE)=ar (BCF).

4. In Fig 932, ABCD 15 a parallelogram and BC is produced 1o g point O such that
AD=CQ. I AQ intersect DC at P, show that ar (BPC) = ar {DPO).

[Hinr: JoinAC.]

A B
/\ B . )
N Q
E E ]

Fig. 9.31 Fig. 9.32

5. In Fig.9.33, ABC and BDE are two eguilateral
triangies such that D is the mid-point of BC, [f AR A
intersects BC at E show that

1
iy ar{BDE)= a ar{ABC)

1
il ar{BDEhE ar (BAE) Fl D

(i} ariABC)=2ar(BEC)

tiv) ar(BFE)=ar (AFD)

iv) ar{BFE)=2ar (FED) E
] Fig. 9.33
ivi) ar(FED)= 2 ar (AFC)

[Hinr: Join EC and AD. Show that BE [l ACand DE || AB, eig.]
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6. Diagonals AC and BD of a guadrilateral ABCD intersect each other al P. Show that
at (APBY % ar (CPDY = ar (APD) < ar (BPCh,

[Hint: From A and C, draw perpendicalars to BID.]

7. Pand () are respectively the nud-points of sides AB and BC of a piangle ABC and B
i5 the mid-point of AP, show that

| 3
e (PROQ) = Y g (ARC) iy ar(RQC)= 3 ar (ABC)

(iniy ar (PBOQY = ar (ARC)
8. InFig 934 ABC is aright wiangle nght angled at A, BCED, ACFG and ABMN are
squares on the sides BC, CA and AB respectively. Line segment AX | DE meets BC

al Y. Show that;
5
M
»F
-'-J'l -‘_-"f
y o~
M&=wo_ Jil 50
a:#f-_&\"'-‘—__
Tar L
B ff L
[ | A
I 1 %
fr : x'l
o v
I i ""l
- -
B X E
Fig. 9.34
i AMBC = A ABD (i) ar (BYXD)=2ariMBC)
tili) ar i BY XD 1= ar (ARMN) vy AFCBE= AACE
iviar{CYXE) =2 ar (FCB) ivi) ar(CYXE)=ar t ACFG

ivii) ar {BCED b = ar (ABMN) 4 ar (ACFG)
Note : Eesult (vii) iz the famous Theorenp of Pythagoras. You shall fearn a simpler
proof of this theorem in Class X,
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9.5 Sumpmnary

In this chapter, you have siudied the following points

1

12.

Area of a figure s a number {in some unit) associated with the part of the plune enclozed
by that figure,

Two congrosnt figures have equal areas bul the converse need nol be Lrue.

If a planar region formed by a figuee T is made up of two non-overlapping planar regions
formed by figures P and Q, then ar{T) = ar (P} + ar (Q), where ar (X)) denotes the area of
figure 3,

Two figures are said to be on the sanie base and between the same parsllels, if they have
a corumon base (side) and the vertices, (or the vertex) opposile to the common base of
each figure lie on a line parallel to the base.

Parallelograms on the same basze (or equal bazes) and between the same parallels are
equal in area,

Area of a parallelogram is the product of its base and the corresponding altitude.

Pagallelograms on the same base (or equal bases) and having equal areas lie between the
same parallels.

If & parallelogram and a triangle are on the same base and between the same parallels, then
area of the triangle ig hall the area of the parallelogram.

Triangles on the same base {or equal bases) and between the same parallels are equal in
areq,

Area of a wriangle ig half the product of 18 base and the corresponding altitude.

Triangles on the same bass (or equal bases) and having equal areas lis between the same
parallels,

A median of a triangle divides it into two triangles of equal aresas.



CIRCLES
I

10,1 Introduction

You may have come across many chjects in daily life. which are round in shape. such
as wheels of a vehicle, bangles, dials of many clocks, coins of denominations 30 p,
Re 1 and Rs 5, key rings, buttons of shirts. etc. (see Fig.10.1). In a clock, you might
have observed that the second’s hand goes round the dial of the elock rapidly and its
tip moves in a round path., This path traced by the tip of the second’s hand is called a
circle. In this chapter, you will study about circles, other related terms and some
properties of a circle.

- Button
Wheel Clock Eey Ring
Bangle

Fig. 10.1
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10.2 Circles and Its Related Terms: A Review

Take a compass and fix a pencil in it. Put its pointed
leg on a point on a sheet of a paper. Open the other
leg to some distance. Keeping the pointed leg on the
same point, rotate the other leg through one revolution.
What is the closed figure traced by the pencil on
paper? As you know, itis a circle (see Fig.10.2). How
did you get a circle? You kept one paint fixed (A in
Fig.10.2) and drew all the points that were at a fixed
distance from AL This gives us the following definition:

The collection of all the points in a plane,
which are af a ficed distance from a fived poinl in
the plane, is called a circle.

The fixed point is called the centre of the circle

and the fixed distance is called the radius of the
circle. In Fig. 10.3. O is the centre and the length OF
is the radius of the circle.
Hemark : Note that the line segment joining the
centre and any point on the circle is also called a
radins of the circle. That is, ‘radius’ is used in two
senses-in the sense of a line segment and also in the
sense of its length,

You are already familiar with some of the
following concepts from Class VI We are just
recalling them,

A circle divides the plane on which it lies into
three parts. They are: (i) inside the circle, which is
also called the interior of the circle; (ii) the circle
and (iii) outside the circle, which is also called the
exterior of the circle (see Fig.10.4). The circle and
its interior make up the circular region,

Fig. 10,3

Circle

Extériar

Fig. 10.4

T you take two points P and Q on a circle. then the line segment PO is called a
chord of the circle (see Fig, 10.5). The chord, which passes through the centre of the
circle, 15 called a diguneiar of the circle, Asg in the case of radius, the word “diameter’
iz also used in two senses, that is, as a line segment and also as its length. Do vou find
any other chord of the circle longer than a diameter? No, you see thatl a diameter is
the longest chord and all diameters have the same length, which is equal to two
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times the radius, In Fig.10.5, AOB is a diameter of
the circle. How many diameters does a circle have?
Diraw a circle and see how many diameters you can
find.

A piece of a circle between two points is called
an arc. Look at the pieces of the circle between two
points P and Q in Fig.10.6. You find that there are
two pieces, one longer and the other smaller
{see Fig.10.7). The longer one is called the major
arc PQ and the shorter one is called the minor anc
PQ. The minor are PQ is also denoted by PQ and
the major arc PO by ﬁiﬁ . where R is some pointon
the arc between P and Q. Unless otherwise stated,
arc PQ or i‘ja stands for minor arc PQ. When P and

) are ends of a diameter, then both arcs are equal
and each 1z called a samjcircle.

The length of the complete circle is called its
cireumference. The region between a chord and
either of its arcs i3 called a segment of the circular
region or simply a segment of the circle. You will find
that there are two types of segments also, which are
the major segment and the minor segment
{see Fig. 10.8). The region between an arc and the
two radii, joining the centre to the end points of the
arc is called a secror. Like segments, vou find that

Fa

-
ey

Fig. 10.5

Fig. 10.6

B

Major aec POY

1 (
I Minor are PO .
F (‘\'l

Fig. 10.7

the minor are corresponds to the miner sector and the major arc corresponds o the
major sector. In Fig. 10.9, the region OPQ is the minor sector and remaining part of
the circular region is the major sector. When two arcs are equal, that is, each is a
semicircle, then both segments and both sectors become the same and each is known

as a gemicircular region.

Major segment

Fig. 10.8

Minor sector

Fig. 10.9
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EXERCISE 10.1

Fill in the blanks:
(i} The centre of acirele lesin of the circle. (exterion intemdor)

(it A point, whose distance from the centre of a circle is greater than iis radius lies in
of the circle. (exterior/ interior)

(i) The longest chord of a circle is a of the circle,
(ivh Anareida when its ends are the ends of a dismeter.

iv) Segmentof acircle is theregion herweenanarcand _ of the circle.
ivi) A circle divides the plane, on which it lies, in pais.

Wiite True or False: Give reasons for your answers.

it Line segment joining the centre to any point on the circle is a radius of the circle.
fii} A circle has only finite number of squal chords.

i} Ifacircle is divided into three equal sres, each is & major are.

(v) A chord of a circle, which is twice as long as its radius, 15 a diameter of the circle.
(v} Sector is the region between the chord and its corresponding arc,

(¥} A cirele is a plane figure,

10.3 Angle Subtended by a Chord at a Point

Take a line segment PQ) and a point R not on the line containing PQ. Join PR and QR
(see Fig. 10.10), Then £ PRQ is called the angle subtended by the line segment PO
at the point R. What are angles POQ, PRQ and PSQ called in Fig. 10.11? £ PO() is
the angle subtended by the chord PO at the centre O, < PRQ and 2 PS(Q) are
respectively the angles subtended by PO} at points R and 5 on the major and minor

arcs PQ).

R

Fig. 10.10 Fig. 10.11

Let us examine the relationship between the zize of the chord and the angle
subtended by il at the centre. You may see by drawing different chords of a circle and
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angles subtended by them at the centre that the longer 3
15 the chord, the bigger will be the angle subtended

by it at the centre. What will happen if you take two

equal chords of a circle? Will the angles subtended at

the centre be the same or not? D

i

Draw two or more equal chords of a circle and
measure the angles sublended by them at the centre
{see Fig. 10.12). You will find that the angles subtended B -
by them at the centre are equal. Let us give a proof
of this fact. . 108

Theorem 10.1 : Egqual chords of a circle subtend equal angles at the centre.

Proofl : You are given two equal chords AB and CD
of a circle with centre O (see Fig.10.13). You want
to prove that & AQOB = 2 COD.

In triangles AOB and COD, A n
OA = OC  (Radii of a circle) WV
OB = 0D  (Radii of a circle)
AB=CD {Given)

Therefore, A AOB = A COD (SSS rule) B C

This gives Z AOB = / COD Fig. 10.13

(Corresponding parts of congruent triangles) W

Remark : For convenience, the abbreviation CPCT will be used in place of
*Corresponding parts of congruent triangles’, because we use this very frequently as
yiu will see,

Now if two chords of a circle subtend equal angles at the centre, whal can you
say about the chords? Are they equal or not? Let us examine this by the following
acavity:

Take a tracing paper and trace a circle on it. Cut
it alang the circle to get a disc. Atits centre O, draw
an angle AOB where A, B are points on the circle.
Make another angle POQ al the centre equal to
ZA0B., Cut the disc along AB and PO

(see Fig. 10.14). You will get two segments ACB " BF
and PRQ of the circle. If you put one on the other,  Aw- —7B P —>0)
what do you observe? They cover each other. ie., S -

they are congruent. So AB = PQ. Fig. 10.14
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Though you have seen it for this particular case, try it out for other equal angles
too. The chords will all turn out to be equal becanse of the following theorem:

Thearem 1.2 : If the angles subtended by the chords of a circle at the centre
are equal, then the chords are equal.

The above theorem is the converse of the Theorem 10.1. Note that in Fig, 10.13,
it vou take 2 AOB = .2 COD, then

AAOB = A COD (Why?)
Can you now see that AB = CD7

EXERCISE 10.2

1. Recall that two circles are congruent if they have the same radii. Prove that equal
chords of congruent circles subtend equal angles at their centres.

2. Prove that if chords of congroent circles subtend eqnal angles at their centres, then
the chords are equal.

10.4 Perpendicular from the Centre to a Chord

|
|
|
i
|
Activity : Draw a circle on a tracing paper. Let O :
|
|
|
|
|

be its centre. Draw a chord AB. Fold the paper along 10

a line through O so that a portion of the chord falls on

the other, Let the crease cut AB at the point M. Then, A X B
£ OMA = £ OMB = 90° or OM is perpendicular to v
AB. Does the point B coincide with A (see Fig.10.13)7 !

Yes it will. So MA = MB. Fig. 10.15

Give a proof yoursell by joining OA and OB and proving the right tnangles OMA
and OMB to be congruent, This example is a particular instance of the following
result:

Theorem 103 ; The perpendicular from the centre of a circle to a chord bisects
the chord.,

‘What is the converse of this theorem? To write this, first let us be clear what is
assumed in Theorem 10.3 and what is proved. Given that the perpendicular from the
centre of a ¢ircle to a chord is drawn and to prove (hat it bisects the chord. Thus in the
converse, what the hypothesis is if a line from the centre bisects a chord of a
circle’ and what is to be proved is “the line is perpendicular to the chord’. So the
CONVerse is:
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Theorem 104 : The line drawn through the centre of a circle (o bisect a chord is
perpendicular to the chord.

Is this true? Try it for few cases and see. You will
see that it is tue for these cases, See if it is true, in
general, by doing the following exercise. We will write
the stages and vou give the reasons.

Let AB be a chord of a circle with centre O and
0 i3 joined to the mid-point M of AB. You have 1o
prove that OM 1 AB. Join OA and OB
(see Fig. 10.16). In triangles OAM and OBM,

OA =O0B (Why 7) Fig. 10.16
AM =BM (Why )
OM = OM {Common )

Therefore, AOAM = AOBM {How 7)

This gives ZOMA = Z0MB =90" (Why ?)

10.5 Circle through Three Points

You have learnt in Chapter 6, that two points are sufficient to determine a line, That is,
there is one and only one ling passing through two points. A natural question arises.
How many points are suificient to determine a circle?

Take a point P, How many circles can be drawn through this point? You see that
there may be as many circles as you like passing through this point [see Fig. 10.17(i)].
Now 1ake two points P and Q. You again see that there may be an infinite number of
circles passing through P and Q) [see Fig, 10.17(1i)]. What will happen when vou take
three points A. B and C? Can you draw a circle passing through three collinear points?

(1)

Fig. 10. 17
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No. If the points lie on a line, then the third point will
lie inside ar outside the circle passing through two
points (see Fig 10.18).

A U—i

Fig. 10.18
So, let us take three points A, B and C, which are not on the same line, or in other
waords, they are not collinear [see Fig. 10.19(1)]. Draw perpendicular bisectors of AB
and BC say, PQ and RS respectively. Let these perpendicular bisectors intersect at
one point 0. (Note that PQ and RS will intersect because they are not parallel) [see
Fig. 10.19¢i)].

{1
Fig. 10.19

Now O lies on the perpendicular bisector PQ of AB, you have OA = OB, as every
point on the perpendicular bisector of a line segment is equidistant from its end points,
proved in Chapter 7.

Sirnilarly, as O lies on the perpendicular bisector RS of BC, you get

OB = 0C

S0 OA =0B = 0C, which means that the points A, B and C are at equal distances
from the point O. So if you draw a circle with centre O and radius OA, it will also pass
through B and C. This shows that there is a circle passing through the three paints A,
B and C. You know that two lines (perpendicular hisectors) can intersect at only one
point, so vou can draw only one circle with radins OA. In other words, there is a
unigue circle passing through A, B and C. You have now proved the following theorem:

Theorem 0.5 : There {5 one and only one circle passing through three given
non-colfinear points.
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Remark : IF ABC is a triangle, then by Theorem 10.5, there is a unique circle passing
through the three vertices A, B and C of the triangle. This circle is called the
eircumcircle of the A ABC, lts centre and radius are called respectively the
circumeentre and the cireymradins of the triangle.

Example 1 : Given an arc of a circle, complete the circle.

Solution : Let arc PQ of a circle be given. We have
to complete the circle; which means that we have to
[ind its centre and radius. Take 2 point B on the arc.
Join PR and RQ). Use the consiruction that has been
used in proving Theorem 10.5, to find the centre and P
radius.

Taking the centre and the radius so obtained, we R \
can complete the circle (see Fig. 10.20).

Fig, 10.20
EXERCISE 10.3
L. Draw different pairs of circles. How many points does each pair have in common?
What is the maxirmum number of commeon points?
2. SBuppose you are given a circle. Give a construction to find its centre.
3. T two circles intersect at two points, prove that their centres lie on the perpendicular

bisector of the commeon chord,
10.6 Equal Chords and Their Distances from the Cenlre

Let AB be a line and P be a point. Since there are P
infinite numbers of points on a line. if you join these

points to B, you will getinfinitely many line segments
PL,, PL, PM, PL,. PL,, eic. Which of these is the
distance of AB from P7 You may think a while and
gel the answer. Out of these line segments, the
perpendicular from Pto AB, namely PM in Fig. 10.21. s .‘
will be the least. In Mathematics, we define thisleast AL L. M L[, L, L,B
length PM 1o be the distance of AB from P. So you
may say that:

Fig. 10.21

The length of the perpendicular from a point to a line is the distance of the
line from the point.
Note thatif the point lies on the line, the distance of the line from the pointis zero.
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A circle can have infinitely many chords, You may observe by drawing chords of
a circle that longer chord is nearer to the centre than the smaller chord. You may
observe il by drawing several chords of a circle of different lengths and measuring
their distances from the centre. What is the distance of the diameter, which is the
longest chord from the centre? Since the centre lies on it, the distance is zero. Do you
think thai there is some relationship between the length of chords and their distances
from the centre? Letl us see if this is so,

(1 (ii)
Fig. 10.22

Activity : Draw a cirele of any radivs on a tracing paper. Draw two equal chords AB
and CD of it and also the perpendiculars OM and ON on them from the centre O, Fold
the figure so that D falls on B and C falls on A [see Fig.10.22 (i}]. You may observe
that O Lies on the crease and N falls on M. Therefore, OM = ON, Repeat the activity
by drawing congruent circles with centres @ and O and taking equal chords AB and
CD one on each. Draw perpendiculars OM and O'N on them [see Fig. 10.22(ii)]. Cut
one circular dise and put it on the other 50 that AB coincides with CD. Then you will
find that O coincides with )’ and M coincides with N. In this way you verified the
Tollowing:

Theorem 106 : Equal chords of a circle (or of congruent circles) are equidistant
from the centre (or cenfres).

Next, it will be seen whether the converse of this theorem is true or not. For this,
draw a circle with centre O. From the centre O, draw two line segments OL and OM
of equal length and lying inside the circle [see Fig. 10.23(i)]. Then draw chords PQ
and RS of the circle perpendicular to OL and OM respectively [see Fig 10.23(ii)].
Measure the lengths of PQ and RS, Are these different? No, both are equal, Repeat
the activity for more equal line segments and drawing the chords perpendicular o
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(i)

Fig. 10.23

them. This verifies the converse of the Theorem 10.6 which is stated as follows;

Theoremy 10.7 : Chords eguidistant from the cemtre of a circle are egual in

length.

We now take an example (o illustrate the use of the above resuls:

Example 2 : If two intersecting chords of a circle make equal angles with the diameter
passing through their point of intersection, prove that the chords are equal.

Solution : Given that AB and CD are two chords of
a circle, with cenire O intersecting at a point E. PQ
is a diameter through E, such that &£ AEQ = £ DE(Q)
{see Fig.10.24). You have to prove that AB = CD.
Draw perpendiculars OL and OM on chords AB and
CD, respeciively. Now
LZLOE = 180° - 90° — £ LEO = 90 - L LEO
(Angle sum property of a triangle)
= 90° - £ AEQ =90" - £ DEQ
= 90° - £ MEO = £ MOE

In riangles OLE and OME,
£ LEQO = 2 MEO
£ LOE= £ MOE
EO = EO
Therefore, A OLE = A OME
This gives OL=O0M

So, AB = CD

A

& Q

Fig. 10.24

(Why %)
{Proved above)
(Comumen)
(Why )
(CPCT)

(Why 7)
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EXERCISE 10.4

1. Two circles of radii 5 om and 3 em fatersect at two points and the distance between
their centres is 4 . Find the length of the common chord.

2, If two equal chords of a cirele intersect within the circle, prove that the segments of
ane chord are equal (o corresponding segments ol the other chord.

3. TIf two egaal chords of a circle intersect within the circle, prove that the line
joining the point of intersection to the centre makes equal angles with the chords.

4, If A line intersects two concentric cireles (circles
with the same centre) with centre O atA, B, Cand
D, prove that AB = CD (zee Fig. 10,25},

Three girla Reshma, Salma and Mandip are
playing a game by standing on a circle of radiug
Sm drawn in 8 park. Reshma throws a ball 1o
Salma, Salma wo Mandip, Mandip to Reshma. I
the distance between Reshma and Salma and
between Salma and Mandip is 6m each, what is
the distance between Reshma and Mandip? Fig. 10.25

o

6. Acircular park of radius 20m is situated in a ¢olony, Three bovs Ankur, Syed and
David are sitting at equal distance on itg boundary each having a toy elephone in
hiz hands to talk each other, Find the length of the string of each phone,

10.7 Angle Subtended by an Arc of a Circle

You have seen that the end points of a chord other than diameter of a cirele cuts it into
two arcs — one major and other minor. If you take two equal chords, what can you say
about the size of arcs? Is one arc made by first chord equal to the corresponding arc
made by another chord? In fact, they are more than just equal in length. They are
congruent in the sense that if one arc is put on the other. without bending or twisting.
one superimposes the other completely, N

You can verify this fact by cutting the arc,
corresponding to the chord CD from the circle along
CD and put it on the corresponding arc made by equal
chord AB. You will find thit the arc CIY superimpose A C
the arc AB completely (see Fig. 10.26). This shows
that equal chords make congruent arcs and
conversely congruent arcs make equal chords of a B
circle. You can state it as follows: Fig. 10.26

If two chovds of a circle are equal, then their corresponding arcs are congruent
and conversely, if two arcs are congruent, then their corresponding chords are
gqual.
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Also the angle subtended by an are at the centre
is defined to be angle subtended by the corresponding
chord at the centre in the sense that the minor arc
subtends the angle and the major arc subtends the
reflex angle. Therefore. in Fig; 10.27. the angle
subtended by the minor arc PQ at O is ZPOQ and
the angle subtended by the major arc P() at O is
reflex angle POQ.

In view of the property above and Theorem 10.1,
the following result is true: Fig. 10.27

Congruent arcs (or equal arcs) of a circle subtend equal angles at the centre.

Therefore, the angle subtended by a chord of a circle at its centre is equal to the
angle subtended by the corresponding (minor) arc at the centre. The following theorem
gives the relatiomship between the angles sublended by an arc at the centre and st a
point on the circle.

Theorem 10.8 : The angle subtended by an arc at the cenire is double the angle
subtended by it ar any point on the remaining part af the circle.

FProol : Given an arc PQ of a circle subtending angles POQ at the centre O and

PAQ al a point A on the remaining part of the circle. We need to prove that

Z POQ = 2 Z PAQ.
A

(i} (it} (i}
Fig. 10.28
Consider the three different cases as given in Fig. 10.28. In (i), arc PQ) is minor; in (ii),
are PQ is a semicircle and in (iif), are PQ is major,
Let us begin by joining AO and extending il to a point B.

In all the cases,
ZBOQ =/ 0AQ + £ AQOD

because an exterior angle of a triangle is equal to the sum of the two interior opposite
angles,



CrRCLES 18]

Alson A QAQ,

DA =00Q (Radii of a circle)
Therefore, £ 0AQ = £ OQA (Theorem 7.5)
This gives £ BOQ =2 £ 0AQ (1)
Stmilarly, Z BOP =2 2 OAP (2)
From (1) and {2), £ BOP+ £ BOQ = 2(£ 0AP + £ 0AQ)
This is the same as L POQ =2 £ PAQ (3
For the case (iii), where PQ i3 the major are, (3) is replaced by

reflex angle POQ = 2 £ PAQ O

Remark : Suppose we join points P and Q and
form a chord PO in the above figures. Then A C

£ PAQ) is also called the angle formed in the
segment PAQP.
In Theorem 10.8, A can be any point on the
remaining pari of the circle. So il you 1ake any
other point C on the remaining part of the circle
(see Fig. 10.29), vou have
LZPOQ=2/-PCQ=2-PAQ P
Therefore. LPCQ = £ PAQ. Fig. 10.29

This proves the following:

Theorem 10.9 : Angles in the same segment of a circle are egual.
Again Tet us discuss the case (ii) of Theorem 10.8 separately. Here ZPAQ is an angle

in the segment, which is a semicircle, Also, # PAQ = -;‘ LS PO0Q= -é- x 180° = 850",
If you take any other point C on the semicircle, again you get that
Z PCQ = 90°
Therefore, you find another property of the circle as:
Angle in a semicircle is a right angle.
The converse of Theorem 10.9 is also true. It can be stated as:
Theorem 10.10 = [f g line segment joining two points subtends equal angles at

two other points Iying on the Same side of the line containing the line segment,
the four points lie on a circle (i.e. they are concyclic).
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You can see the truth of this resull as follows;
In Fig. 10.30, AB is a line segment, which sublends equal angles at two points C and
E

D. That iz
LS ACB= Z ADB

To show that the points A, B, C and D lie on a circle
let us draw a circle through the points A, C and B.
Suppose it does not pass through the point D. Then it
will intersect AD (or extended AD) at a point. sav E
{or E).

I points A, C, E and B lie on a circle,

Z ACB = £ AEB {(Why?)
Butitis given that £~ ACB = £ ADBE, Fig. 10.30
Therefors, £ AEB =~ ADB.
This is not possible unless E coincides with . (Why?)
Similarly, E" should alse coincide with D,

10.8 Cyclic Quadrilaterals

A quadrilateral ABCD is called gyelic if all the four vertices
of it lie on a circle (see Fig 10.31). You will find a peculiar
property in such guadrilaterals. Draw several cyclic
gquadrilaterals of different sides and name each of these
as ABCD. (This can be done by drawing several circles
of different radii and raking four points on each of them.)
Measuore the opposite angles and write your observations

in the following table. Fig. 10.31
S.No. of Quadnlateral S |ELB | LT £2D LA+LC | L£B+2D
1.
2
3
£,
5.
6.

What do you infer from the table?
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You find that £A + 2C = 180" and £B + 2D = 180", neglecting the error in
measuwrements. This verifies the following:

Theorem 10.11 : The sum of either pair of opposite angles of a cyelic
quadrilateral is 130°

In fact, the converse of this theorem, which is stated below is also true.
Theorem 10.12 : [f the sum of a pair of opposite angles of a quadrilateral is
180°, the quadrilateral is cyclic.

You can see the truth of this theorem by following a method similar to the method
adopted for Theorem 10.10.

Example 3 : In Fig. 10.32, AB is a diameter of the circle, CD is a chord equal to the
radius of the circle. AC and B> when extended intersect al a point E. Prove thal
£ AFB = 607,

Solution : Join OC, OD and BC,
Triangle ODC is equilateral {(WhyT)
Therefore, 2 COD = &0F

1
Now. Z CBD = 3 L C0D  (Theorem 10.8)

This gives £ CBD = 30°

Again, £ ACB = 50 (Why 7}
So, £ BCE = 1B0° - £ ACB =90°
Which gives £ CEB = 90° - 30° = 60, L.e., £ AEB = 60° Fig. 10.32

Example 4 : In Fig 10,33, ABCD is a cyclic
gjuadrilateral i which AC and BDD are its diagonals,
If £ DBC = 557 and £ BAC = 45°, find £ BCD.

Rolution : £ CAD = ~ DBRE = 557 e
{Angles in the same segment)
Therefore, £ DAB = £ CAD + £ BAC A
= 53%F 457 =100°
But Z DAB + £ BCD = 18(° \ /

(Opposite angles of a cyclic quadrilateral)
So, £ BCD = 1807 - 100° = 80° Fig. 10.33
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Fxample 5 : Two cireles intersect al two points A A

and B, AD and AC are diameters to the two circles

{see Fig. 10.34). Prove that B lies on the line segment

DC. ,
U\_,//}}\_’//r"

Solution : Join AB.
Z ABD = 90" (Angle in a semicirclg)
£ ABC= 90" (Angle in a semicircle)
So. ZABD+ £ ABC= 90" +90° =180
Therefore, DBC iz a line. That is B lies on the line segment DC.

Exsample 6 : Prove that the quadrilateral formed (if possible) by the internal angle

Fig. 10.34

bisectors of any guadrilateral is cyclic, A a
Solution : In Fig. 10.35, ABCD is a quadrilaieral in
which the angle bisectors AH, BF, CF and DH of F
internal angles A, B, C and D respectively form a >
guadrilateral EFGIL
Now, £ FEH =  AER = 1807 - / EAB - # EBA (Why 7) ™
1 B
= [80" - E (£ A+ 2B) Fig. 10.35

and £ FGH = £ CGD = 180° - £ GCD - £ GDC (Why 7)

1
=18D°—E[£C+£D}

1 1
Therﬁfure.LFEH+iFGH:IEE}”~E II.'_"A+£B‘_I+1E$I}°-'2' (£C+£D)

| 1
= 360" - E (L A+ 2B+ C+2D) =360 - E ® 3607
=360° - 180° = 180°
Therefore, by Theorem 10.12, the quadrilateral EFGH 15 cyclic.

EXERCISE 105

1. In Fig. 10.36, A.B and C are three points on a
cirele with centre O such that « BOC = 30° and
£ AOB =607, If D is a point on the circle ather
than the arc ABC, find A£ADC,

D

Fig. 10.36
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A chord of a circle is equal to the radius of the
circle. Find the angle subtended by the chord at

Q
& point on the minor arc and also ata point on the
majorare.
InFig, 10.37, £ POR=100", where F, Q and R are ' e

poinis on a circle with centre O, Find < OPR. R
Fig. 10,37
InFig. 10.38, £ ABC =69°, 2 ACB =31°, find . =
£BDC, 4
6 11

Fig. 10.38
In Fig. 10.39, A, B, Cand D are four points on &
pircle: AC and BD interscet at a point E such

I
that # BEC = 130° and 2 ECD = 20°. Find '
L BAC, &,
[
I3 £

\_/

Fig. 10.39

ABCD iz a oyelic quadrilateral whose diagonals intersect at o point B, If £ DBC = T0°,
£ BAC 15307, [ind £ BCD. Further, if AB =BC, find £ ECD.

If diagonals of a cyclic quadrilateral are diameters of the circle through the vertices of
the guadrilateral, prove that it is a rectangle.

If the non-parallel sides of a trapezium are equal, prove thal it is cyelic,
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9. Two circles intersect at two points B and C. P
Through B, two line segments ABD and PBEQ

B D
are drawn to intersect the cirgles at A, D and P,
() respectively (see Fig. 10.40). Prove that 5
ZACP= 2QCD. o
i
Fig. 10.40

1 1f circles are drawn raking vwo sides of a nangle as diameters, prove thai the point of
intersection of these circles lie on the thivd side.

1. ABC and ADC are twao right triangles with commeon hypotenuse AC. Prove that
£ CAD =2 CBD.

12. Prove thal a eyelic parallelogran is a rectangle.

EXERCISE 10.6 (Optional)*

1. Prove that the line of centres of two intersecting circles subiends equal angles ar the
two points of intersection.

2. Two chords AB and CD of lengths 5 ¢ and 11 em respectively of a circle ars paralle]
to sach other and are on opposite gides of s centee, If the distance between AB and
CD iz & e, find the radius of the cizcle,

3. Thelengths of two parallel chords of & circle are G cm and 8 em. If the smaller chord is
at distance 4 cm from the centre. what is the distance of the ather chord from the
centre?

4. Letthe vertex of an angle ABC be located outside a circle and let the sides of the angle
intersect equal chords Al and CE with the circle. Prove thar £ ABC is equal to half the
difference of the angles subtended by the chords AC and DE at the cenue.

5.  Prove that the circle drawn with any side of a thombug as diameler, passes through
the point of intersection of its diagonals.

6. ABCD s a parallelogram. The circle through A, B and C intersect CD (produced if
necessary) at E. Prove that AE = AD,

7. AC and BD are chords of a circle which bisect each other, Prove that (1) AC and BD are
diameters, (i) ABCD iz arectangle,

8. Bigectors of angles A, B and C of a triangle ABC intersect itg civcumeircle at D, E and
1 1
Frespectively. Prove thai the angles of the triangle DEF are 90° - 2 A, 907 - EE and
1 .
907 — =
2

*These exercises are not from examination point of view.
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8. Two congruent circles intersect each other at points A and B, Through A any line
segment PAC) is deawn so that B, Q lie on the two circles. Proye that BP = BQ.

1. In any wiangle ABC, if the angle bizector of <A and perpendicular bisector of BC
intersect, prove that they intersect on the circomeircle of the triangls ABC.

10.9 Summary

In this chapter, you have studied the following pointa:

1.

2
3.

9.

10,
11.

12,
13.
14.

15,
16.

A circle is the collection of all points in a plane, which are equidistant from a fixed point in
the plane.

Equal chords of a circle {or of congruent circles) subtend egual angles at the cenire.

If the angles subtended by two chords of a circle (or of congruent circles) at the centre
(corresponding centres) are equal, the chords are equal.

The perpendicular from the centre of a circle 1o a chord bisects the chord.

The line drawn throogh the centre of a circle to bisect a chord is perpendicular to the
chord.

There is one and only one circle passing through three non-collinear points.

Equal chords of a carele (or of congruent circles) are equidistant from the centre (or
cormesponding centres).

Chords equidistant from the centre (or corresponding cenirest of a cirele {or of congruent
circles) are equal.

Tf vwo arcs of a circle are congroent, then their corresponding chords are equal and
canversely if two chords of a circle are equal, then their corresponding arcs (minor, major)
are CONZrUent.

Congruent arcs of a circle subtend equal angles at the centre.

The angle sublended by an arc at the centre is double the angle sablended by il at any
point on the remaining part of the circle.

Angles in the same segment of a circle are equal.
Angle in b semicirele is a right angle.

If a line segment joining two points subtends equal angles at two other points lying on
the same side of the line containing the line segment, the four poings lie on 4 cirele.

The sur of either pair of opposite angles of a cvclic quadrilateral is 1807,
1f sum of a pair of opposite angles of a quadrilateral is 1807, the quadrilateral is cyclic.
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CONSTRUCTIONS

11.1 Intrixlunetion

In earlier chapters. the diagrams, which were necessary to prove a theorem or solving
exercises were not necessarily precise. They were drawn only to give you a feeling for
the sitnation and as an aid for proper reasoning. However, sometimes one needs an
accurate figure, for example - to draw a map of a building to be constructed, (o design
tools, and various parts of a machine, to draw road maps etc. To draw such figures
some basic geometrical instruments are needed. You must be having a geometry box
which contains the following:

(i) A graduated scale, on one side of which centimetres and millimetres are
marked off and on the other side inches and their parts are marked off.

(i) A pair of set - squares, one with angles 907, 60° and 30° and other with angles
80", 45 and 45°,

(i) A pair of dividers (or a divider) with adjustments.

(v) A pair of compasses (or a compass) with provision of fitting a pencil at one
end.

{v) A protractor.

Normally, all these ingtruments are needed in drawing a geometrical figure, such
as a triangle, a circle. a quadrilateral, a polygon, etc. with given measurements. Bul a
geometrical construction is the process of drawing a geometrical figure using only two
instruments — an ungraduated ruler, also called a straight edge and a compuss. In
construction where measurements are also required, you may use a graduated scale
and protractor alse. In this chapler, some basic constructions will be considered. These
will then be used to construct certain kinds of triangles,
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11.2 Basic Constructions

In Class V1, vou have learnt how to construct a circle, the perpendicular bisector of a
line segment, angles of 307, 457, 607, 90 and 120°, and the bisector of a given angle,
without giving any justification for these constructions. In this section, vou will construct
some of these, with reasoning behind, why these constructions are valid,
Construction 11.1 : To construct the bisector of a given angle.

Given an angle ABC, we want to construct ity bisector,

Steps of Constroction ;

1. Taking B as centre and any radius, draw an arc to intersect the rays BA and BC.
say at E and D respectively [see Fig. 11.1(i)].

1
2, MNext. taking D and E as cenires and with the radius more than ) DE. draw arcs to
intersect each other, say at F

3. Draw the ray BF [see Fig.11.1(ii)]. This ray BF is the required bisector of the angle
ABC,

C {11 c
{ii}

Fiz. 11.1
Let us see how this method gives us the required angle bisector,
Join DF and EF.

In triangles BEF and BDFE.

BE = BD (Radii of the same arc)
EF=DF [Arcs of equal radii)
BF = BF (Comumon)
Therefore. ABEF = ABDF (555 rule}
This gives £EBF = £ DBF (CPCT)
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Construction 11.2 : To construct the perpendicular bisector of a given line

seginent.

Given a line segment AB, we want to construct its perpendicular bisector,

Steps of Construction ¢

1. Taking A and B as centres and radius more than

1
3 AB, draw arcs on both sides of the line segment

AB (to intersect each other).

2. Let these arcs ntersect each other at P and (}.
Join PQ (see Fig.11.2).

3, Let PQ intersect AB at the point M. Then line
PMQ is the required perpendicular bisector of AB.

Let us see how this method gives us the
perpendicular bisector of AB,

Jein A and B to both Pand Q to form AP, AQ, BP
and BQ,

In triangles PAQ and PBQ.

AP = BP

AQ =B0Q

PQ =PQ
Therefore, A PAQ = A PEQ
So. Z AFM = ~ BPM
MNow in triangles PMA and PMB,

AP=RBP

PM = PM

£ APM = £ BFM

Therefore. A PMA = A PMB

50, AM = BM and £ PMA = £ PMB
As ZPMA + £ PMB = 180°

we gel

£ PMA = /£ PMB = 90",

tp

~R

I
w'.'g
Fig, 11.2

(Arcs of equal radii)
{Arcs of equal radii)
{(Commaon)
(555 rule)
{CPCT)
Az before)
{Commion)

(Proved abowve)
(5AS rule)
(CPCT)

{Linear pair axiom),

Therefore, PM, that is, PMQ is the perpendicular bisector of AB.
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Construction 11.3 : To construct an angle of 60° at the initial point of a given
Fay.

Let us take a ray AB with initial point A [zee Fig. 11.3{1}]. We want to construct a ray
AC such that £ CAB = 60°. One way of doing so is given below.

Steps of Construction :

W

1, Taking A as centre and some radius, draw an are
of a circle, which intersects AB. say af a point D. : i)

2, Taking D as cenire and with the same radius as
before, draw an arc intersecting the previously
drawn arc, say at a point E,

3. Draw the ray AC passing through E [see Fig 11.3 (ii)].
Then £ CAB is the required angle of 60°. Now,

let us see how this method gives us the required A ", B
angle of 60°, B i ’
Join DE, .. ‘

Fig. 11.3

Then, AE=AD=DE (By construction)

Therefore, A EAD is an equilateral triangle and the £ EAD, which is the same as
< CAB is equal to 60°,

EXERCISE 11.1

1. Constructan angle of 90 at the initial point of a given ray and justily the construction.
2. Congiruct anangle of 45% at the indtial point of 8 given ray and justify the construction.
3. Construct the angles of the following measurements;

o

I
iy 3F () 22 - (m) 15°

2
4, Consiruct the following angles and verity by meaguring them by a protractor;
i 75" i 105" iy 135°

5. Construct an equilateral triangle, given its side and justify the construction,

11.3 Some Constructions of Triangles

So far, some basic constructions have been considered. Next, some constructions of
triangles will be done by using the constructions given in earhier classes and given
above. Recall from the Chapter 7 that SAS, S55, ASA and RHS mles give the
congruency of two triangles, Therefore, a triangle is unique if : (i) two sides and the
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included angle is given, (1) three sides are given, (iii) two angles and the included side
is given and, (iv) in a right triangle, hypotenuse and one side is given. You have already
learnt how to construct such triangles in Class VII. Now, let us consider some more
constructions of triangles. You may have noted that at least three parts of a triangle
have to be given for constructing it but not all combinations of three parts are sufficient
Tor the purpose. For example, il two sides and an angle (not the included angle) are
given, then it is not always possible to construct such a triangle uniquely,
Construction 11.4 : To construct a triangle, given its base, a base angle and sum
af other rwa sides.

Given the base BC, a base angle, say /B and the sum AB + AC of the other two sides
of a triangle ABC, you are required (o construct il.

Steps of Construction :

1. Draw the base BC and al the point B make an
angle, say XBC equal to the given angle,

2, Cat a line segment BD equal to AB + AC from
the ray BX.

3. Join DC and make an angle DCY equal to ZBDC,
4. Let CY intersect BX at A (see Fig. 11.4).
Then, ABC is the required iriangle.

Let us see how you gel the required triangle.
Base BC and #B are drawn as given. Nextin triangle i Lo
ACD,

ZACD = 2 ANIC {Bv construction )
Therefore, AC = AD and then

AB =BD - AD =BD - AC

AB + AC=BD
Altermalive method :

Follow the first two steps as above. Then draw
perpendicular bisector PQ of CD to intersect BD ai
a point A (see Fig 11.5). Join AC. Then ABC is the
reguired iriangle. Note that Alies on the perpendicular
higector of CD, therefore AD = AC,

Remark : The construction of the triangle is not
possible if the sum AB + AC < BC, Fig. 11.5
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Construction 115 ¢ To construct a triangle given its base, a base angle and the
difference of the other two sides.

Given the baze BC, a baze angle, say ZB and the difference of other two sides
AB — AC or AC - AB, you have to construct the triangle ABC. Clearly there are
following two cases:

Case (i) : Let AB > AC that is AB - AC is given, X
Steps of Construction :
1. Draw the base BC and at point B make an angle

say ABC equal to the given angle.

Cut the line segment BD equal to AB — AC from

L s
ray BX. S

A

&

3. Join DC and draw the perpendicular bisector, say
PQ of DC, B

L
4. Let it intersect BX at a point A. Join AC /
(see Fig. 11.6). Q

Then ABC s the required triangle. Fig. 11.6
Let us now see how you have obtained the requared triangle ABC,

Base BC and /B are drawn as given. The point A lies on the perpendicular bisector of
DC. Therefore,

AD = AC
So, BD = AB - AD = AB - AC.
Case (ii) : Let AR < AC thar is AC — AB iz given.
Steps of Consiruction :
1. Same as in caze (i).

2. Cut line segment BD} equal to AC — AB from the
line BX extended om opposite side of line segment
BC,

3. Join DC and draw the perpendicular bisector, say
PQ of DC.

4. Let PQ intersect BX at A, Join AC (see Fig. 11.7).
Then, ABC is the required triangle.
You can justify the construction as in case (1),

Fig. 11.7
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Construction 1016 : To construct a triangle, given its perimeter and its rwo base
angles.

Given the base angles, say .~ B and .~ C and BC + CA + AB, you have w construct
the triangle ABC.

Steps of Construction ;

1, Draw a line segment, say XY equal to BC + CA + AB,

2. Make angles LXY equal to «B and MYX equal to £C.

3, Bigsect A LXY and Z MYX. Let these bisectors intersect at a point A
[see Fig. 11.8(i)].

Fig. 118 (i)
4. Draw perpendicular bisectors PQ of AX and RS of AY.

5. Let PO intersect XY at B and RS intersect XY at C. Join AB and AC
[see Fig 11.8Gi)].

Fig. 11.8 (ii)

Then ABC is the required triangle. For the justification of the construction. you
observe that, B lies on the perpendicular bisector PQ of AX.
Therefore, XB = AB and similarly, CY = AC.
Thisgives BC+CA+AB=BC+XB+CY=XY
Again ZBAX = ZAXB (As in A AXB, AB = XB) and
ZABC = ZBAX + ZAXB =2 ZAXB = Z1LXY
Similarly, LACB = ZMYX as required.
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Example 1 : Construet a triangle ABC, in which £B = 60", £ C = 45" and AB + BC
+CA=11cm.

Steps of Construction :
1. Draw a line segment PO =11 em.{ = AB + BC + CA).
2. At P constuet an angle of 60% and at (), an angle of 45°.

B o : - (]
\; fn‘i 3
Fig. 11.9
3. Bisect these angles. Let the bisectors of these angles intersect at a point A.

4. Draw perpendicular bisectors DE of AP to intersect PQ) at B and FG of AQ 10
intersect PQ al C,

5. Join AB and AC (see Fig. 11.9),
Then, ABC is the required riangle.

EXERCISE 11.2
Construct atriangle ABC inwhich BC =Tem, #B=753"and AB + AC =13 cm.
Construct a triangle ABC in which BC = 8cm. £ B =45" and AB -AC=3.3cm.
Construct a triangle PQR in which QR = 6em, £Q =607 and PR — PQ =2cm.
Constroct a triangle XYZ in which <Y =307, AZ=90"and XY +YZ+ZX =11 cm.

Construet a right triangle whose basge 15 1Zem and sum of its hypotenuse and other
sideis 13 cm.

;o e
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11.4 Summary

In thas chapter, you have done the following constructions using a ruler and a compass:

1. To biseci a given angle,

2. To draw the perpendicular bisector of 2 given line sepment.

3. To construct an angle of 607 etc.

4. To construct a iriangle given its base, a base angle and the suom of the other two sides.

5. To construct a triangle given its base, a base angle and the difference of the vther two
sides.

fi. To constuct a riangle given its perimeter and jts two base angles.
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12.1 Introduction

You have studied in earlier classes abouwt figures of different shapes such as squares,
rectangles, triangles and quadrilaterals, You have also calculated perimeters and the
areas of some of these figures like rectangle, square etc. For instance, you can find
the area and the perimeter of the floor of your classroom.

Letus take a wall around the floor along its sides once; the distance we walk i3 its
perimeter. The size of the floor of the room is its area.

S0, if your classroom is rectangolar with length 10 m and width 8 m, its perimeter
would be 2(10 m+ 8§ m) = 36 m and 115 area would be 10 m x § m, i.e., 80 m?.

Unit of measurement for length or breadth is taken as metre (m) or centimetre
{cm) etc.

Unit of measurement for area of any plane figure is taken as square metre (m?) or
square centimetre (em®) ele.

Suppose that you are sitting in a triangular garden. How would you find its area?
From Chapter 9 and from your earlier classes, you know that!

Area of a triangle = —;* % base x height (L)
We gee that when the triangle is right angled,
we can directly apply the formula by using two sides
containing the right angle as base and height. For
example, suppose that the sides of a right triangle < .
ABC are 5 em, 12 ¢cm and 3 cm: we take base as
12 cra and height as 5 cm (see Fig. 12.1). Then the £

pf
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area of A ABC is given by

1 C
E ® base x height = IE ®¥ 12 % 5 em?, Le, 30 cm?

Note that we could also take 5 cm as the base and 12 cm az height.

Now suppose we want to find the area of an equilateral triangle POQR with side
10cm (see Fig. 12.2). To find its area we need its height. Can you [ind the height of
this triangle?

Let us recall how we find its height when we
know its sides. This is possible in an equilateral
triangle. Take the mid-point of QR as M and join il to
P. We know that PMQ is a right triangle, Therefore,
by using Pythagoras Theorem, we can [ind the lengith
PM as shown below:

Tr

[

PQ = PM* + QM? R s M R
ie. (10} = PM? + (5). since QM = MR. —
ol -
Therefore, we have PM? = 75 .
ie., PM = f75 e¢m= 53 em.
1
Then area of A PQR = - x base x height = %xm %543 em® =253 em?,

Let us see now whether we can calculate the area of an isosceles triangle also
with the help of this [ormula, For example, we take a triangle XYZ with two equal
sides XY and XZ as 5 em each and unequal side YZ as 8 cm (see Fig. 12.3).

In thiz case also, we want to know the height of the triangle. So, from X we draw
a perpendicular XP to side YZ. You can see that this perpendicular XP divides the
base Y7 of the triangle in two equal parts.

Therefore, YP=PZ= '}’:‘: YZ =4cm S om
Then, by using Pythagoras theorem, we get
XP?= XY? - YP? Ve &
=5%-4=25-16=9
S0, XP=3cm

1
Now, area of A XYZ = "i" ® base YZ x height XP

*xBx3cmi=12cmd

x:
2
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Now suppose that we know the lengths of the sides of a sealene trangle and not
the height. Can you still find its area? For instance, you have a triangular park whose
sides are 40 m, 32 m, and 24 m. How will you calculate its area’’ Definitely if vou want
to apply the formula, you will have to calculate its height. But we do not have a clue to
calculate the height. Try doing so. If you are not able to get it, then go to the next
section,

12.2 Area of a Triangle — by Heron's Formula

Heron was born in about 10AD possibly in Alexandria
in Egwvpt. He worked in applied mathematics. His works
on mathematical and physical subjects are 50 nomesous
and varied that he is considered to be an encyclopedic
writer in these fields, His geometrical works deal largely
with problems on mensuration written in three books.
Book 1 deals with the area of squares, reciangles,
triangles, rapezoids (rapezia), varions other specialized
quadiilaterals, the regular polygons, circles, surfaces of
cvlinders, cones, spheres etc. In this book, Heron has
derived the famous formula for the area of a triangle in Heron (10AD -75 AD)
terms of its three sides, Fig. 12.4

The formula given by Heron about the area of a triangle. is also known as Hero's
formula, It is stated as;

Area of a triangle = \fs(s—a) (s — ) (5 — ¢) (IT)

where a, b and ¢ are the sides of the triangle, and 5 = semi-perimeter, L.e., half the
a+b+r
2

This formula is helpful where it is not possible to find the height of the triangle
easily. Let us apply it to calculate the area of the triangular park ABC, mentioned
above (see Fig. 12.5).

Letustake a=40m, b=24 m, c =32 m,

perimeter of the triangle =

s that we have 5 = w m =48 m.

2
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s—a=(48-40)m= 8 m,
s—b=(48 -24)m =24 m,
s—c=(d8-32) m= 16 m.
Therefore, area of the park ABC

Nss—a) (5= B) (s —¢) Fig. 12.5

J48 % 8 % 24 x 16 m? = 384 m?

We see that 327 + 24% = 1024 + 576 = 1600 = 40* Therefore, the sides of the park
mike 4 right triangle. The largest side, i.e.. BC which is 40 m will be the hypotenuse
and the angle between the sides AB and AC will be 907,

]

1
By using Formula I, we can check that the area of the park is B %32 % 24 md
= 384 m?,

We find thal the area we have gol is the same as we found by asing Heron's
formula,

Now using Heron’s formula, you verify this fact by finding the areas of other
iriangles discussed earlier viz.,

{1} equilateral triangle with side 10 cm,
(i) isosceles triangle with unequal side as 8§ em and each equal side as 5 em.
You will see that

) 10 +10 410
For (i), we have s = S cm=15cm.

Area of triangle = \flﬁili -10) (15-10) (15-10) cm?

= JI5%5%5%5 cm? = 2543 cm?

. B+5+5
For {ii), we have s = — crm=9cm,

Area of triangle = JE?{_EI —$)(9-5(9-5 cm?= 9x1x4xdem’=12em’,

Let us now solve some more examples:
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Fxample 1 : Find the area of 4 triangle, two sides of which are 8 cm and 11 em and
the perimeter is 32 cm (zee Fig. 12.6),

Solution : Here we have perimeter of the triangle =32 cm,a=8 crnand b = 11 cmu
Third side e =32 cm — (B + 1) em= 13 cm
S0 25=32,1e., 5= l6cm,

s—a=(16-8)cm=8 cm,

s—bh=(16-11)cm =35 cm,

s—c=(l6-13)cm=3cm. Fig. 12.6

Therefore, area of the triangle = Jr{s —@) s —B) (s —1r)

= JI6x8x5x3cm?= 830 cm?

Example 2 : A riangular park ABC has sides 120m, 80m and 50m (see Fig. 12.7). A
gardener Dhania has to put a fence all around it and also plant grass inside. How
much area does she need to plant? Find the cost of fencing it with barbed wire at the
rate of Rs 20 per metre leaving a space 3m wide for a gate on one side.

Solution : For finding area of the park. we have
2= 50m + 80 m + 120 m = 250 m.

80 m

'ﬁrl i

e §=125m

Now, s—a=(125-120m=5m. B C
g—h=(125-B0)m =43 m, — 10—
s—c=(125-50)m="75m. Fig-12.7

Therefore, area of the park = fs(s —a) (s — &) (s — ¢)

J125x3%45x 75 m!

37515 m*

Also, perimeter of the park = AB+BC + CA=250m
Therefore, length of the wire needed for fencing = 250 m — 3 m (to be left for gate)

=24Tm
And so the cost of fencing = Rs 20 x 247 = Rs 4940
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Fxample 3 : The sides of a triangular plot are in the ratio of 3 : 5 : 7 and its perimeier
15 300 m. Find its area.

Solution : Suppose that the sides, in metres, are 3y, 5¢ and 7 (see Fig. 12.8).
Then, we know that 3¢ + 5x + 7x = 300 (perimeter of the triangle)
Therefore, 15x = 300, which gives x = 20.

So the sides of the triangle are 3 x 200y, 5 x 20mand 7 x 20 m
ie., 60m 100 mand 140 m.

Can you now find the area [Using Heron’s formula]? x

60 + 100 + 140 Ta

Wchaves=f m=150 m, Fig. 12.8

i

and area will be \[150(150— 60) (150 — 100) (150 —140) ni?

= 150 % 90 %50 x 10 m?

= 15003 m?

EXERCISE12.1

1. Auallic signal board, indicating “SCHOOL AHEAD®, it an equilatera] riangle with
side ‘a’. Find the area of the signal board, using Heron's {ormula. IT its perimeter is
180 ¢m, what will be the area of the signal board?

2. The triangular side walls of a flyover have been used for advertisements, The sides of
the walls are 122 m, 22 m and 120 m isee Fig. 12.9). The advertisements yield an
earning of ¥ 3000 per m® per vear. A company hired ane of its walls for 3 months. How
much rent did it pay?

Fig. 12.9
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3. There is aslide in a park. One of its side walls has been painted in some colour with a
message “KEEF THE PARK GREEN AND CLEAN" {see Fig. 12.10). If the sides of the
wall are 13 m, 11 mand 6 m, find the area painted in colour,

KEEP THE PARK
GREEN AND CLEAN

13m

Iig. 1Z.10

4. Find the srea of a triangle two sides of which are 18cmeand |Ocm and the perimeder 15
4o

5. Sidesof atiangle are in the ratip of 12 17 : 25 and its perimeter is 340cm. Find its area.

6. Anizosceles triangle has perimetar 30 cm and each of the equal sides is 12 em. Find
the area of the triangle.

12.3 Application of Heron’s Formula in Finding Areas of Quadrilaterals

Suppose that 4 farmer has a land to be cultivated and she employs some labourers for
this purpose on the terms of wages calculated by area cultivated per square metre.
How will she do this? Many a time, the fields are in the shape of quadrilaterals. We
need (o divide the quadrilateral in triangular parts and then use the formula for area of
the triangle. Let us Took at this problem:

Example 4 : Kamla has a triangular field with sides 240 m, 200 m. 360 m, where she
grew wheat. In another triangular field with sides 240 m, 320 m, 400 m adjacent to the
previous field, she wanted to grow potatoes and onions (see Fig, 12.11). She divided
the field in two parts by joining the mid-point of the longest side to the opposite vertex
and grew patatoes in one part and onions in the other part. How much area (in hectares)
has been used tor wheat. potatoes and onions? (1 hectare = 10000 m?)

Solution : Let ABC be the field where wheat is grown. Also let ACD be the field
which has been divided in two parts by joining C to the mid-point E of AD. For the
area of triangle ABC, we have

a=200m, b=240m, c=360m
200 + 240 + 360

Therefore, s = 2 m = 4 m,
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So, area for growing wheat H

= J400(400 — 200) (400 — 240) (400 — 360) m’

/400 > 200 x 160 x 40 m’

|600{}J5m‘ = 1.6 % 42 hectares

= 2.26 hectares (nearly)

Let us now calculate the area of triangle ACD.

240 + 320 + 400
Here, we have 5 = m = 480 m.
2 Fig. 12.11

So. area of A ACD = f480(480 — 240) (480 — 320) (480 — 400) m’
=J480 % 240 x 160 x 80 1 = 38400 m? = 3.84 hectares

We notice that the ling segment joining the mid-point E of AD to C divides the
triangle ACD in two parts equal in area. Can you give the reason for this? In fact, they
have the bases AE and ED equal and, of course, they have the same height.

Therefore, area for growing potatoes = area for growing onions

= {3.84 = 2) hectares = 1.92 heclures,
Example 5 : Students of a school staged a rally for cleanliness campaign. They
wialked through the Ianes in two groups. One group walked through the lanes AB, BC
and CA; while the other through AC, CD and DA (see Fig. 12.12). Then they ¢leaned
the area enclosed within their lanes. FAB=9m, BC=40m, CD=15m DA=28m

and « B = 90°, which group cleaned more area and by how much? Find the total area
cleaned by the students {neglecting the width of the lanes),

Solution : Since AB =9 m and BC =40 m, ~ B = 90°, we have:

AC= f0* + 40° m A 28 D
4m d
= /81 +1600 m o c

$m
= .,lll =
1681 m i Fig. 12.12

Therefore, the first group has to clean the area of triangle ABC, which is right angled.

1
Areaof A ABC = 3 % base x height

1
E 40 » O m* = 180 m?
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The second group has to clean the area of (nangle ACD, which is scalene having sides
41'm, 15m and 28 m.
41+15+ 28

Here, §= T m=42 m

Therefore, area of A ACD = -J.f(s —al {5z =85 =2¢)

= [J42(42 - 41) (42 - 15) (42 - 28) m?

= f42x1x27 x14 m? = 126 m?

So first group cleaned 180 m? which is (180 — 126) m?, i.e., 54 m* more than the area
cleaned by the second group.

Total area cleaned by all the studenis = (180 + 126) m? = 306 m?.

Example 6 : Sanya has a piece of land which is in the shape of a thombus
(see Fig. 12.13). She wants her one danghter and one son to waork on the land and
produce different crops. She divided the land i two equal parts. If the perimeter of
the land is 400 m and one of the diagonals is 160 m, how much area each of them will
get for their crops?

Solution : Let ABCD be the field. A 100m R

Perimeter = 400 m
S0, each side = 400 m = 4 = 100 m.
ie. AB =AD =100 m.

10 iy
100 m

) : c
= s
Let diagonal BD = 160 m, 00 m
Then semi-perimeter s of A ABD is given by Fig. 12.13
100 + 100 + 160
i= 3 m= &0 m

Therefore, area of A ABD = JI80(180 — 100) (180 — 100) (180 — 160)

= JIEUHEG‘K 80 20 e = 4800 m*

Therefore. each of them will get an area of 4800 m?.
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Alternative method : Draw CE L BD (see Fig. 12.14).

As BD = 160 m, we have
DE=160m+2=30m

And, DE* + CE? = DCY, which gives

o, CE = 100" — 8 m= 60 m

Thstefore; atea of A BCD = %x]ﬁ{}xﬁt}m* = 4800 1

EXERCISE 12.2
1. A park, inthe shape of a quadrilateral ABCD, has “ C=90", AB=9m,BC =12 m,
CD =5 mand AD = § m. How much area does it occupy?

2. Find the aren of a quadrilateral ABCD in whichAB =3 cm,. BC =4 cm, CD =4 cm,
DA=5cmand AC=5cm.

3. Radha made a picture of an asroplane with coloured paper as shown in Fig 12.15. Find
the total ares of the paper used.

fi.5gm

i
W

1imr
lem & T Eln;.m

2erm
Fig. 12.15
4. A nangle and a parallelogram bave the same base and the same area. If the sides of
the triangle are 26 ¢m, 28 e¢m and 30 crmu and the parallelogram stands on the base
28 cm, find the height of the parallelogram.
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A rhombus shaped field has green grass for 18 cows to graze. If each side of the
rhombusis 30 m and its longer diagonal is 48 m, how mnch area of grass field will each
cow be getting?

An umbrella is made by stiiching 10 triangolar pieces of cloth of two diflerent colours
isec Fiz 12,16}, each piece measoring 20 ¢m, 50 cm and 530 cm. How much cloth of each
colour is required for the umbrella?

Akite inthe shape of a square with a diagonal 32 cm and an isosceles triangle of base
8 cm and sides 6 om each is lo be made of three different shades as shown in
Fig. 12.17. How much paper of each shade has been used in 1?

g cm
Fig. 12.16 Fig. 12.17

A floral design on a floor is made upof 16 tiles
which are triangular, the sides of the triangle
being 9 cm, 28 cm and 35 cm (see Fig. 12,181,
Find the cost of polishing the tiles at the rate
of 30p per cm?®,

A field iz in the shape of 4 repezium whose paralle]
sides are 25 m and 10 m. The non-parailel sides
are 14-m and 13 m. Find the area of the feld.

Fig. 12.18

In thiz chapter, you have studied the following points ;

L. Areq of a triangle with its sides as 4, b and ¢ is caleolated by using Heron's formula,

stated as
Area of triangle = ..Jrﬂ_.i' —a)ir—Ph(5—c)
.a+b+c
swhere =

2. Area of a quadrilateral whose sides and one diagonal are given, can be calculated by
dividing the quadrilateral into two tiangles and using the Heron's formula.
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CHAPTER 13|

SURFACE AREAS AND VOLUMES
I 2

13.1 Introduction

Wherever we look, usually we see solids. So far, in all our study, we have been dealing
with figures that can be easily drawn on our notebooks or blackboards, These are
cilled plane figures. We have understood what rectangles. squares and circles are,
what we mean by their perimeters and areas, and how we can find them. We have
learnt these in earlier classes. It would be interesting to see what happens if we cut
out many of these plane figures of the same shape and size from cardboard sheet and
stack them up in a vertical pile. By this process, we shall obtain some solid figures
{briefly called solids) such as a cuboid, a cylinder. etc. In the earlier classes, vou have
also learnt to find the surface areas and volumes of cuboids, cubes and cylinders. We
shall now learn to find the surface areas and volumes of cuboids and cylinders in
details and extend this study to some other solids such as cones and spheres.

13.2 Surface Area of a Cuboid and a Cube

Have you looked at a bundle of many sheets of paper? How does it look? Does it look
like what you see in Fig. 1317

A

That makes up a cuboid. How much of brown paper would you need, if you want
to cover this cuboid? Let us see:
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First we would need a rectangular piece (o cover
the bottom of the bundle. That would be as shown in

Fig. 13.2 (a)

Then we would nead two long reclangular pieces
to cover the two side ends. Mow, it would look like
Fig. 13.2 (h).

Now to cover the front and back ends, we would
need two more rectangular pieces of a different size.
With them, we would now have a {figure as shown in
Fig. 13.2(c).

This figure, when opened out. would lock like
Fig. 13.2 (d).

Finally, to cover the top of the bundle. we would
require another rectangular piece exactly like the one
at the bottom, which if we attach on the right zide, it
would look like Fig. 13 .2(e).

So we have used six rectangular pieces to cover
the complete outer surface of the cuboid.

(h)

()

{d)
v
(e}
b
& 5k h 5
A
2 |r 1! i [}
f
h & b h
!
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Thas shows vg that the outer surface of a cuboid 1s made up of six rectangles (in
fact, rectangular regions, called the faces of the cuboid), whose areas can be found by
multiplying length by breadth for each of them separately and then adding the six
areas together.

Now, if we take the length of the cuboid as /, breadth as b and the height as &, then
the figure with these dimensions would be like the shape vou see in Fig. 13.2(f).

So, the sum of the arcas of the six rectangles is:
Area of rectangle 1 (=1 x h)
+
Area of rectangle 2 (=1 % b)
4
Area of rectangle 3 (=1 % k)
+
Area of rectangle 4 (= Lx &)
-
Area of rectangle 5 (=5 x k)
+
Area of rectangle 6 (= b % k)
=2l e b+ 2B xR+ 2(I % k)
=2k + bh + ki)
This gives us:

Surface Area of a Cuboid = 2(lb + bi + hl)

where [, b and h are respectively the three edges of the cuboid.
Note : The unit of area is taken as the square unit, becauge we measure the magnitude
of a region by filling it with squares of side of unit length.

For example, if we have a cuboid whose length, breadth and height are 15 cm,
10 em and 20 em respectively, then dts surface area would be:

2((15 x 10) + (10 x 20) + (20 x 15)] cm?
20150 + 200 + 300) cm?

2 x 630 cm?

1300 ¢im?
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Recall that a cuboid, whose length, breadth and height are all equal, is called a
¢cube. If each edge of the cube iz a. then the surface area of this cube would be

Haxa+axa+axa),ie, 6a (see Fig. 13.3), piving us

Sorface Area of a Cobe = 64°

where a is the edge of the cube,

a"
a|e=> .
a a
o
ir

a

ir

Fig, 13.3

Suppose, out of the six faces of a cuboid, we only find the area of the four faces,
leaving the hottom and top faces. In such a case, the area of these four faces is called
the lateral surface area of the cuboid. So, lateral surface area of a cuboid of
length I, breadth b and height h i5s equal to 21h + 2bh or 2(1 + b)h. Similarly.

lateral surface area of a cube of side a is equal to 4a’.

Keeping in view of the above, the surface area of a cuboid (or a cube) is sometimes
also referred to as the total surface area. Lel us now solve some examples.

Example | : Mary wants to decorate her Christmas
tree. She wants (o place the ree on a wooden box
covered with coloured paper with picture of Santa
Claus on it (see Fig. 13.4). She must know the exact
guantty of paper to buy for this purpose. If the box
has lengih, breadth and height az 80 cm, 40 cm and
20 cra respectivelv how many square sheets of paper
of side 40 cm would she require?

Solution : Since Mary wanis to paste the paper on
the outer surface of the box; the quantity of paper
required would be equal to the surface area of the
box which is of the shape of a cuboid. The dimensions
of the box are:

Fig. 13.4



212

MATIEMATICS

Length =80 em, Breadth = 40 cm, Height = 20 cm.
The surface area of the box = 2(/b + bh + ki)
= 2[(80 x 40) + (40 x 20) + (20 = 80)] cm?
= 2[3200 + 800 + 1600] cm?
= 2 % 5600 cm* = 11200 em?
The area of each sheet of the paper = 40 x 40 cm?
= 1600 cm*

surface area of box
area of one sheet of paper

Therefore, number of sheels reguired

11200

——

1600

So, she would require 7 sheels.

Example 2 : Hameed has built a cubical water tank with lid for his hoose, with each
puter edge 1.5 m long. He gets the outer surface of the tank excluding the base,
covered with square tiles of side 25 em (see Fig. 13.5). Find how much he would
spend for the tiles, if the cost of the tiles is ¥ 360 per dozen.
Solution : Since Hameed is getting the five outer faces of the tank covered with tiles,
he would need to know the surface area of the tank, to decide on the number of tiles
required,

Edge of the cubical tank = 1.5 m =150 ¢cm (= a)
So, surface area of the tank = 5 x 150 = 130 cm®

Area of each square tile = side % side = 25 % 25 em’

surface area of the tank
area of each tile

So, the number of tiles required =

_ ax130x150
B 25%x 25
Cost of 1 dozen tiles, 1.e., cost of 12 tiles =3 360

=180 Fig. 13.5

360
Therefore, cost of one tile =% - T30

So. the cost of 180 tiles = 180 x ¥ 30 =T 5400
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EXERCISE 13.1

A plasticbox 1.3 mlong, .25 m wide and 65 cm deep i5 to be made. Itis opzned at the
lop. [gnoring the thickness of the plastic sheet, determine;

(it The area of the sheet required for making the box.
{ii' The cost of sheet for it, if a sheat measaring 1 m* costs Rs 20,

The length, breadth and height of a room are 3 m, 4 m and 3 m respectively. Find the
cost of white washing the walls of the room and the ceiling ‘at the rate of
7.50 perm?.

The floor of a rectangular hall has a perimeter 250 m. If the cost of painting the four
wills at the rate of ¥ 10 per m? is T 150040, find the height of the hall.

[Hinl * Arvea of the four walls = Lateral surface area. |

The paint in a gertain container is sufficient to paint an area equal 10 9,375 m*. How
many bricks of dimensions 22.5 e % 10 e % 7.3 om can be painted oul of thiz
container?

A cubical box has each edge 10 cm and another cuboidal box is 12.5 cm long, 10cm
wide and & cm high,

i)  Which box has the greater lateral surface ares and by how much?
(ity Which bax has the smaller total surface area and by how much?

A small indoor greenhouse (herbarium) is made entirely of glass panes (including
base) held together with Lape. Tt i3 30 cm long, 25 cm wide and 23 cmhigh.

(i} What is the area of the glass?
(i} How muoch of tape is nesded lor all the 12 edges?

Shanti Sweets Stall was placing an order for making cardboard boxes for packing
their sweets, Two sizes of boxes were required. The bigger of dimensions
23 cm o 20 em % 5 om and the smaller of dimengions 13 cm x 12 om x 3 cm. For all the
overiaps, 5% of the total surface areais required extra. If the cost of the cardboard is
¥ 4 for 1000 o, find the cost of cardboard required for supplying 250 boxes of sach
kind.

Parveen wanted to make a temporary shelier for her car, by malking a box-like sfructure
with tarpaulin that covers all the four sides gnd the top of the car (with the front face
as a flap which can be rolled np). Assuming that the atitching marging are very small,
and therefore negligible, how much tarpaulin would be required to make the shelter of
height 2.5 m, with base dimensions 4 m » 3 m?
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13.3 Surface Area of a Right Circular Cylinder

If we take a number of circular sheets of paper and stack them up as we stacked up
rectangular sheets earlier, what would we get (see Fig. 13.6)7

C D w—p

Fig. 13.6

Here. if the stack is kept vertically up. we get what is called a right circular
cvlinder, since it has been kept at right angles to the base, and the base is circular. Let
us see what kind of cylinder 15 nat a right circular eylinder,

InFig 13.7 (a), you see a cylinder, which
1s certainly circular, but itis notat right angles
to the base. So. we can nor say this a right
circular cylinder.

Of course, if we have a cylinder with a
non circular base, as vou see in Fig, 13.7 (b)),
then we also cannot call it a right circular
cylinder. “ Fig. 13.7

(b}

Remark : Here. we will be dealing with only right circular cvlinders. So, unless stated
otherwise, the word cylinder would mean a right circular cylinder.

Now, il a cylinder is to be covered with coloured paper, how will we do it with the
minimum amount of paper? First take a rectangular sheet of paper, whose length is
just enough to go round the cylinder and whose breadth is equal to the height of the
cylinder as shown in Fig. 13.8.
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Sl e — W

Fig. 13.8

The area of the sheel gives us the curved surface area of the cylinder, Note that
the length of the sheet is equal (o the circumference of the circular base which is equal
to 2nar.

So, curved surface area of the cylinder
= ared of the rectangular sheet = length x breadih
= perimeter of the base of the cylinder x &

=2mrxh

Therefore, | Curved Surface Area of a Cylinder = 2mrh

where r is the radius of the base of the cylinder and A is the height of the cylinder,

Remark @ In the case of a cylinder, unless stated
otherwise, ‘radius of a cylinder’ shall mean’ base radius
of the cylinder’,

If the top and the bottom of the cylinder are alzo to
be covered, then we need two circles (infael, circular
regiong) to do that. each of radiug r, and thus having an
area of nr® each (see Fig. 13.9), giving us the total
surface area as 2mrh + 2me? = 2me(r + R),

So, | Total Surface Area of a Cylinder = 2rr(r + k) 7

where £ is the height of the cylinder and 7 its radius, Fig. 13.9

Remark : You may recall from Chapter 1 that 7 is an irrational number. So, the value
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of 7 is a non-terniinating, non-repeating decimal. But when we use its value in our

22
calculations, we usually take its value ag approximately equal o £l or 3.14.

Example 3 : Savitri had to make a model of a cylindrical kaleidoscope for her science
project. She wanted to use chart paper 1o make the curved surface of the kaleidoscope.
isee Fig 13.10). What would be the area of chart paper required bv her, if she wanted

to make a kalegidoscope of length 25 cm with a 3.5 cm radins? You may take m= % ;

Solution : Radius of the base of the cylindrical kaleidoscope (r) =3.5 cm,
Height (length) of kaleidoscope (h) = 25 cm,
Area of chart paper required = curved surface area of the kaleidoscope
= 2nrh

Zx%?x35x25mﬁ

5350 em?

Fig. 13.10

EXERCISE 13.2
22 .
Agdume T = -_%u , Unless stated otherwise,

1. Thecurved surfacs arca of anight circular cylinder of height 14 ¢m is 88 om?. Find the
diameter of the bage of the ¢ylinder,

2. Ilisrequired to maks a closed cylindrical tank of height 1 m and base diameter 140 cm
from a metal sheet, lHow many square metres of the sheet are required for the same?

3. A metal pipe is 77 cm long. The inner diameter of a cross
section i5 4 cm, the outer diameter being 4.4 cm ==
iseeFig. 13.11). Find its

(i} inner curved surface area,
(it} outer curved surface area,

iiii} total surface area,

Fig. 13.11
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9&

10.

The diameter of a roller is 84 cm and its length is 120 cm. Tt takes 500 complete
revolutions to move once over to level a playground. Find the area of the playground
in ne.

A cylindrical pillar is 50 cmin diameter and 3.5 m in height. Find the cost of painting
the curved surface of the pillar at the rate of T 12.50 per m?,

Curved surface avea of aright circular eylinder is 4.4 m®, If the radius of the base af the
cylinderis 0.7 m. find itz height,

The inner diameter of a cireular well is 3.5 m. Tt i5 10 m deep. Find
iiy its inner corved surface area.
ifi} the cost of plastering this curved surface at the rate of T 40 per m%

In a hot water heating system, there iz a eylindrical pipe of length 25 m and diaragter
5 cr. Find the total radiating surface in the system.

Find

(i} the lateral or curved surface area of a ¢losed cylindrical petrol storage tank that is
4.2 min diameter and 4.5 m high.

1
it how much steel was actually used, if 12 of the steel actually vsed was wasted in
making the (ank,

InFig. 13.12, you see the frame of a lampghade. It iz to be

covered with a decorative cloth, The frame has a base

diameter of 20 cm and height of 30 cm. A marginof 2.5cm

15 o be given for falding it over the top and bottom of the

frame. Find how much cloth iz required for covering the

lampshade. Fig. 13.12

The students of a Vidyalaya were asked fo participate in a competition for making and
decorating penholders in the shape of a cylinder with a base, vsing cardboard. Each
penholder was to be of radius 3 cm and height 10.5 em. The Vidvalaya was to supply
the competitors with cardboard. If there were 35 competitors, how much cardboard
was required to be bought for the competition?

13.4 Surface Area of a Right Circular Cone

So far, we have been generaling solids by stacking up congruent figures. Incidemtally,
such figures are called prisms. Now let us look at another kind of selid which is nota
prism (These kinds of solids are called pyramids.). Let us see how we can generate

them,

Activity : Cut out a right-angled triangle ABC right angled at B, Paste a long thick
string along one of the perpendicular sides say AB of the triangle [see Fig. 13.13(a}].
Hold the siring with your hands on either sides of the triangle and rotate (he triangle
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about the string a number of times. What happens? Do you recognize the shape that
the triangle iz forming as it rotates around the string [see Fig. 13.13(b)]? Does it
remind vou of the time yvou had eaten an ice-cream heaped into a container of that
shape [see Fig. 13.13 (c) and (d}]?

{a) k) {i5) (i)
Iig. 13.13

This iz called a right eircular cone. In Fig. 13.13(c)
of the right circular cone, the point A is called the
vertex. AB is called the height, BC i3 called the radiys
and AC is called the slant height of the cone. Here B
will be the centre of circular base of the cone. The
height, radus and slant height of the cone are usually
denoted by A, r and [ respectively. Once again, let us
see what kind of cone we can not call a right circular
cone. Here, vou are (see Fig. 13.14)! What vou see .
in these lgures are not right circular cones; becanse
in (a), the line joining its vertex to the centre of its
base is not at right angle to the base, and in (b) the Fig. 13.14
basge is not circular,

As in the case of cylinder, since we will be studying only about right cireular cones,
remember that by ‘cone’ in this chapter. we shall mean a ‘right circular cone.'

{a) {h)

Activity ¢ {i) Cut out a neatly made paper cone that does not have any overlapped
paper, straight along its side. and opening it out, to see the shape of paper that forms
the surface of the cone. (The line along which you cut the cone is the slari heighi of
the cone which is represented by [). It looks like a part of a round cake.
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{i) IT you now bring the sides marked A and B at the tips together, you can see that
the curved portion of Fig. 13.15 (¢} will form the circular hase of the cone.

(&) )]

Fig. 13.18

(i) If the paper like the one in Fig. 13.15 (c) is now cut into hundreds of little pieces,
along the lines drawn from the paint O, each cut portion is almost a small triangle,
whose height is the slant height [ of the cone.

1
{iv) MNow the area of each triangle = E % base of each triangle x [.

S0, area of the entire piece of paper
sum of the areas of all the triangles

L IS -
Eb,I+Eb,r+zb,I+ _zf{b,+b2+bg+ )

1
=3 » [ % length of entire curved boundary of Fig. 13.15(c)

(asb +b,+ b, + ... makes up the curved portion of the figure)

Buot the curved portion ol the figure makes up the perimeter of the base ol the cone
and the circumference of the base of the cone = 2rr, where r is the base rading of the
cone.

So, | Curved Surface Area of a Cone = _12-. ® [ % 2w =l e e

where r is its base radius and 7 ils slant height. Y ok

Note that * = # + h? (as can be seen from Fig. 13.16). by !
applving Pythagoras Theorem. Here /i is the height of the %\
COne, !

Fig. 13.16
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Therefore, | = [7? + k?

Now if the base of the cone is to be closed, then a circular piece of paper of radiug r
is also required whose area is .

So.| Total Surface Area of a Cone = ®rl + 2 = wwril + r)

Example 4 : Find the curved surface area of a right circular cone whose slant height
iz 10 cm and base radius is 7 cm,

Solution : Corved surface area = mr]

_?'1 2
?x * 10 cm

= 220 ¢cm?
Example 5 : The height of a cone 15 16 cm and its base radius is: 12 cm. Find the
curved surface area and the total surface area of the cone (Use 1 = 3.14).
Solution : Here, h =16 cm and r = 12 cm.
So,from # = k* + . we have

= m cm = 20 cm
So, curved surface area = mrl
= 3.14 x 12 x 20 cmt®
= 753.6 em?
Further, total surface area = nrl + mr?
(7336 +3.14x 12 12) cm?
(753.6 +452.16) cm?
1205.76 cm?

1l

I

Example 6 : A corn cob (see Fig. 13.17). shaped somewhat
like a cone, has the radius of its broadest end as 2.1 cm and
length (height) as 20 cm. If each 1 cm? of the surface of the
cob carries an average of four grains. find how many grains =
you would find on the entire cob. Fig. 13.17

Solution : Since the grains of comn are found only on the curved surface of the com
cob, we would need to know the curved surface area of the corn cob 1o find the total
number of grains on it. In this question, we are given the height of the cone. so we
need to find its slant height.
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Here,

I=\frt + k=21 +20* cm

= J4d 41 cm=20.11 cm

Therefore, the curved surface area of the corn cob = mrl

22
= 3 2.1 %2011 em? = 132.726 cm? = 132.73 cm? (approx.)

Number of grains of comn on 1 cm? of the surface of the com cob =4

Therefore, number of grains on the entire curved surfiace of the cob

= 132,73 x 4 =530.92 = 531 (approx.)

So, there would be approximately 531 grains of comn on the coh.

EXERCISE 13.3

22
Assume T = R unless stated gtherwize.

Diameter of the base of 4 cone is 10,5 cm and 1ts slant height iz 10 cm. Find ifs curved
surface area.

Find the total surface area of a cone, if its slantheight is 21 m and diameter of 113 base
i524 m,

Curved surface area of a cons i3 308 em® and its slant height i3 14 em. Find
ii) radiog of the base and (ii) oial surface area of the cone.

A gonical tent is 10 m high and the radius of itz base is 24 m. Find

(11 slant height of the tent,

i1i) eoat of the canvas requived to make the teal, if the cost of 1 m? canvas is T 70
What Tength of tarpaulin 3 m wide will be reguired to make conical tent of height 8 m

and base radias 6 m? Assume that the extra length of matenal that will be required for
stitching margins and wastage in cutting is approximately 20 cm (Use £ =3.14).

The siant height and base diameter of 2 conical tomb are 2% m and 14 m respectively.
Find the cost of white-washing its corved surface at the rate of T 210 per 100 m?.

A joker’s cap i in the form of a right cireular cone of base radius 7 em and height
24 cm. Find the area of the sheel required 1o make 10 such caps.

A bus stop is barricaded from the remaining part of the road, by using 30 hollow
cones miade of recycled cardboard. Each cone has abase diameter of 40 cm and height
1 m. If the puter side of each of the cones is 1o be painted and the cest of painting is
712 per m®, what will be the cost of painting all these cones? (Use m=3.14 and take

J1.04 =1.02)
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13.5 Surface Area of a Sphere

VWhat is a sphere? Is it the same as a circle? Can you draw a circle on a paper? Yes,
you can, because a circle is a plane closed figure whose every point lies at a constant
distance (called radius) from a fixed point, which is called the centre of the circle.
Now if vou paste a string along a dinmeter of a circular dise and rotate it as you had
rotated the triangle in the previous section, you see a new solid {(see Fig 13.18), What
does it resemble” A ball? Yes. It is called a sphere.

r Y

S

Can vou guess what happens to the centre of the circle, when it forms a sphere on
rotation? OF course, it becomes the centre of the sphere. So, a sphere is a three
dimensional figure (solid fipure), which iy made up of all peints in the space,
which lie ar a constant distance called the radius, from a fixed point called the
centre of the sphere.

Fig. 13.18

Nate : A sphere is like the surface of a ball. The word solid sphere is used for the
solid whose surface is a sphere.

Activity : Have you ever played with a top or have you al least waltched someone
play with one” You must be aware of how a string is wound around it. Now, let us take
a rubber ball and drive a nail into it, Taking support of the nail, let vs wind a siring
around the ball. When you have reached the “fullest’ part of the ball, use pins to keep
the string in place, and continue to wind the string around the remaining part of the ball,
till you have completely covered the ball [see Fig. 13.19(a)]. Mark the starting and
finishing points on the string, and slowly unwind the string from the swface of the ball,

Now, ask your teacher to help you in measuring the diameter of the ball, from which
vou easily get its radivs, Then on 4 sheet of paper. draw four circles with radius equal
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to the radius of the ball. Start filling the circles one by one, with the string you had
wound around the ball [see Fig. 13.19(h)].

(a)

Fig, 13.19
What have vou achieved in all this?

The string, which had completely covered the surface area of the sphere, has been
used to completely fill the regions of four circles, all of the same radiuvs as of the sphere.

So, what does that mean? This suggests that the surface area of a sphere of radius r
=4 times the area of a circle of radivs r=4 x (1 )

So, Surface Area of a Sphere = 4 x #°

where r is the radius of the sphere.

How many faces do vou see in the surface of a sphere? There is only one, which is
curved.

Mow, let us take a solid sphere, and slice it exactly ‘through
the middle” with a plane that passes through its centre, What
happens to the sphere?

Yes, it gets divided into two equal parts (see Fig. 13.20)]
What will each half be called? It is called a hemisphere.
(Because ‘hemi’ also meang ‘half™) Fig, 13.20

And what about the surface of a hemisphere? How many faces does it have?
Two! There is a curved face and a flat face (base),
The curved surface area of a hemisphere i3 half the surface area of the sphere, which

1
is 3 of 4,
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Therefore, | Curved Surface Area of a Hemisphere = 2578

where r i3 the radius of the sphere of which the hemisphere i3 a part.

Now taking the two faces of a hemisphere, its surface area 2rr? + nr?

S0, Total Surface Area of a Hemisphere = 3’

Example 7 : Find the surface area of a spherg of radius 7 cm.
Solution : The surface area of a gphere of radius 7 cm would be

22
duet =4 x o ®*TxTemd=616 cm?

Example 8 : Find (i) the curved surface area and (ii) the tolal surface area of a
hemisphere of radius 21 cm,

Solution : The curved surface area of a hemisphere of radius 21 em would be
22
= 2wt =2 7 x 21 x 21 cm* = 2772 cm?
{ii) the total surface area of the hemizsphere would be

22
I3nt=3 % = ®» 21 % 2] cm?=4158 cm?

Example 9 : The hollow sphere, in which the circus motorcyclist performs his stunts,
has a diameter of 7 m. Find the area available to the motoreyelist for riding.

Solution : Diameter of the sphere = 7 m. Therelore, radios is 3.5 m. So, the riding
space available for the motorcyclist is the surface area of the “sphere’ which is
given by

drri=4 x ~2:|,—2 x35x3.5m?

= 154 m?

Example 10 : A hemispherical dome of a building needs to be painted
isee Fig, 13.21). If the circumference of the base of the dome i3 17.6 m, find the cost
of painting it, given the cost of painting is T 5 per 100 cm?.

Solution : Since only the rounded surface of the dome is to be painted. we would nead

to find the eurved surface area of the hemisphere (o know the extent of painting that
needs to be done. Now, circumference of the dome = 17.6 m. Therefore, 17.6 = 2nrr.
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So, the radius of the dome =176 % m=28m

2w 32
The curved surface area of the dome = 2m#

.-d""f'_J_\_\-\-""-..
22 ..-'- ",
=2x?x2.ﬂx2.ﬂml \
= 4928 m?
Now, cost of painting 100 em? is ¥ 5. ﬁ ‘

So, cost of painting 1 m® =¥ 500

Therefore, cost of painting the whole dome Fig. 1321
= T500x 4928
= T 24640

EXERCISE 134

Assume T = % ., imless stated otherwise.

1. Find the sarface area of a gphere of radius;

iy 105cm m) 56em (i) 1dem
2. Find the surface area of a sphere of diameter;
i ldom {ii) Z1em (i) 353m

3. Find the total surface area of a hemizphere of rading 10 em, (Use n=3.14)

4. The radins ol 4 spherical balloon increases [rom 7 em (o 14 om 4% air 1% being pumped
inte it. Find the ralio of surface aveas of the balloon in the two cases.

5. A hemispherical bowl made of brass has mner diameter 10.5 cm. Find the cost of
tin-plating it on the inside at the rate of T 16 per 100 cm*,

Find the radius of a sphere whose surface acea is 154 em?,

7. The diameter of the moon is approximajely one Tourth of the diameler of the earth.
Find the ratio of their surface areas.

8. A henuspherical bowl] is made of steel, 0.23 cm thick, The inner radivs of the bowl is
3 cm. Find the outer curved surface area of the hawl,

9, Arighlcircular eviinder just encloses a sphete of
radiug r (see Fig. 13.22). Find

(i) surfage area of the sphere,
i} cwrved sarface area of the cylinder,
(i) ratio of the areas obtained in (1) and ().

Fig. 13.22
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13.6 Volume of a Cuboid

You have already leamt about volumes of certain figures (objects) in earlier classes.
Recall that solid objects occupy space. The measure of this occupied space is called
the Volume of the object.

Note : If an object is solid. then the space occupied by such an object is measured.
and is termed the Volume of the object. On the other hand, if the object is hollow, then
interior is empty. and can be filled with air, or some liquid that will take the shape of its
container, In this case, the voluime of the substance that can il the interior is called the
capacity of the container. In short, the volume of an object is the measure of the
space it occupies, and the capacity of an object is the volume of substance its interior
can accommodate. Hence, the unit of measurement of either of the two is cabic unit.

S0, if we were 1o talk of the volume of a cuboid, we would be considering the
measure of the space occupied by the cuboid.

Further, the area or the volume is measured as the magnitude of a region. So,
correctly speaking, we should be finding the area of a circular region, or volume of a
cuboidal region, or volume of a spherical region, ete. But for the sake of simplicity, we
say. find the area of a circle. volume of a cuboid or a sphere even though these mean
only their houndaries.

Ohserve Fig. 13.23. Suppose we say that the area of each rectangle is A, the
height up to which the rectangles are stacked is h and the volume of the cuboid is V.
Can you tell what would be the relationship between V, A and A7

The area of the plane region occupied by each rectangle x height
= Measure of the space occupied by the cuboid
So,wegelt Axh=V

That is, | Volume of a Coboid = base area x height = length x breadth x height

or | x b x h. where [, b and & are respectively the length. breadth and height of the
cuboid,
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Note : When we measure the magnitude of the region of a space, that is, the
space occupied by a solid. we do so by counting the number of cubes of edge of unit
length that can fit into it exactly, Therefore, the unit of measurement of volume is
cubic unit.

Again | Volume of a Cube = edge x edge x edge = o

where a is the edge of the cube (see Fig, 13.24). i
So, if a cube has edge of 12 cm,
then volume of the cube =12 % 12.% 12 cm? 2
= 1728 em’,
Recall that you have learnt these formulae in
earlier classes. Now let us take some examples to /
usirate the use of these formnlae: "

Fig. 13.24
Examplell : A wall of length 10 m was to be built across an open ground. The height
of the wall 15 4 m and thickness of the wall is 24 em, IT this wall is (o be built up with
bricks whose dimensions are 24 cm % 12 cm % & cm, how many bricks would be
required?

Solution : Since the wall with all its bricks makes up the space occupied by it, we
need to find the volume of the wall, which is nothing but a cuboid.
Here, Length= 10 m=1000 ¢m
Thickness = 24 em
Height= 4 m =400 cm
Therefore, Volume of the wall = length x thickness x height
= 1000 % 24 x 400 cm?
Now, each brick is a cuboid with length = 24 cm, breadth =12 ¢m and height = § cm
So. volume of gach brick = length x breadth x height
=24 %12 %8 cm®

volume of the wall
volume of each brick

S0, number of bricks required =

1000 3¢ 24 s 400
24dx12x 8

= 4166.6
So, the wall requires 4167 bricks.
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Ixample 12 : Achild playing with building blocks, which are
of the shape of cubes, has built a structure as shown in
Fig. 13.25, If the edge of each cube 15 3 cm, find the volume
of the structure built by the child,

Solution : Volume of each cube = edge x edge x edge

=3x3x3em*=27 cm’
Number of cubes in the structfure = 15
Therefore. volume of the stracture = 27 x 15 cm?®
= 405 cm?®

Fig. 13.25

EXERCISE 13.5

1. A matchbox measures 4 em = 2,5 ¢m x 1.5 cm. What will be the volume of a packet
containing 12 such boxes?

2. A cuboidal water tank is 6 mlong, 5 m wids and 4.5 m deep. How many litres of water
can ithold? (1 m®= 1000}

3. A cuboidal vessel is 10 m long and 8 m wide. How high must it be made to hold 380
cuhic meires of a liguid?

4. Find the cost of digoing a cuboidal pit 8 m long, 6 m broad and 3 m deep at the rate of
T30perm?,

5. The capacity of a cuboidal tank is 50000 litres of water. Find the breadth of (he tank,
if itz length and depth are respectively 2.5 m and 10 m.

0. Avillage, having a population of 4000, requires 150 litres of water per head per day. It
has a tank measuring 20 m x 15 m* 6 m. For how many days will the water of this tank
last?

7. A godown measures 40 m x 25 m = 15 m. Find the maximum number of wooden crates
sach measuring 1.5 m % 1.25 m % 0,5 m that can be stored in the godown.,

8. A solid cube of side 12 cm is cut into eight cubes of equal volome. What will be the
side of the new cube? Alzo, find the ratio between their surface areag.

8.  Ariver 3 mdeep and 40 m wide is flowing at the rate of 2 kom per hoor. How moch water
will fall into the ssa in & minete?

13.7 Volume of a Cylinder

Just as a cuboid is built up with rectangles of the same size, we have seen that a right
circular cylinder can be built up using circles of the same size. So, using the same
argument as for a cuboid, we cun see that the volume of a cylinder can be obtained
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as : base area x height
= area of circular base x heighl = ik

So, Volume of a Cylinder = mr?h

where r is the base radius and & is the height of the cylinder.

Example 1.3 : The pillars of a termple are cylindricalty
shaped (see Fig. 13.26). If each pillar has a circular
hase of radiug 20 em and height 10 m, how much
concrete mixture would be required to build 14 such
pillars?

Solution : Since the concrete mixture that is to be
used to build up the pillars is going (0 occupy the
entire space of the pillar, what we need to find here
is the volume of the cylinders. Fig. 13.26

Radins of base of a cylinder = 20 cm
Height of the cylindrical pillar = 10 pa = 1000 cm

S0, volume of each cylinder = nrih
2 i—zxzﬁxzﬂxlﬂm-:m’
8800000
— gl
7
B8 :
== m* (Since 1000000 ¢ = 1m)
Therefore, volume of 14 pillars = volume of each cylinder = 14
3.8
= —¥ |4 7
7
=17.6 m*

So, 14 pillars would need 17.6 m? of concrete mixture.

Example 14 : At a Ramzan Mela, a stall keeper in one
of the food stalls has a large cylindrical vessel of base
radius 15 cm filled up to a height of 32 cm with orange
juice. The juice is filled in small cylindrical glasses (see
Fig. 13.27) of radins 3 cm up to a height of 8 cm, and
sold for T3 each. How much money does the stall keeper
receive by selling the juice completely?
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Solution : The volume of juice in the vessel
= volume of the eylindrical vessel
= nR*H
(where R and H are laken as the radius and height respectively of the vessel)
=mwx15%x15x32em?
Similarly, the volume of juice each glass can hold = mrih
{where r and F are taken as the radius and height respectively of each glass)
=rxIxIxiem’
So, number of glasses of juice that are sold

volume of the weszel

volume of each glass

mx13x15x32
Tx3xIxE

= 100
Therefore, amount received by the stall keeper =3 3 x 100
=T 300

EXERCISE 13.6

22 .
Aszume T = T , unless stated otherwise,

1. Thecircomference of the base of a cylindrical vessel is 132 covand its height is 253 cm.
How many litres of water can it hold? [ 1000 em?® = 11}

2. The inner diameter of a cylindrical wooden pipe is 24 cm and its outer diameter is
28 o The length of the pipe i2 33 cn. Find the mass of the pipe, it 1 om?® of wood has
amass ol 0.6 g,

3. A soft drink i available in two packs — (i) a Uin ¢an with & regtangular base of length
5 cm and width 4 cm; having a height of 15 conand (ii) aplastic cylinder with circular
base of dismeter 7 cm and height 10 om. Which gontainer has greater gapacity and by
how much?

4. If the lateral surface of a cylinder is 94.2 cm® and its height is 5 cm, then find
ii1radins of its base (i) its volume, (Use m=3. 14
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5.

Tf

Tr costs ¥ 2200 to paint the inner curved surface of a cylindrical vessel 10 m deep. If
the cost of painting is at the rate of ¥ 20 per m?, find

(11 inner curved surface area of the vessel,

(1) radiug of the base,

(1ii} capacity of the vessel,

The capacity of a closed cylindrical vessel of height 1 mis 15.4 litvex. How many
square melres of metal sheet would be needed to make 17

A lead pencil consists of a cylinder of wood with a solid cylinder of graphite filled in
the interior. The diameter of the pencil is 7 mm and the diameter of the graphite is 1 mm.
If the length of the pencil s 14 cm, find the volume of the wood and that of the
graphite,

A patient in a hogpital i2 given soup daily in a cylindrical bowl of diameter 7 cm, If the
bowl is filled with goup 1o a height of 4 em, how much soup the hospital hag (o prepare
daily to serve 250 patients?

13.8 Volume of a Right Circular Cone

In Fig 13.28. can vou see that there is a right circular
eylinder and a right circular cone of Lthe same base
radius and the same height?

Fig. 13.28

Aetivity ¢ Try to make a hollow cylinder and a hollow cone like this with the same
base radius and the same height (see Fig. 13.28). Then, we can try out an experiment
that will help us, to see practically what the volume of a right circular cone would be!

ia} (b i}

Fig. 13.20
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So, let us start like this,

Fill the cone up to the brim with sand once, and empty it into the cylinder. We find
that it fills up only a part of the cylinder [see Fig. 13.2%{a}].

When we fill up the cone again to the brim. and empty it into the cylinder, we see
that the cylinder is still not full [see Fig. 13.29(b}].

When the cone is filled up for the third time, and emptied into the eylinder, it can be
seen that the cylinder is also full to the brim [see Fig. 13.29(c}].

With thizs, we can safely come to the conclusion that three times the volume of a
cone, makes up the volume of a cylinder. which has the same base radius and the
sarne height as the cone, which means that the volume of the cone is one-third the
volome of the cylinder.

1
So, Volume of a Cone = Em"h

where r is the base radius and k is the height of the cone.

Example 15 : The height and the slant height of a cone are 21 ¢cm and 28 cm
respectively. Find the volume of the cone,

Solution : From # =¢* + k!, we have

r= \{gl — R =.J282—21‘mnz7ﬁﬂm

1 1
So. volume of the cone = E'ﬁﬂh = E TX T*ﬁx T-»E %21 om?

=736 ¢ m?

Example 16 : Monica has a piece of canvas whose area is 551 m? She uses it to
have a conical tent made, with a base radius of 7 m. Assuming that all the stitching
marging and the wagtage incurred while cutting, amounts to approximately 1 ni?, find
the volume of the tent that can be made with it.

Solution : Since the area of the canvas = 5351 m?* and area of the canvas lost in
wastage 15 1 m®, therefore the area of canvas available for making the tent is
(551 — 1) m* = 550 m%

Now, the surface area of the tent = 550 m? and the required base radius of the conical
tent=7m

Note that a tent has only & curved surface (the floor of a tent is not covered by
canvas!l).
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Therefore, curved surface area of tent = 550 m?.

Thart is, el = 5350
22
or, — x7x%I=550
7
: P L
or, =3, m=25m
Now. E=r+ K
Therefore, h= P = = 25 - P m=,[625 - 49m =+/576m
=24m

1 1 22
So, the volume of the conical tent = En:rgh = EX TY-T %7 x24 m?= 1232 m?,

EXERCISE 13.7

Agsume 7T = ¥; unless stated gtherwize.

1. Find the volume of the right circular cone with

(i} radins 6 cm, height 7ocm (o) radivs 3.5 gm, height 12 cm

2. Find the capacity in litres of 2 conical vessel with
(i radios 7 eny, slantheight 25 cm {ii} height 12 cm, slancheight 13 em

3. The heighl of a cone is 15 cm. I ils volume is 1570 em?, find the radius of the base.
iUsem=3.14)

4, Ifthe volome of a right circudar cone of height 9 cm is 48 mom?, find the diameter of its
base.

5. Aconical pit of top diameter 3.5 mis 12 m dsep. What is its capacity in kilolites?

6. The volume of a right cireular cone is 9856 em?. If the diameter of the base is 28 em,
find
fiv  height of the cone (i) slant height of the cone
(iif} curved surface area of the cone

7. Aright friangle ABC with sides 5 o, 12 cmand 13 em is revelved about the side 12cm.
Find the volume of the solid so obtained,

8. If the triangle ABC n the Question 7 above is revolved about the gide 5 cm, then find
the volume of the solid so obtained. Find also the ratio of the valumes of the two
salids obtained in Questions 7 and &

9. A heap of wheat iz in the form of a cone whose diameter is 10.5 m and height i5 3 m.

Find its volume. The heap is 1o be covered by canvas {0 protect it from rain. Find the
area of the canvas required,



234 MATIIEMATICS

13.9 Volume of a Sphere

Now, let us see how to go about measuring the volume of a sphere. First, take two or
three spheres of different radii, and a container big enough to be able to put each of
the spheres into it. one at a time. Also, take a large trough in which vouo can place the
container. Then, fill the container up to the bnim with water [see Fig. 13.304a)].
Now, carefully place one of the spheres in the container. Some of the water from
the container will over flow into the rough in which it is kept [see Fig. 13.30(b}].
Carefully pour out the water from the trough into a measuring cylinder (i.e., a graduated
cylindrical jar) and measore the water over flowed [see Fig. 13.30(c)]. Suppose the
radius of the imumersed sphere is » (vou can find the radius by measuring the diameter

4
of the sphere). Then evaluae > nit. Do you find this value almost equal to the
measure of the volume over flowed?

SRR
m
@ . : .
(2} ()

j"—_____-ll"
Once again repeal the procedure done just now, with a different size of sphere.

(b)
Fig. 13.30

4
Find the radius R of this sphere and then calculate the value of gnki » Once again this

value is nearly equal to the measure of the volume of the water dizplaced {over tlowed)
by the sphere. What does this tell us? We know that the volume of the sphere is the
same as the measure of the volume of the water displaced by it. By doing this experitaent
repeatedly with spheres of varying radii, we are getting the same result, namely, the

4
volume of a sphere is equal to 3 T times the cube of its radins. This gives us the idea
that

4
Volume of a Sphere = Eﬂrl

where ris the radius of the sphere.

Later. in higher classes it can be proved also. Buol al this stage, we will just take it
ag true.
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Since a hemisphers is half of a sphere, can vou guess what the volume of a

; ; L R
hemisphere will be? Yes, itis EUf 3 nr o= Em“*.

2
S0, | Volume of a Hemisphere = EKFS

where ri3 the radius of the hemisphere,
Let us lake some examples (o illusirale the use of these formulae.

Example 17 : Find the volume of a sphere of radius 11.2 em,

4
Solution : Required volume = 3 nrd

= ;x%xlllxlllxlll cm’ = 5887.32 cm’

Example 18 : A shot-putt is a metallic sphere of radius 4.9 em. If the density of the
metal is 7.8 g per cm’, find the mass of the shot-putt.

Solution : Since the shot-putt is a solid sphere made of metal and its mass is equal to
the product of its volume and density, we need to find the volume of the sphere.

4
Now, volume of the sphere = Em’]

.= ENENEJ-.QX-‘-LQ}E 4.9 e’
F 7

= 493 cmy* (nearly)
Further, mass of 1 cm® of metal is 7.8 g.
Therefore, mass of the shot-putt = 7.8 x 493 g
= 384544 g = 3.85 kg (nearly)

Example 19 : A hemispherical bowl has a radius of 3.5 con. What would be the
volume of water it would contain?

Solution : The volume of water the bowl can contain
Zar
3

2 22
EX Tx 35x35%35 omf =898 cm?
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10.

11

EXERCISE 13.8

22
Assume m= —?' . unless stated otherwise.

Find the volame of a sphere whose radiog is

iy Feom (i) 0.63m

Find the amount of water displaced by a solid spherical ball of diameter

fif 28cm (i) 021m

The diameter of a metallic ball is 4.2 cm. What i5 the mass of the ball, if the density of
the metal iz 8.9 g peron®?

The diameter of the moon is approximately one-fourth of the diameter of the earth.
What fraction of the voluimme of the earth is the volume of the moon?

How many litres ol milk can a hemigpherical bow] of diameter 10.5 cm hold?

A hemispherical tank i3 made up of an iron sheet 1 cm thick. If the inner radius is 1 m,
then find the volume of the iron used to make the (ank.

Find the volume of a sphere whose surface area is 154 cm?®,

A dome of a building iz in the form of & hemigphere. From ingide, it wag white-washed
at the cost of T498.946. IF (he cost of white-washing i ¥ 2.00 per square meire, find the
iy nside suwface area of the dome, it} vohime of the air inside the dome.

Twenty seven solid iron spheres, each of radios r and swiface area 5 are melted to
form a sphere with swrface area 8°. Find the

i1t radius r* of the new sphere, {ii) ratio of S and 5°,

A capsule of medicine is in the shape of a sphere of diameter 3.3 mm. How much
medicine (1n mm?) is needed 1o fill this capsule?

EXERCISE 13.9 (Optional)*

A wooden bookshelf haz external dinensions as
follows: Height = 110 ¢m, Depth = 25 cm,
Breadih =85 cm (see Fig, 13.31). The thickness of
the plank is 5 cm everywhere, The external faces
are to be polished and the inner faces are to be
painted, If the rate of polishing is 20 paise per

em?® and the rate of painting is 10 paise per em?, %o
find the total expenses required for polishing and
painting the suiface of the bookshelf,

25 ¢m

*These exercises are not from examination paint of view.

Fig. 13.31
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2. The front compound wall of a house is
decorated by wooden zpheres of diameter
21 om, placed on small supporis ag shown in
Fig. 13.32. Eight such spheres are used for this
purpose, and are to be painted silver. Each
supportis a evlinder of radins 1.5 em and height
T cm and 1% to be painted black. Find the cost
of paint required if silver painl costs 25 paize Fig. 13.32
per cin? and black paint costs 5 paise per cm?,

I Em PG S EF

3. The diameter of a sphere is decreased by 23%. By what per cent does its curved
surface arca decrease?

[3.10 Surmemnary

In this chapter, you have studied the following points:
1. Surface area of a cuboid = 2 (Ib + bh + ki)
2. Surface arcaof a cube = 6a*
3.  Carved surface area of a cylinder = 2mh
4. Total surface area of a cylinder = 2me(r + It
5. Carved surface area of a cone =
Total surface area of a right circolar cone =1of + w?, Le., 1w ([ +7)
7. Surface area of a sphere of radivsr=4
Curved surface area of a hemisphere = 2w
Total surlace area of a hemisphere = 3ot
10. Volume of acubpid=Ixb xh
11. Volume of a cube =g’
12. Volume of a cylinder = xh

1
13. Volume of acone = Eﬂ:r’fr

4
14. Volume of a sphere of radinsr = ;m—*

-

2
15. Volume of a hemisphere = ;m-"'

[Here, letters L b, k, a. r, etc. have been used in their usual raeaning, depending on the
context.)
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[
14.1 Introduction

Everyday we come across a lot of information in the form of facts, numerical figures,
tables, graphs. etc. These are provided by newspapers, televisions, magazines and
other means of communication, These may relate to crickel batting or bowling averages,
profits of a company, temperatures of cities, expenditures in various sectors of a five
yvear plan, polling resulis. and so on. These facts or figures, which are numerical or
otherwise, collected with a definite purpose are called data. Data is the plural form of
the Latin word datum, Of course, the word “data’ is not new for you. You have
studied about data and data handling in earlier classes.

Our warld is becoming more and more information orented. Every part of our
lives ntilizes data in one form or the other. So, it becomes essential for us to know how
to extract meaningful information from such data. This extraction of meaningful
information is studied in a branch of mathematics called Sratisrics.

The word ‘statistics” appears to have been derived from the Latin waord ‘status’
meaning ‘a (political) state’. In its origin, statistics was simply the collection of data on
different aspects of the life of people, useful to the State. Over the period of time,
however, its scope broadened and statistics began to concern itself not only with the
collection and presentation of data but also with the interpretation and drawing of
inferences from the data. Statistics deals with collection, organisation, analysis and
interpretation of data. The word “statistics’ has different meanings in different contexts.
Let us observe the following sentences:

1. May I have the latest copy of ‘Educational Statistics of India’.

2. T Hke to study “Statistics’ because it is used in day-to-day life.
In the first sentence. statistics is used in a plural sense, meaning numerical data. These
may include a number of educational institutions of India, literacy rates of various
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states, etc. In the second sentence, the word ‘statistics’ 15 used as a singular noun,
meaning the subject which deals with the collection, presentation, analysis of data as
well as drawing of meaningful conclusions from the data.

In this chapter, we shall briefly discuss all these aspects regarding data.

14.2 Collection of Data

Let us begin with an exercise on gathering data by performing the following activity.

Activity 1 : Divide the students of your class into four groups. Allot each group the
work of collecting one of the following kinds of data:

(i} Heights of 20 students of your class.

{ii) Number of absentees in each day in your class for a month,
{ifi) Number of members in the families of vouor classmates.

{iv) Heights of 15 plants in or around your school.

Let us move to the results students have gathered. How did they collect their data
in each group?
(i} Did they collect the information from each and every stmdent, house or person
concerned for obtaining the information”
{ii) Did they get the information from some source like available school records?

In the first case, when the information was collected by the investigator hersell or
himself with a definite objective in her or his mind, the data obtained is called primary
datea,

In the second case, when the information was gathered from a source which
already had the information stored, the data obtained is called secondary data. Such
data, which has been collected by someone else in another context, needs to be used
with great care ensuring that the source is relizble,

By now, you must have understood how to collect data and distinguish between
primary and secondary data.

EXERCISE 14.1
1. Give live examples of data that vou can collect from vour day-to-day life.
2, Classify the data in Q.1 above as primary or secondary data.
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14.3 Presentation of Data

As soon as the work related to collection of data is over, the investigator has to find out
ways to present them in a form which is meaningful, easily understood and gives ity
main featres at a glance. Let us now recall the various ways of presenting the data
through some examples.

Example 1 : Consider the marks obtained by 10 smdents in 8 mathematics test as

given below:
35 36 9% 73 60 42 25 78 15 62

The data in this form is called raw daza.
By looking at it in this form, can vou find the highest and the lowest marks?

Did it take you some time to search for the maxinum and rinimum scores? Wouldn't
it be less time consuming il these scores were arranged in ascending or descending
order? So let us arrange the marks in ascending order as

25 36 42 3 60 62 73 75 78 95
Now, we can clearly see that the lowest marks are 25 and the highest marks are 93,

The difference of the highest and the lowesl values in the data is called the range of the
data, So, the range in this case 15 95 — 25 = 70,

Presentation of data in ascending or descending order can be quite time consuming,
particularly when the number of observations in an experiment is large, as in the case
of the next example.

Example 2 : Consider the marks obtained (out of 100 marks) by 30 students of Class
IX of a school:

0 20 3 92 9 4 50 56 60 7

92 B8 B 70 72 W0 3 40 36 40

92 40 5 S50 56 60 70 60 60 88

Recall that the number of sudents who have obtained a certain number of marks is
called the frequency of those marks. For ingtance, 4 students got 70 marks. So the
frequency of 70 marks is 4. To make the data more easily understandable, we write it



STamsncs 4

in a table, as given below:

Table 14.1

Marks Number of students

(i.e., the frequency)
10 1
20 1
36 3
40 4
50 3
56 2
6l 4
70 4
T2 1
80 1
85 2
€« 3
95 1
Total 30

Table 14.1 is called an ungrouped frequency distribution table, or simply a frequency
distribution table, Note that you can use also rally marks in preparing these tables,
as in the next example.

Example 3 : 10] plants each were planted in 100 schools during Van Mahotsava.
After one month, the number of plants that survived were recorded as ;

95 67 28 32 65 65 69 33 98 96
76 42 32 38 42 40 40 6% 95 92
75 a3 76 a3 a5 62 37 65 63 42
89 65 73 81 49 52 64 76 83 92
93 o8 52 Y g1 43 349 82 75 82
86 90 et 62 3 36 38 42 39

87 36 58 23 35 76 83 85 30 68
Y 83 80 43 45 39 83 75 66 83
92 75 RO 66 01 27 88 89 93 42
53 69 o0 55 66 49 52 83 34 36
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To present such a large amount of data so that a reader can make sense of it easily,
we condense it into groups like 20-29, 30-39, ., ., 90-99 (zsince our data is from
23 to 98). These groupings are called ‘classes’ or “class-intervals’, and their size is
called the class-size or class width, which is 10) in this case. In each of these classes,
the least number is called the lower class limir and the greatest number is called the
upper class limit, €.g., in 20-29, 20 is the “lower class limit" and 29 is the "upper class
linnit",

Also, recall that using tally marks, the data above can be condensed in tabular
form as follows:

Table 14.2
Number of plants | Tally Marks |[Number of schools

survived (frequency)
20 -29 [[} 3
30-30 W 14

40 - 49 T 12
50-59 o 8
'ﬁﬂ-ﬁﬂ M N 18
70-79 M 10
Eﬁ-ﬂg M T IR 25

90 - 99 TR 12

Total 100

Prezenting data in this form simplifies and condenses data and enables us to observe
certain important features at a glance, This is called a grouped frequency distribution
tetble. Here we can easily observe that 50% or more plants survived in 8 + 18 + 10 +
23 + 12 =71 schools.

We observe that the classes in the table above are non-overlapping. Note that we
could have made more clagses of shorter size, or fewer classes of larger size also. For
instance, the intervals could have been 22-26, 27-31, and so on. So, there is no hard
and fast rule aboul this except that the classes should not overlap.

Example 4 : Let us now consider the following frequency distribution table which
gives the weights of 38 stodents of a class:
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Table 14.3

Weights (in kg) Number of students
31-35 9
36- 40 5
41-45 14
46 - 50 3
51=53 1
56 60 2
61 - 65 2
66- 70 1
71-75 1
Total 38

Now, if two new students of weights 35.5 kg and 40.5 kg are admitied in this class,
then in which interval will we include them? We cannot add them in the ones ending
with 35 or 40, nor to the following ones. This is because there are gaps in between the
upper and lower limits of two consecutive classes. So. we need (o divide the intervals
so that the upper and lower limits of consecutive intervals are the same. For this, we
lind the ditference between the upper limit of a class and the lower limat of its succesding
class. We then add half of this difference to each of the upper limits and subtract the
same from each of the lower limnits,

Forexample, consider the classes 31 - 35 and 36 - 40.
The Tower limit of 36 - 40 =306
The upper limitof 31 - 35 =35
The difference =36 -35=1

L

Sa, half the difference = = 0.5

So the new class interval formed from 31 -35 15 (31 -0.5) - (35 +0.5), ie, 30.5 - 35.5.

Simnilarly, the new class formed from the class 36 - 40 is (36 — 0.5) - (40 + 0.3), ie.,
35.5 -40.5,

Continuing in the same manner. the continuous clagses formed are:

30.5-35.5, 35.5-40.5, 40.5-45.5, 45.5-50.5, 50.5-55.5, 55.5-60.5,
60.5 - 65.5; 655-70.5, 70.5-73.5.
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Now 1118 possible for us o include the weights of the new students in these classes.
But, another problem crops up because 35.5 appears in both the classes 30.5 - 35.5
and 35.5 - 40.5. In which class do you think this weight should be considered?

Il'it 35 considered in both classes, it will be counied Lwice,

By convention. we congider 35.5 in the class 35.5 - 40.5 and not in 30.5 - 35.5.
Similarly, 40.5 is considered in 40.5 - 45.5 and not in 35.5 - 40.5,

So, the new weights 35.5 ko and 40.5 kg would be included in 35.5 - 40.5 and
40.5 - 45.5, respectively. Now, with these assumptions, the new frequency distribution
table will be as shown below:

Table 14.4
Weights (in kg} Number of students

30.5-35.5 9
355405 G
40.5-45.5 15
45.5-50.5 3
50.5-55.5 1
55.5-60.5 2
60.3-63.5 2
$3.5-70.5 |
70.5-75.5 j i

Total 40

Now, let us move to the data collected by vou in Activity 1. This time we ask you to
present these as frequency distribution tables.

Activity 2 : Continuing with the same four groups. change your data to frequency
cisiribution tables. Choose convenient classes with suitable class-sizes. keeping in mind
the range of the data and the type of data.
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EXERCISE 14.2
The blood groups of 30 students of Class VI are recorded as follows:
ABOOABOAOCBAOCEAQO,
AAB O A A 0,0,AB.B.A OB AEB,. O

Represent thiz data in the form of a frequency distribution table, Which iz the most
common, and which i the raresl, blood group among these students?

The distance {in km) of 40 engineers from their residence (o their place of work were
found as follows:

3 3 10 2 A | 13 T 12 3
LU (1] 12 17 B 1 z 17 16 2
7 g 7 8 3 5 12 15 I3 3
2 4 2 9 & 13 15 T ] 1’

Construet a groupsed frequency distribution table with class size 5 Tor the data given
above laking the first interval as 0-5 (5 nol included), What main featurss do you
observe from this tabular representation?

The relative humidity (in %) of a certain ity for a month of 30 days was as follows:

5951 SBe6 992 BO3 BG5S 953 929 963 MI 95]
392 %3 Wl w5 Wy 951 72 B33 w52 973
962 921 849 o902 957 983 973 o061 921 89

iy Construct a grouped frequency distribution table with classes 84 - 86, 86 - 85, etc.
i} Which month or season do you think this data is about?
fiiiy What is the range of this data?

The heights of 50 students, measurad 1o the nearest centimetres, have been found to
be as follows;

161 30 1 165 168 L&l 14 e 130 15
62 1 171 165 158 154 156G 172 160 '
153 152 18l 1m 162 165 156 |68 s I
1M 132 15 136 158 la2 180 161 173 166
161 1% 162 167 168 159 153 153 I 18

iy Represent the data given above by a grouped frequency distnbution table, taking
the class intervals ag 160 - 163, 165 - 170, etc.

(i} What can vou conclude aboul their heights from the (able?

A stody was conducted to find out the concentration of sulphur dioxide in the airin
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parts per million (ppm) of a certain city. The data obtained for 30 days 15 as follows:

0.03 0.08 0.08 000 0.04 017
0.16 0.05 002 0.06 0.18 020
011 0.08 0.12 0.13 022 007
0.08 0.01 0.10 0.06 0.09 0.18
0.11 0.07 005 007 001 0.04

i) Make a grouped [requency distribution (able for this data with class intervals as
(000 - 0.0, 0,04 - 0,08, and so on.

(i} For how many days. was the concentration of sulphur dioxide mors than .11
parts per million?

Three coing were tossed 30 times simultanegusly, Each time the number of heads
oocurring was noted down as follows:

] L 2 2 1 P 3 ] 3 )
1 3 1 1 2 2 0 1 2 1
3 o ] l I 2 3 2 2 i)

Prepare a frequency distribution table for the data given above.
The valus of m upto 50 decimal places is given below:
3, 1415926335R079323 84626433832 79502884 1 07 15939937510
iy Make a frequency distribution of the digits from 0 1o 3 after the decimal point.
(i) What are the most and the least fregquently occorming digits?
Thirty children were asked about the number of hours they watched TV programmes
in the previous week, The results were found as follows:
1 i) 2 3 5 12 5 B 4 B
I 3 4 12 2 g 15 1 17 6
3 2 8 5 g & g 7 14 12
(it Make a grouped frequency disiribution table for this data, taking class width 3
and one of the class intervals as 5 - 1.
(i) How many children watched tzlevision for |5 or more hours a week?
A company manufactures car batteries of a particular type. The lives (in years) of 40
such batteries were recorded as follows:
26 an 37 32 22 41 35 45
35 23 32 34 33 32 46 37
25 44 34 33 29 30 43 28
33 32 35 32 32 il 37 34
4.4 38 32 206 35 42 29 36

Construct a grouped frequency distribution able for this data, using class intervals
of size 0.5 starting from the interval 2 - 2.5,
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14.4 Graphical Representation of Data

The representation of data by tables has already been discussed. Now let us tum our
attention to another representation of data, i.e., the graphical representation. It is well
said that one picture is better than a thousand words. Usually comparisons among the
individual items are best shown by means of graphs. The representation then becomes
easier {o understand than the actual data. We shall study the following graphical
representations in this section.

(A) Bar graphs

(B} Histograms of uniform width, and of varying widths

{C) Frequency polygons
{A) Bar Graphs

In earlier classes, you have already studied and constructed bar graphs, Here we
shall discuss them through a more formal approach. Recall that a bar graph is a
pictorial representation of data in which usually bars of uniform width are drawn with
equal spacing between them on one axis (say, the v-axiz), depicting the variable. The
values of the variable are shown on the other axis (say, (he y-axis) and the heights of
the bars depend on the values of the variable.

Example 5 : In a particular section of Class [X. 40 students were asked about the
mionths of their birth and the following graph was prepared for the data so obtained:

Ll

>
1

PSR . N TSR T TR

MNumber of Studenis

',
(=5
=L

£
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Feh.
b
[vlaw

Tun
Tuly

Aug.
v Sep

Chet
N
Diae

Manths of Baih
Fig. 14.1
Observe the bar graph given above and answer the following questions:
(i}  How many students were born in the month of November?
{ii} In which month were the maximum namber of students born?
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Solution : Note that the vaniable here is the ‘month of birth’, and the value of the
wvariable is the ‘NMumber of students born’.

(1} 4 students were bom in the month of November.
{1i) The Maximum number of students were born in the month of August.
Let us now recall hosw a bar graph is constructed by considering the following example.

Example 6 : A family with a monthly income of Rs 20,000 had planned the following
expenditures per month under various heads:

Table 14.5
Heads Expenditure
(in thousand rupees)
Grocery 4
Rent 5
Education of children =
Medicine 2
Fuel 2
Entertainment 1
Miscellaneous 1

Draw a bar graph for the data above.
Solution : We draw the bar graph of this data in the following steps. Note that the unit
in the second column is thousand rupees. So, "4’ against "grocery” means Rs 4000,

1. 'We represent the Heads (variable) on the horizontal axis choosing any scale,
since the width of the bar is not important. But for clarity, we take equal widths
for all bars and maintain equal gaps in between, Let one Head be represented by
one unit.

2, 'We represent the expenditure (value) on the vertical axis. Since the maxinmm
expenditore 15 s 5000, we can choose the scale as 1 unit = Rs 1000

3. To represent our first Head, i.e., grocery, we draw a rectangular bar with width
1 unit and height 4 units.

&4, Similarly, other Heads are represented leaving a gap of | unit in between two
consecutive bars,

The bar graph is drawn in Fig, 14,2,
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Tere, you can easily visualise the relative characteristics of the data at a glance, e.g.,
the expenditure on education is more than double that of medical expenses. Therefore,
in some ways il serves as a better representation of data than the tabular form.

Activity 3 : Continuing with the same four groups of Activity 1, represent the data by
suitable bar graphs.

Let us now see how a frequency distribution table for continmeous class intervals

can be represented graphically.

{B) Histogram

This is a form of reprezentation like the bar graph, but it is used for continuous class
intervals, For mstance, consider the frequency distribution Table 14.6, representing
the weights of 36 students of a class:

Table 14.6

Weights (in kg) | Number of students
30.5-35.5
35.5-40.5
405-455
45.5-505
505-555
33.5-603
Total

Rl ~w oo
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Let us represent the data given above graphically as follows:

(i) Werepresent the weights on the horizontal axis on a suitable scale. We ean choose
the scale as | cm =5 kg, Also, since the first class interval is starting from 30.5
and not zero, we show it on the graph by marking a &ink or a break on the axis.

(i) We represent the number of students (frequency) on the vertical axis on a suitable
scale. Since the maximum frequency is 15, we need to choose the scale (o
accomodate this maximum frequency.

(i) We now draw rectangles (or rectangular bars) of width equal to the class-size
and lengths according to the frequencies of the corresponding class intervals. For
example, the rectangle for the class interval 30.5 - 35.5 will be of width | cm and
length 4.5 em.,

{iv) In this way, we obtain the graph as shown in Fig. 14.3:

4
N ol6t

Mumber of Students

WS 355 405 455 505 555 605 655

Weights (inkg) ——>
Fig. 14.3

Observe that since there are no gaps in between consecutive rectangles. the resultant
graph appears like a solid figure. This is called a histogram, which is a graphical
representation of a grouped frequency distribution with continuous classes, Also, unlike
a bar graph, the width of the bar plays a significant role in its construction.

Here, in fact, areas of the rectangles erected are proportional to the corresponding
frequencies. However, since the widths of the reciangles are all equal. the lengths of
the rectangles are proportional to the frequencies. That is why, we draw the lengths
according to (iii) above.
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Now, consgider a situation different, [rom the one above,

Example 7 : A teacher wanted to analyse the performance of two sections of students
in a mathematics test of 1{0) marks. Looking at their performances, she found that a
few students got under 20 marks and a fe'w got 70 marks or above. So she decided to
group them into intervals of varying sizes as follows: 0 - 20. 20 - 30. . . ., 60 - 70,
70 - 100, Then she formed the following table:

Table 14.7

Marks Number of students
0-20
20-130
30-40
40 - 50
50-60
60- 70
70 - abave
Total

BlemB2BEB55 4

A histogram lor this table was prepared by a student as shown in Fig. 14.4.
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Fig. 14.4
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Carefully examine this graphical representation. Do vou think that it correctly represents
the data? No, the graph is giving us a misleading picture. As we have mentioned
earlier, the areas of the rectangles are proportional to the frequencies in a histogram.
Earlier this problem did not arise, because the widths of all the rectangles were equal.
But here; since the widths of the rectangles are varving, the histogram above does not
give a correct picture, For example, it shows a grealer frequency in the interval
T0 - 100, than in 60 - 70, which is not the case,

So, we need to make certain modifications in the lengths of the rectangles so that
the areas are again proportional to the frequencies.

The steps to be followed are as given below:

1. Select aclass interval with the minimum class size, In the example above, the
minimum class-size is 10,

2, The lengths of the rectangles are then modified to be proportionate to the
class-size 10.

For instance, when the class-size is 20. the length of the rectangle is 7. So when

7
the clags-size 1s 10, the length of the rectangle will be 20 % 10=3.5.

Similarly, proceeding in this manner, we get the following table:

Table 14.5
Marks Frequency | Widthof | Length of the rectangle
the class
0-20 7 20 L % 10=35
zn - T
20-30 10 10 E}* x10=10
= 0 =
. 10
30-40 10 10 0 x 10=10
20
40-50 20 10 0 ¥ 10=20
. 20
50-60 20 10 E »*10=20
. 15
6l - 70 15 10 el 10=15
8
70- 100 8 30 E ® 10 =267
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Since we have calculated these lengths for an interval of 10 marks in each case,
we may call these lengths as “proportion of students per 10 marks interval”,

So, the correct histogram with varying width is given in Fig. 14.5.
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Fig. 14.5

{C) Frequency Polygon

There is vet another visnal way of representing quantitative dara and its frequencies.
This is a polygon. To see what we mean. consider the histogram represented by
Fig. 14.3. Let us join the mid-points of the upper sides of the adjacent rectangles of
this histogram by means of line segments. Let us call these mid-poinis B, C, D, E. F
and G When joined by line segments. we obtain the figure BCDEFG (see Fig. 14.6).
To complete the polygon, we assume that there 15 a class interval with frequency zero
before 30.5 - 35.5, and one after 55.5 - 60.5, and their mid-points are A and H,
respectively. ABCDEFGH is the frequency polygon corresponding to the data shown
in Fig. 14.3. We have shown this in Fig. 14.6.
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Iig. 14.6

Although, there exists no class preceding the lowest class and no class succeeding
the highest clasgs, addition of the twa class intervals with zero frequency enables us to
make the area of the frequency polygon the same as the area of the histogram. Why
15 this so? (Hint : Use the properties of congruent triangles.)

Now, the question arises: how do we complete the polygon when there i5 no class
preceding the first class? Let us consider such a situation.

Example 8 : Consider the marks, out of 100, obtained by 51 students of a class ina
test, given in Table 14.9.
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Tahle 14.9

Marks Number of students
0-10 5

10-20
20-30
30 - 40
40-50
50- 60
60 - 70
70 - 80
B0 -90

90 - 100
Total

o
=

O B oy B

i

Draw a frequency polygon corresponding to this frequency distribution table.

Solution : Let us first draw a histogram for this data and mark the mid-points of the
tops of the rectangles as B, C. D, E, F, G H, I, J, K. respectively, Here. the first class is
0-10. So, to find the class preceeding 0-10, we extend the horizontal axis in the negative
direction and [ind the mid-point of the imaginary class-interval (=10) - (. The first end
point, i.e., B is joined to this mid-point with zero frequency on the negative direction of
the horizontal axis. The point where this line segment meets the vertical axis is marked
as A, Let L be the mid-point of the class succeeding the last ¢lass of the given data,
Then OABCDEFGHITEL is the frequency polygon, which is shown in Fig. 14.7,
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Fig. 14.7
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Frequency polygons can also be drawn independently withour drawing
histagrams. For this, we require the mid-points of the class-intervals used in the data.
These mid-points of the class-intervals are called class-marks.

To Gind the class-mark of a class interval, we find the sum of the upper limit and
lower limit of a class and divide it by 2. Thus,

2

Class-mark =
Let us consider an example.

Example 9 : In a city, the weekly observations made in a study on the cost of living
index are given in the following table:

Table 14.10
Cost of living index Number of wecks

140- 150 .,
150 - 160 10
160 - 170 20
170 - 180 9
180- 190 6
190 - 200 2

Total 52

Draw a frequency polygon for the data above (without constructing a histogramy),

Solution : Since we want (o draw a frequency polygon without a histogram. let us find
the class-marks of the classes given above, that is of 140 - 150, 150 - 160,....

For 140 - 150, the upper limit = 150, and the lower limit = 140
150 + 140 a 290
2 T2

Coninuing in the same manner, we find the class-marks of the other classes as well.

S0, the class-mark = = |45,
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So, the new table obtained 18 as shown in the following table:

Table 14.11

Classes Class-marks Frequency
140 - 150 145 5
150- 160 155 10
160- 170 165 20
170 - 180 175 0
180- 190 185 6
190 - 200 195 2

Total 52

We can now draw a frequency polvgon by plotting the class-marks along the horizontal
axis, the frequencies along the vertical-axis, and then plolung and joining the points
B(145, 5), C(155,10), D{165, 20). E( 175, 9). F{185, 6) and G(195, 2) by line segments.
We should not forget to plot the point corresponding to the class-mark of the class
130 - 140 (just before the lowest class 140 - 150) with zero frequency, that is,
A(135, 0), and the point H (203, 0) occurs immediately after G(195, 2). So, the resultant
frequency polygon will be ABCDEFGH (see Fig. 14.8).
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Frequency polygzons are used when the data is continuous and very large. It is
very usefil for comparing twao different sets of data of the same natre, for example,
comparing the performance of two different sections of the same class.

EXERCISE 14.3

1. A survey conducted by an organisation for the cause of illness and death among
the women between the ages 15 - 44 (in years) worldwide, found the following

figures (in %)
S.No. | Canses Female fatality rate (%)
1. | Reproductive health conditions 318
2 Neurapsychiatric conditions 254
3 Tnjuries 124
4. | Cardiovascular conditions 43
5, Respiratory conditions: 41
6. Other causes 220

i1y Represent the information given above graphically.

it} Which condition is the major cause of women's ill health and death worldwide?

i) Try to fingd out, with the help of your t2acher, any two factors which play a major
role in the canse in (it} above being the major canse.

2. The following data on the number of girls (o the nearest ten) per thonsand boys in
different sections of Indian society is given below.

Section

Number of giris per thousand boys

Scheduled Caste (SC)
Scheduled Tribe (ST)
MNon SC/ST

Backward districts
Non-backward districts
Rueal

Utrban

S B &883E

910
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(i) Represent the information above by a bar graph.
(it In the clagsroom discuss what conclusions can be arrived at from the graph.

Given below are the seats won by different political parties in the polling outcome of
a state assembly elections:

Political Party A B C D E F
Seats Won 75 5 i 14 2 10

i1y Diraw a bar graph to represent the polling results.
iy Which political party won the maximum number of seats?

The length of 40 leaves of a plant are measured corvect to one millimetre, and the
obtained data iz representad in the following table:

Length (in mm) Number of leaves
118-126
127-135
136144
145-152
154-162
163-171
172-180

B3 4 th B0 @

{i' Draw a histogram o represent the given data. [Hint: First make the class intervals
continuous]

i) 1z there any other suitable graphical representation for the same data?

(iii) Is it gorrect to conclude that the maximum number of leaves are 153 mm long?
Why?

The following table gives the life times of 400 neon lamps:

Life time (in hours) Number of lamips
300-400 14
400- 500 5
500- 600 &)
600- 700 8
700 - 500 74
200 -900 &
900 - 1000 a8
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(i} Represent the miven information with the help of a histogram.

(i) How many lamps have a life time of more than 700 hours?

6. The following table gives the distribotion of stdents of two sections according o

the marks obiained by them:
Section A ‘Section B

Marks Freguency Muarks Frequency

0-10 3 o-10 &
10-21 g 10-20 19
20-30 17 20-30 15
3040 L"! 30-40 14
40- 50 0 40-50 1

Repregent the marks of Lhe students of bolh the seclions on the same graph by two
frequency polygons. From the two polygons compars the performance of the two

gechions.

7. Theruns scored by two teams A and B on the first 60 balls in a cricket match are given

below:

Number of balls

>

Team B

1-6
7-12
13-18
19-24
25-30
31-36
a7-42
43-48
43-54
55-60

B OnCi et dpee s b E

oo b WO e e

Represent the data of both the teams on the same graph by frequency polygons.

[Himt : First make the class intervals continuous.]
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8. A random swrvey of the number of children of various age groups playing in a park

was found as follows:

Age (in years) Number of children
g 5
M 3
3.5 6
57 2
T-10 [}
10-15 10
15-17 4

Draw a histogram to represent the data above,

9. 100 surnames were randorly picked up from alocal telephons directory and a fraquency
diztribution of the number of letters in the English alphabel in the surnames was found

as follows:

Number of letters

Number of surnames

L- 4

-8
8-
12-2

4.6

s -

(it Draw ahistogram to depict the given information.

i) Write the class interval in which the maximum number of surnamss lie,

14.5 Measures of Central Tendency

Earlier in this chapter, we represented the data in various forms through frequency
distribution tables, bar graphs, histograms and frequency polygons. Now, the question
arises if we always need to study all the data to “malke sense’ of it, or if we can make
out some important features of it by considering only certain representatives of the

data. This is possible. by using measures of central tendency or averages.

Consider a situation when two students Mary and Hari received their test copies.
The test had {ive questions, each carrving ten marks. Their scores were as follows:

Question Numbers | 1 2 3 i 5
Mary’s score 10 8 9 8 7
Hari’s score 4 T 10 10 10
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Upon getting the test copies, both of them found their average scores as follows:

42
Mary's average score = "5- =84
; 41
Hari's average scoie = 5 B2

Since Mary's average score was more than Hari's. Mary claimed to have performed
better than Hari, but Hari did not agree. He arranged both their scores in ascending
order and found out the middle score ag given below:

Mary's Score | 7 § 9 | 10

Hari’s Score 4 7 0| 10

Hari said that since his middle-most score was 10, which was higher than Marys
middle-most score, that is §, his performance should be rated better,

But Mary was not convineed. To convinee Mary, Harl tried out another sirategy.
Te said he had scored 10 marks more often (3 times) as compared o Mary who
scored 10 marks only once, So, his performance was better,

Now, to settle the dispute between Hari and Mary, let us see the three measures
they adopted to make their point.

The average score that Mary found in the first case is the mean. The ‘middle’
score that Hari was using for his argument is the median. The most often scored mark
that Hari used in his second strategy is the maode,

Now, let us first look at the mean in detail,

The mecan {or average) of a number of observations is the sum of the values of
all the observations divided by the total mumber of observations.

It is denoted by the symbol x , read as “x bar’.

Let us consider an example.
Exnmple 14 ; 5 people were asked about the time in a week they spend in doing
social work in their commumity. They said 10, 7, 13, 20 and 15 hours, respectively.
Find the mean (or average) time in a week devoled by them [or social work.
Solution : We have already studied in our earlier classes that the mean of a certain

number of observations is equal to

Sum of all the obseryations . To simplify our
Total number of observations
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working of finding the mean, let us use a variable x, (o denote the ith observation. In
this case, { can take the values from | to 5. So our first observation is x, second
observation is x,, and so on till x_,

Also x, = 10 means that the value of the first observation, denoted by x, is 10.
Similarly, x, =7, £, =13, x, =20 andx, = 15.

Sum of all the observations
Total number of observations

Therefore, the mean &

i S T R S I o
5
1W0+7+134+20+15 E

5

=13

5
So, the mean time spent by these 5 people in doing social work is 13 hours in a week.

Now, in case we are [inding the mean lime spent by 30 people in doing social
work, writing £, +x, + &, +. .. +.x,, would be a tedious job.We use the Greek symbal
Z (for the letier Sigma) (or swmmarion. Instead of writing x, +x, + x, + .. . + 1, we

30
wrile ZA:, , which is read as “the sum of x, as i varies from 1 (0 30",
=1

30
2.5

SD. E 22 r=1
' 30
2%

Similarly, for n observations X = "‘;

Example 11 : Find the mean of the marks obtained by 30 students of Class IX of a
school, givenin Example 2.

Solution : Now, Xx=

3
D% = 10 +20+ 36+ 92+ 95+ 40+ 50 + 56 + 60 + 70 + 92 + 88
e BO+70+724+T70+30+40+36+40+92 +40 + 30+ 50
Se+60+ 70+ 00 +60+88=1779
1779

5o, X = T =393
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Is the process not time consuming? Can we simplify 1t7 Note that we have formed
a frequency table for this data (see Table 14.1),

The table shows that | student obtained 10 marks, | student obtained 20 marks, 3
students obtained 36 marks, 4 students obtained 40 marks, 3 students obtaned 50
marks, 2 stadents obtained 56 marks, 4 students obtained 60 marks, 4 smdents obtained
70 marks, | student obtained 72 marks. T student obtained 80 marks, 2 studentz obtained
RE marks, 3 students obtained 92 marks and 1 stoudent obtained 95 marks.

So, the total marks obtained = (1 % 101+ (1 3 20) + (3 x 36) + (4 x 40) + (3 »x 50)
+(2x56)+ (4 x60)+ ($xT0)+ (1 xT2) + (1 = B0)
+ (2% B8) + (3% 92} +(1x95)

=fx, + ... +f,% where f is the [requency of the #th
gntry inTable 14.1,

1
In brief, we write this as Zf,.r, .
1=1

i5
So, the total marks obtained = z Ix
i=1

= 10+20+ 108+ 160+ 130+ 112+ 240+ 280 + 72 + 80
+176+276495

= 1779
Now, the total number of observations

15
=Zl_f,

=f+L+... %1,

1+14+3+4+3+2+4+4+1+1+2+3+1

=30 13
21

Sum of all the observations

S0, the mean ¥ = : = | =
e Total number of observations i I
e B
= =5 =%

This process can be displayed in the following table, which 15 a modified form of
Table 4.1,



Table 14.12

Thus. in the case of an ungrouped frequency distribution, you can use the formuta

E‘:f.x;-
f-l

Ef.

G

for calculating the mean,

Let us now move back to the situation of the argument between Hari and Mary,
and consider the second case where Hari found his performance beller by finding the
mldﬂl&mﬂst score. As already stated, this measure of central tendency is called the
median
'Ihe.medinn is that value of the given number of observations, which divides it into

exactly two parts. So, when the data is arranged in ascending (or descending) order
the median of ungrouped data is calculated as follows:
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(i)  When the number of observations (n) 15 odd, the median 13 the value of the

H+jm.
R

n+1)\th : oz ,
2 observation. For example, if n =13, the value of the

the 7th observation will be the median [see Fig. 14,9 (i)].
{li) When the number of observations (i) is even, the median is the mean of the
#

th n th
[EJ and the [E - 1) phservations. For example, if 7 = 16, the mean of the

2
values of the 8th and 9th observations will be the median [see Fig. 14.9 (ii)].

16 th ] th
values of the [?) and the | —+1 observations, ie., the mean of the

ifﬁiii@iiziz:

7 Median i thelr meun
-

iiiiiii<>iiiiiii

Fig. 14.9

Let us illustrate this with the help of some examples.

Example 12 : The heights (in emj of 9 students ol a class are as [ollows:

155 160 145 149 150 147 152 144 148
Find the median of this daa,
Solution : First of all we arrange the data in ascending order, as [ollows:

144 145 147 148 149 150 152 155 160
Since the number of students is 9, an odd number, we find out the median by finding
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= '2* l}m = (%} th = the 5th student, which is 149 cm.

the height of the [
So, the median, i.e., the medial height i 149 cm.
Example 13 : The points scored by a Kabaddi team in a series of matches are as
Tollows:

17, 2, 7, 27, 15 5 14, 8 10, 24, 48 10, 8, 7, 18, 28
Find the median of the points scored by the team.

Solution : Arranging the points scored by the team in ascending order, we get
2, 5 7.7 8 8 10, 10, 14, 15 17, 18, 24, 27, 28, 48,

1 6
There are 16 termns. So there are two middle terms, i.e. the —th and (— + ‘] th, ie.,

3 2
the #th and 9th terms.
So, the median is the mean of the values of the 8th and 9th terms,

10 +14
2

So, the medial point scored by the Kabaddi team is 12.

i.e, the median = =1z

Let us again go back to the unsorted dispute of Hari and Mary.
The third measure used by Hari to find the average was the mode.

The mode is that value of the observation which occurs most frequently, i.e., an
observation with the maximum frequency is called the mode.

The readymade garment and shoe indusiries make great use of this measure of
central tendency. Using the knowledge of mode, these industries decide which size of
the product should be produced in large numbers,

Let us illustrate this with the help of an example.
Fxample 14 ; Find the mode of the following marks (out of 10) obtained by 20
students:
46,593 27076549 10, 10, 3,4, 7, 6, 9,5
Solution : We arrange this data in the following form ;
2,33, 4,4, 4,5 5, 6,6,6,7,7,7.99 99 10, 10

Here 9 occurs most frequently, i.e., four times. 50, the mode is 9.
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Example 15 : Consider a small unit of a factory where there are 5 employees ; a
supervisor and four labourers. The labourers draw a salary of ¥ 5,000 per month each
while the supervisor gets T 15,000 per month. Calculate the mean, median and mode
of the salaries of this unit of the factory,

5000 + 5000 + 5000 + 5000 + 15000 35000
5 N
So, the mean salary is T 7000 per month,

Solation : Mean = — 7000

To obtain the median, we arrange the salaries in ascending order:
5000, 5000. 5000. 5000, 15000
Since the number of employees in the factory is 5, the median is given by the

% th= g th = 3rd observation, Therefore. the median is T 5000 per month,
To find the mode of the salaries, i.e., the modal salary, we see that 5000 oceurs the
maximam number of times in the data 3000, 5000, 5000, 5000, 15000. So, the modal
salary is ¥ 5000 per month.

Now compare the three measures of central tendency for the given data in the
example above. You can see that the mean salary of € 7000 does not give even an
approximate estimate of any one of their wages, while the medial and modal salaries
of T 5000 represents the data more effectively.

Extreme values in the data affect the mean. This is one of the weaknesses of the
mean. So, if the data has a lew points which are very far [rom most of the other
points, (like 1,7,8,9.9) then the mean is not a good representative of this data. Since the
median and mode are not affected by extreme values present in the data, they give a
better estimate of the average in such a situation,

Again let us go back to the situation of Hari and Mary, and compare the three
measures of central tendency.

Measures Hari Mary
of central tendency

Mean 3.2 §4
Median 10

Mode 10 8

This comparison helps us in stating that these measures of central tendency are not
sufficient for concluding which student is betier. We require some more information 1o
conclude this. which you will study about in the higher classes.
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11

51

fi.

EXERCISE 14.4
The following number of goals were scored by 8 tam in a series of 10 matches:
. 5 4 5 0 1, 3 % 4, 3
Find the mean, median and mode of these scores:

In a mathemartics test given o 13 stwdents, the following marks (oot of 100) are
recorded;

41, 39, 48, 52, 46. 62. 54, 40, 96, 52, 98, 40, 42, 32, &0
Find the mean, median and mods of this data,

The following observations have been arranged in ascending order. If the median of
the data is 63, find the value of x.

29, 32, 48 50, x x+3, T2 TR B, 95
Find the mode of 14, 25, 14,28, 18,17, 18, 14,23,22, 14, 18,
Find the mean salay of 60 workers of a factory from the following 1able;

Salary (in ¥ Number of workers
3000 i6
4000 12
5000 10
6000 g
7000 i
000 s
9000 3
o000 1
“Total 60

Give one sxample of a situation in which
(i the mean is an appropriate measore of central tendency.

fiiy  the mean is not an appropriate measure of central tendency but the median is an
appropriate measure of cential tendency.
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14.6 Summary

In this chapter, you have studied the following points:

1.
2.

31

Facts or figures, collected with a delinile purpose, ave called data.

Statistics 13 the area of smdy dealing with the presentation, analysis and interpretation of

data,

THow data can be presented graphically in the form of bar graphs, histograms and frequency
polygons.
The three measuras of central tendency for angrouped data are:

i)

(i}

Mean : Tt is found by adding all the valugs of the observations and dividing it by the
total number of observations. Tt is denoted by k.

2. f%

SE

=l

8o, x = . For an ungrouped frequency distribution, it is %=

Median : It is the value of the midedie-most obsarvalion (5).

n+1ith
If it i5-an odd nomber, the median = value of the [T] obhservation.

n\th " th
If n is an even numbsr, median = Mean of the values of the [E) and E + 1

observalions,

(i} Mode : The mode is the most frequently occurring observation.



PROBABILITY

It (5 remarikable that g fcience, which began with the consigeration of
games of chance, showld be elevated 1o the vank of the mosi imporiant
subject of hwman knowledee. —Pierre Simon Laplece

15.1 Iniroduction

In everyday life, we come across statementis such as

(1) Tt will probably rain today.

(2) I doubt that he will pass the test.

{3) Most probably, Kavita will stand frst in the snnual examination.

{#) Chances are high that the prices of diesel will go up.

{5) There iz a 50-50 chance of India winning a toss in today’s match.

The words ‘probably’, *doubt’, ‘'mosi probably’, ‘chances’, etc., used in the
statements above involve an element of uncertainty. For example, in (1), "probably
rain” will mean it may rain or may not rain today. We are predicting rain today based

on our past experience when it rained under similar conditions. Similar predictions are
also made in other cases listed in (2) to (5).

The uncertainty of “probably” ete can be measured numerically by means of
‘probability’ in many cases.

Though probability started with gambling, it has been used extensively in the felds
of Physical Sciences. Commerce, Biological Sciences, Medical Sciences, Weather
Forecasting, etc,
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15.2 Probability — an Experimental Approach

In earlier classes, you have had a glimpse of probability when vou performed
experiments like tossing of coins, throwing of dice, elc., and observed their cutcomes.
You will now learn to measure the chance of occurrence of a particular outcome in an
experiment,

The concepl of probability developed in a very
strange manner, In 1654, a gambler Chevalier
de Mere, approached the well-known 17th
| century French philosopher and mathematician
| Blaise Pascal regarding certain dice problems.
| Pascal became inleresied in these problems,
studied them and discussed them with another
French mathematcian, Prerre de Fermal. Both
Pascal and Fermat solved the problems  piorre de Fermat
(1623-1662) independently. This work was the beginning (1601-1665)
Fig. 15.1 of Probubility Theary. Fig. 15.2
The first beok on the subject was written by the Italian mathematician, J.Cardan
(1501-1576). The ttle of the book was ‘Book on Games of Chance' (Liber de Luda
Aleas), published in 1663, Notable contributions were also made by mathematicians
J. Bernoulli (1654-1705), P. Laplace (1749-1827). A AL Markov (1556-1922) and A N.
Kolmogorov (bom 1203),

Activity 1 : (1) Take any coin, toss it ten times and note down the number of times a
head and a tail come up. Record vour observations in the form of the following tahle

Table 15.1
Number of times Number of times Number of times
the eoin is tossed head comes up tail comes up
10 — —

Write down the values of the following fractions:

Number of times a head comes up
Total number of times the coin is tossed

Number of times a tail comes up
Total number of times the coin is tossed

and
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{i) Toss the comn twenty times and in the same way record your observations as
above. Again find the values of the fractions given above for this collection of
observations.

{id) Repeat the same experiment by increasing the number of tosses and record
the number of heads and tails. Then find the values of the corresponding
fractions.

You will find that as the number of tosses gets larger. the values of the fractions
come closer to 0.5, To record what happens in more snd more (osses, the following
group activity can also be performed:

Acitivity 2 : Divide the class into groups of 2 or 3 students. Let a student in each
group toss a coin 135 times. Another student in each group should record the observations
regarding heads and tails. [Note that coins of the same denomination should be used in
all the groups. It will be freated as il only one coin has been tossed by all the groups.]

Now, on the blackboard, make a table like Table 15.2. First, Group 1 can wrile
down its observations and calculate the resulting fractions. Then Group 2 can write
down its observations, but will calculate the fractions for the combined data of Groups
1 and 2, and so on. (We may call these fractions as cumulative fractions.) We have
noted the first three rows based on the observations given by one class of students.

Table 15.2

Growp | Number | Number | Cumulative number of heads | Cumulative number of tails
of of Total number of times Total number of times
heads | tails the coin is tossed the coin Is tossed
(1 (2) {3 (4) (5
3 12
I 3 12 15 E
__ 743 _10 3412 20
. & . Bl 30 15415 30
7+10 _17 B+20 _ 28
2 ! i 15+30 4 1530 45
4 ; : 5 ;

What do you abserve in the table? You will find that as the total number of tosses
of the coin increases. the values of the fractions in Columns (4) and (5) come nearer
and nearer to 0.3.

Activity 3 : (i) Throw a die® 20 times and note down the number of times the numbers

on one face. Sometimes dots appear in place of numbers,
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1,2,3,4, 5, 6 come up. Record your observations in the form of a table, as in Table 15.3:

Table 15.3

Number of times a die is thrown Number of times these scores furn op

1 2 3 4 5 i

Find the values of the following fractions:

Number of times 1 turned up
Total number of times the die is thrown

Number of times 2 turned up
Total number of times the die is thrown

Number of times 6 turned up
Total number of times the die is thrown

(1) MNow throw the die 40 times, record the observations and calcolate the tractions
as done in (i),
As the number of throws of the die increases, vou will find that the value of each

Iraction caleulated in (i) and (ii) comes closer and cloger 1o %i- ;

To see this, you could perform a group activity, as done in Activity 2. Divide the
students in your class, into small groups. One smdent in each group should throw a die
ten times. Obzervations should be noted and cumuolative fractions should be calculated.

The values of the fractions for the number 1 can be recorded in Table 15.4. This
table can be extended to write down fractions for the other numbers also or other
tables of the same kind can be created for the other numbers.
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Table 154

Group Total number of times a die Comolative number of times 1 torned op

) isthrown ina group Total number of times the die is thrown
(24 2) 3)

—. —

oW

— _

The dice used in all the groups should be almost the same in size and appearence,
Then all the throws will be weated as throws of the same die.

What do you observe in these tables?

You will find that as the tofal number of throws gets larger. the fractions in

Column (3) move closer and closer to l ;

Activity 4 : (i) Toss two coins simulfaneously ten times and record your
observations in the form of a table as given below:

Table 15.5

Number of times the Number of times Number of times Number of limes
two coins are fossed no head comesup | one head comesup | twoheads come up

0 . - .

Write down the fractions:

o Number of times no head comes up

~ Total number of times two coins are tossed
B Number of times one head comes up

~ Total number of times two coins are tossed
Ce Number of times two heads come up

- Total number of times two coins are tossed

Calculate the values of these fractions.
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Now increase the number of tosses (as in Activiliy 2). You will find thal the more
the number of tosses, the closer are the values of A, B and C to 0.23, 0.5 and 0.25,
respectively.

In Activity 1, each toss of a coin is called a rrigl. Similarly in Activity 3, each
throw of a die is a trial, and each simultaneous toss of two coins in Activity 4 is also a
frial.

So, a trial is an action which results in one or several outcomes. The possible
outcomes in Activiiy 1 were Head and Tail; whereas in Activity 3. the possible oulcomes
were 1, 2,3, 4, 5and 6,

In Activity 1, the getting of a head in a particular throw is an evenr with outcorme
‘head’. Similarly, getting a tail is an event with outcome “tail’, In Activity 2, the
getting of a particular number. say 1. is an event with outcome |,

If our experiment was to throw the die for getting an even namber, then the event
would consist of three outcomes, namely, 2, 4 and 6.

So, an event tor an experiment is the collection of some outcomes of the experiment.
In Class X, you will study a more formal definition of an event.

So, can vou now tell what the events are in Activity 47

With this background, let us now see what probability is. Based on what we directly
observe as the oulcomes of our trials, we find the experimental or empirical probability.

Let » be the total number of trials, The empirical probability P(E) of an event E
happening, is given by

P(E) = MNumber of trials in which the event happened
}= The total number of trials

In this chapter, we shall be finding the empirical probability, though we will write

‘probability’ for convenience.

Let us consider some examples.

To start with let us go back o Activity 2, and Table 15.2. In Column (4) of this
table, what is the fraction that you calculated? Nothing, but it is the empirical probability
of getting 4 head. Note that this probability kept changing depending on the number of
trials and the number of heads obtained in these trials. Similarly. the empirical probability

12
of getting a tail is obtained in Column (5) of Table 15.2. This is —— to start with, then

15

iti 2 i 2 d
_:[ LT +
11 18 3 1€n 45 dfid 50 0n

So, the empirical probability depends on the number of trials undertaken, and the
number of times the outcomes you are looking for coming up in these trials,
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Activity 5 : Before going further, look at the tables vou drew up while doing
Activity 3. Find the probabilities of getting a 3 when throwing a die a certain number
of times. Also, show how it changes as the number of irials increases.

Now let us consider some other examples.

Example 1 : A coin 15 tossed 1000 tmes with the following frequencies:
Head ; 455. Tail : 545
Compute the probubility Tor each event.

Solution : Since the coin is tossed 1000 umes, the total number of rials is 1000, Let us
call the events of getting a head and of getting a tail as E and F, respectively. Then, the
number of times E happens, i.e., the number of times a head come up, is 455,

Sa, the probability of E= T(E;ﬁ:; Tj T

ie, P(E)= % =455

Similarly, the probability of the event of getting a tail = Tg:u:hm:;;f::i :; s
1.8. P(F) = %% =0.545

Note that in the example above, P(E) + P(F) =0.435 + 0.545 = 1. and E and F are
the only two possible outcomes of each trial.

Example 2 : Two coins are tossed simultaneously 500 times, and we get
Two heads : 105 times
One head : 275 times
No head : 1201imes
Find the probability of oceurrence of each of these events.

Solution : Let us denote the events of getting two heads, one head and no head by E
E2 and Ea, respectively. Se,

P(E,) = % =021
275 >

P(E,) = 500 =1).55
120

P(E) = —— =024

500
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Observe that P(E)) + P(E,) + P(E,)) = 1. Also E , E, and E, cover all the outcomes

of a trial,

Example 3 1 A dieis thrown 1000 times with the frequencies for the outcomes 1,2, 3,
4, 5 and 6 as given in the following table :

Table 15.6
Outcome 1 2 ¥ 4 5 6
Frequency 179 150 157 149 175 190

Find the probahility of getting each outcome.
Soelution : Let E, denote the event of getting the outcome 7, where i = 1,2, 3, 4, 5, 6.

Then

Probability of the outcome 1= P(E) =

179
= 1000 =0.179
i 150 157
Similarly, P(E) = m =1.15. F(E3}= 'ﬁ =(.157,
149 175
PE,) = 1000 =0.149, PE)= 1000 = (1175
190
and P(E,) = m ={.189,

Note that P(E) + P(E,} + P(E,) + P(E,) + P(E,) + P(E,) = ]

Also note that:

Frequency of 1

(i} The probability of each event lies between 0 and 1.
{ii) The sum of all the probabilities is 1.
() E,E, ... E, coverall the possible outcomes of a trial.

Total number of times the die is thrown

Example 4 : On one page of a ielephone directory, there were 200 telephone numbers.
The frequency distribution of their unit place digit {for example, in the number 25828573,
the unit place digit is 3) is given in Table 15,7 :
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Table 15.7

pigt | o | t]|2|3|als|e|l 7|89
Frequency | 22 | 26 | 22 | 22 | 20| 10| 14| 28 | 16 | 20

VWithout looking at the page, the pencil is placed on one of these numbers, i.2., the
number i3 chosen at randonr. What iz the probability that the digit in i3 unit place is 67

Solution : The probability of digit 6 being in the unit place

Frequency of 6
Total number of selected telephone numbers

I 0.07
200
You can similarly obtain the empirical probahilities of the occurrence of the numbers

having the other digits in the unit place,

Example 5 : The record of a weather station shows that out of the past 250 consecutive
days, its weather forecasts were correct 173 fimes.

(i} Whar is the probability that on a given day it was correct?

{ii) What is the probabilitv that it was not correct on a given day?
Solution : The total number of days for which the record is available = 250
{1} P(the forecast was correct on a given day)

Number of days when the forecast was correct
Total number of days for which the record is available

175
= — =07
250
{ii) The number of days when the forecast was not correct =250 - 175 =75
75
S0, Plthe forecast was not correct on a given day) = —235 =03

Notice that:
Piforecast was correct on a given day) + P(forecast was not correct on a given day)
=07+03=1
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Fxample 6 : A tyre manufactunng company kept a record of the distance covered
before a tvre needed to be replaced. The table shows the resulis of 1000 cases.

Table 15.8
Distance {illkm}l less than 4000 | 4000 1o 9000 | 9001 to 14000 | more than 14000
Frequency 20 210 325 445

If you buy a tvre of this company, what s the probability that :
(i) it will need to be replaced before it has covered 4000 km?
(it} it will last more than 9000 km?

(iii) it will need to be replaced after it has covered somewhere between 4000 km
and 14000 km”

Solution : (1) The tolal number of trials = 1000,
The frequency of a tyre that needs to be replaced before it covers 4000 km is 20.

20
So, P(tyre to be replaced before it covers 4000 km) = 1000 =0.02

(ii) The frequency of a tyre that will last more than 9000 km is 325 + 445 =770

770
So, P{tyre will last more than 9000 lan) = 1000 = 0.77

(i} The frequency of a tyre that requires replacement between 4000 km and
14000 Jom s 210 + 325 = 535,

535
So. Pltyre requiring replacement between 4000 km and 14000 kin) = 1000~ 0.535

Example 7 : The percentage of marks obtained by a student in the monthly unit tests
are given below:

Table 15.9
Unit test i ji§ I v \'i
Percentage of 69 T 73 68 i
marks obtained

Based on this data, find the probahility that the student gets more than 70% marks in
a unit test,



ProsaBLLITY 281

Solution : The total number of unil tests held i3 5.
The number of unit tests in which the student obtained more than 70% marks is 3.

3
So, Plscoring more than 70% marks) = g =0.6

Example 8 : An insurance company selected 2000 drivers at random (i.e., without
any preference of one driver over another) in a particular city to find a relationship
between age and accidents. The data obtained are given in the following table:

Table 15.10
Age of drivers Accidents in one year
. yoars) 1 2 3 over 3
18-29 440 160 110 el 35
30-50 505 125 60 2 18
Abave 50 360 45 35 15 9

Find the probabilities of the following events for a driver chosen at random from the
(S IATH
N {i) being 18-20 years of age and having exactly 3 accidents in one year,
(i) being 30-50 years of age and having one or more accidents in a vear,
(i) having no accidents in one year.
Solution : Total number of drivers = 2000.
(i) The number of drivers who are 18-29 vears old and have exactly 3 accidents

in one year is 61,
— " : 61
So, P (driver is 18-29 vears old with exactly 3 accidents) = M
= 0.0305 = 0.031
(i) The number of drivers 30-50 vears of age and having one or more accidents
in one year = 125 + 60+ 22 4+ 18 =225
So, P(driver is 30-30 years of age and having one or more accidents)
225
= —— =0.1125=0.113
2000
{1} The number of drivers having no accidents in ong vear = 440 + 505 + 360

= 1305
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1305
Therefore, Pidrivers with no accident) = ——— = (.653

2000
Example 9 : Consider the frequency distribution table (Table 14.3, Example 4,
Chapter 14), which gives the weights of 38 students of a class.

(i) Find the probability that the weight of a student in the class lies in the interval
46-30kg.

(i) Give two evenis in this context, one having probability 0 and the other having
probability 1.

Solution : (i) The total number of students is 38. and the number of students with
weight in the interval 46 - 50 kg is 3,

3
So, P{weight of a student is in the interval 46 - 50 kg) = Fr 0.079

(it} Forinstance, consider the event that a student weighs 30 kg. Since no student has
this weight, the probability of occurrence of this eventis 0. Similarly, the probability

38
of a student weighing more than 30 kg is T L.
Exnmple 10 : Fifty seeds were selected at random from each of 5 bags of seeds, and
were kept under standardised conditions favourable to germination, After 20 days, the

number of seeds which had germinated in each collection were counted and recorded
as follows:

Table 15.11

Bag 1 2 3 4 5

Number of seeds 40 48 42 40 41
verminated

What is the probability of germination of

(i} more than 40 seeds in a bag?

(it} 49 seeds in a bag?

{ili) more that 35 seeds in a bag?

Solution : Total number of bags is 5.

(i) Number of bags in which more than 40 seeds germinated out of 50 seeds is 3.

3
Plgermination of more than 40 seeds in a bag) = i 0.6
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{iy Number of bags in which 49 seeds germinated = 0.

0
P{germination of 49 geeds in a bag) = i 0.

(iii) Number of bags in which more than 35 seeds germinated = 5.

3
So, the required probability= — = 1.

5

Remark : In all the examples above, you would have noted that the probability of an

tn

event can be any fraction from O to 1.

EXERCISE 15,1
In a crickst match, a baswoman hits 8 boundary 6 times out of 30 balls she plays. Find
the probability that she did not hil a boundary,

1500 families with 2 children were selected randomly, and the following data were
recorded;

Number of girls in a family 2 1 0

Number of families 475 814 n

Compute the probability of a family, chosen at randowm, having
(iv 2girls
Also check whether the sum of these probabilities is 1.

Refer to Example 3, Section 4.4, Chapter 14. Find the probability that a student of the
class was bom in Awpgust.

iy 1-girl (ki) Mo girl

Three coins are tossed simultaneonshy 200 times with the following frequencies of
different ootcomes:

Outeome

3heads | 2 heads No head

Frequency B 7 7l B

| head

1f the three coins are simuligneously tossed again, compute the probability of 2 heads
coming up.

An organisation selected 2400 families at random and surveyed them io determine a
relationship between income level and the number of vehicles in a family. The
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information gathered is listad in the table below:

Monthiy ncome Vehicles per family
{in ¥) 0 1 2 Above2
Less than 7000 0 160 5 0
7000~ 10000 0 305 7 2
10000 13000 1 535 0 1
13000~ 16000 2 469 5 5
16000 or more 1 51 ) 8

Suppose a family is chosen. Find the probability that the family chesen 15
(iv  earning ¥ 10000 - 13000 per month and owning exactly 2 vehicles,
(i) earmng T 16000 of more par monath and owning exactly | vahicls,
(iii) earmung lzss than T 7000 per month and does not own any  vehicle,
(v earning ¥ 13000 — 16000 per month and owning more than 2 vehicles.
vy owmng not more than 1 velacle,

. Referto Table 14.7, Chapter 14,

iiy  Find the probability that a student obtained less than 20% in the mathematics
Fest,

i} Find the peobability that & student obtained marks 60 or above,

7. To know the opinion of the students about the subject sratistics, a survey of 200
students was conducted. The data is recorded in the following table,

Opinion Number of students
like 135
dislike &5

Find the probability that a stndent chosen at random
fiv  likes statisticd, (i) does not like iL

8. Referio Q.2, Exercise 14.2. What is the empirical probability that an engineer lives:
fib  less than 7 kem from her place of work?

tiiy  more than or equal to 7 ko from her place of work?

1
i} within 3 km [rom her place of work?
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0.

.1 “i

11.

12,

Activity : Note the frequency of two-wheelers, three-wheelers and four-wheelers
going past during a time interval, in front of your school gate, Find the probahility
that any one vehicle out of the total vehicles you have observed is a two-wheeler.

Adctivity : Ask all the students in vour class to write a 3-digit number, Choose any
gtudent from the room at random. What is the probability that the number written by
herthim is divisible by 37 Remember that a nomber 15 divisible by 3, if the sum of iis
digiis iz divisible by 3,

Eleven bags of whea{ flour, each marked 5 kg, aciually contained the following weights
of flour {in kg

497 305 508 503 500 506 508 498 504 507 500

Find the probability thay any of these bags chosen at random contains more than 5 kg
of flour.

In (3.5, Exercize [4.2, you were asked to prepar: a frequengy distribution tuble, regarding
the concentration of sulphur diexide in the air in parts per million of a certain ity for
30 days. Using this table, find the probahility of ths concentration of sulphur dioxide
in the interval (.12 - (. 16 on any of these days.

In .1, Exercise 14.2, vou were asked to prepare a frequency distribution table regarding

the blood groups of 30 students of A clags. Use this table to determine the probability
that a student of this class, selected at random, has blood group AB.

15.3 Summary

In this chapter, you have studied the following points:

1. An event for an experiment is the collection of some omcoimes of the experiment.

Z,

3

P{E} =

The empirical (or exparimental) probability PiE} of an event E is given by

Mumber of trials in which E hag happened
Total mumber of trials

The Probability of an event lies batween 0 and | (0 and | inclusive).
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PROOFS IN MATHEMATICS
B

ALl Introducton

Suppose your family owns a plotof land and
there i3 no fencing around it. Your neighbour
decides one day to fence off his land. After
he has fenced his land, you discover that a
part of your family’s land has been enclosed
by his fence. How will you prove to vour
neighbour that he has tried to encroach on
vour land? Your first step mav be to seek the
help of the village elders to sort out the
difference in boundaries. But, suppose apinion
1s divided among the elders, Some feel you are right and others feel your neighbour is
right. What can you do? Your only option is to find a way of establishing your claim for
the boundaries of your land that is acceptable to all. For example. a government
approved survey map of your village can be used, if necessary in a court of law, to
prove (claim) that you are correct and your neighbour is wrong,

Let us look at another sitaation. Suppose your mother has paid the electricity bill
of your house for the month of August, 2005. The bill for September, 2005, however,
claimy that the bill for August has not been paid. How will you disprove the claim
made by the electricity department? You will have to produce a receipt proving that
your August bill has been paid.

You have just seen some examples that show thal in our daily life we are often
called upon to prove that a certain statement or claim i1s true or false. However, we
also accept many statements without bothering to prove them. But, in mathematics
we only accept a statement as true or false (except for some axioms) if it has been
proved to be so. according to the logic of mathematics.
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In fact, proofs in mathematics have been in exisience Tor thousands of years, and
they are central to any branch of mathematics. The first known proof iz believed to
have been given by the Greek philosopher and mathematician Thales. While
mathematics was central to many ancient civilisations like Mesopotamia, Egypt. China
and India. there is no clear evidence that thev used proofs the way we do today.

In this chapter, we will look at what a statement is, what kind of reasoning is
involved in mathematics, and what a mathematical proof consists of.

Al.2 Mathematically Acceptable Statements

In this section. we shall v to explain the meaning of a mathemaftically acceptable
statement. A ‘statement’ i3 2 sentence which is not an order or an exclamatory sentence.
And, of course. a siatement is not a question! For example.

*What is the colour of your hair?” is not a statement, it is a question,

“Please go and bring me some water.,” s a request or an order, not a statement.
"What a marvellous sunset!” is an exclamatory remark, not a statement.
However, “The colour of your hair is black™ is a statement.

In general. statements can be one of the following:

= glways true

= alwavs false

* ambiguous

The word ‘ambiguous’ needs some explanation, There are two situations which
make a statement ambiguous. The first situation is when we cannot decide if the
statement is always true or always false. For example, “Tomorrow is Thursday™ is
ambiguous, since enough of a context is not given o us 10 decide if the statement is
true or false.

The second situation leading to ambiguity is when the statement is subjective, that
is, it is true for some people and not true for others. For examiple, *Dogs are intelligent™
is ambiguous because some people believe this is true and others do not.

Example 1 : State whether the following statements are alwayvs true, always false or
ambiguous, Justily your answers.

(i) There are 8 days in a week.
{i) It is raining here,
{iii) The sun sets in the west.
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(iv) Gauri is a kind girl,

{v) The product of two odd inlegers is even,

{vi) The product of two even natural numbers is even,

Solution ;

{i)  This statement is always lalse, since there are 7 days in a week.

i) This statement is ambiguous, since it 18 not clear where "here” 15,

{iify This statement is always true. The sun sets in the west no matter where we live.

(iv) This statement is ambignouos. since it is subjective—Gauri may be kind to some
and not to others,

{v) This statement is always false. The product of two odd integers is always odd.

{vi) This statement is always true. However, to justify that it is true we need to do
some worl. It will be proved in Section Al .4,

As mentioned before, in our daily life, we are not so careful about the validity of
statements. For example, suppose your friend tells you that in July it rains everyday in
Manantavadi, Kerala. In all probability, you will believe her, even though it may not
have rained for a day or two in July, Unless you are a lawyer, you will not argue with
her!

As another example, consider statements we i
often make to each other like “it is very hot today™,
‘We easily accept such statements because we know

the context even though these statements are - ’
ambignouns. Tt is very hot today’ can mean different
things 1o different people becanse what 15 very hot

for a person from Kumaon may not be hot for a person
from Chennai,

But a mathematical statement cannot be ambiguous. In mathematics, a statement
is only acceptable or valid, if it is either true or false. We say that a statement is
true, if it is always rue otherwise it is called a false stalement.

For example, 5 + 2 = 7 i3 always true, 30 '3 + 2 = 7" is a true statement and
5+ 3 =7 is a false staternent.
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Example 2 : State whether the following statements are true or false:
{i) The sum of the interior angles of a triangle is 180°.

(i) Every odd number greater than 1 is prime.

(iii} For any real number x, 4z + x = 3,

{iv) For every real number x, 2r > x,

{v) For every real number r, 2= x,

{vi) IT a quadrilateral has all its sides equal, then it is a square.
Solution :

{i) This statement is true, You have already proved this in Chapter 6.
(i) This statement is false; lor example, 9 is not a prime number.

(1) This statement is true,

{iv) This statement is false; for example, 2 x (-1) = -2, and - 2 is not greater than -1,

1
. : 1 1 1. 1
(v} This statement is false; for example. [E] =3 and 7 18 nol greaier than 3

(i) This statement is false, since a thombus has equal sides but need not be a square.

You might have noticed that to establish that a statement is not true according to
mathematics, all we need 10 do is to find one case or example where it breaks down.
Soin (ii), since 9 is not a prime. it is an example that shows that the statfement “Every
odd number greater than 1 is prime™ is not true, Such an example, that counters a
statement. is called a counter-example. We shall discuss counter-examples in greater
detail in Section A 1.5.

You might have also noticed that while Statements (iv), (v) and (vi) are false, they
can be restated with some conditions in order o make them true,

Example 3 : Restate the following statements with appropriate conditions, so that
they become true statements.

{i) For every real number ¥, 2x > x,

(ii) For every real number x, x* > X

(iii) If vou divide a number by itself, vou will always get 1.

{iv) The angle subtended by a chord of a circle at 4 point on the circle is 90°.
(v} Il a quadrilateral has all its sides equal, then it is a square.
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Solution :

(i) Wx=0.then2x>x

(i) MTx<0orx=1,then #=x

(i} If you divide a nomber except zero by itself, yoo will always get 1.

{iv) The angle subtended by a diameter of a circle at a point on the circle is 90°,

(v) If a quadrilateral has all its sides and interior angles equal, then if is a square.

1.

EXERCISEALIL
State whether the {ollowing stalements are alwavs rue, always false or ainbiguous.
Justify vour answers.
(v There are 13 months in a vear,
tit} Diwali falls on a Friday.
tiii) The temperamre in Magadi is 26" C.
iivh The earth has one moon,
v} Dogs can flv.
ivi} February has only 28 days.
State whether the following statements are true or falze. Give reasons for your answers.
(i} The sum of the interior angles of a quadiilateral is 3507,
iy Forany real number x, 2= 0.
(i) A rhombus is a parallelogram.
tiv) The sum of two even numbers is even,
iv} The sum of twe odd numbers 18 add.

Restate the following statements with appropriate conditions, so that they become
trie Stateiments,

(i} Al prime numbers are odd.

i) Two limes a real number iz always even.
(iii) For any x, 3x +1 =4,

{ivy For any £, 2 =0

v} Inzvery triangle, a median is also an angle bisector.

A 1.3 Deductive Reasoning

The main logical tool used in establishing the truth of an unambiguous statement is
deductive reasoning. To understand what deductive reasoning is all about, let us
begin with 4 puzzle for you to solve.



Proors e WMATHIEMATICS 28]

You are given four cards, Each card has a number printed on one side and a leter
on the other side.

A ' 6 5

Suppose vou are told that these cards follow the rule:
“If a card has an even number on one side, then it has a vowel on the other side.”

What is the smallest number of cards you need to turn over to check if the rule
1s trug?

Of course, you haye the option of turning over all the cards and checking. But can
vou manage with turning over a fewer number of cards?

Notice that the statement mentions that 4 card with an even number on one side
has a vowel on the other, It does not gtate that a card with a vowel on one side must
have an even number on the other side. That may or mav not be so. The rule also does
not state that a card with an odd number on one side must have a consonant on the
other side. Tf may or may not.

So, do we need to twn over *A'T No! Wheather there is an even number or an odd
number on the other side, the rule still holds,

What abount *5°7 Again we clo not need to tum it over, because whether there i3 a
vowel or a consonant on the other side. the rule still holds,

But you do need to turn over V and 6. If 'V has an even number on the other gide.
then the rule has been broken. Similarly, if 6 has a consonant on the other side, then the
rule has been broken,

The kind of reasoning we have used to solve this puzzle is called deductive
reasoning. It is called “deductive” because we arrive at {i.e., deduce or infer) a result
or a statement [rom a previously established statement using logic. For example, in the
puzzle above, by a series of logical argumenis we deduced that we need to turn over
only V and 6.

Deductive reasoning also helps us to conclude that a particular statement is true,
because it is a special case of a more general statement that 18 known to be true. For
example, once we prove that the product of two odd numbers is always odd. we can
immediately conclude (without computation) that 70001 x 134563 is odd simply because
70001 and 134563 are odd.
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Deductive reasoning has been a part of human thinking for centuries, and is vsed
all the time in our daily life. For example, suppose the statements *“The flower Solaris
blooms, only if the maximum temperature is above 28” C on the previous day™ and
“Solaris bloomed in Imaginary Valley on 15th September. 2005” are true. Then using
deductive reasoning, we can conclude that the maximum temperature in Imaginary
Valley on 14th September, 2005 was more than 28° C.

Unfortunately we do not always use correct reasoning in our daily life! We often
come o many conclusions based on faulty reasoning. For example. if your friend does
not smiile at you one day, then you may conclude that she 15 angry with you. While it
may be true that “if she is angry with me, she will not smile at me”, it may also be true
that il she has a bad headache, she will not smile a1 me™. Why don't you examine
some conclusions that you have amrived at in your day-to-day existence, and see if
they are based on valid or fanlty reasoning?

EXERCISE Al.2

L Uss deduetive reasoning 1o angwer the following,

(1} Huomans ard mammals, All mammals are veriebratzs, Based on thess two
siatements, what can yoo conclude aboot humans?

(i} Anthony is a barber. Dinesh had his hair cut. Can you conclnde that Antony cut
Dinesh’s hair?

(i} Martians have red tongues. Gulag is a Martian. Based on these two statements,
whil ean you conclude about Gulag?

tivh If it rains for more than four hours on a particular day, the gutters wall have (o be
cleaned the next day. It has rained [or 6 hours today. What can we conclode
about the condition of the gutters tomorrow?

iv) What is the fallacy in the cow’s reasoning in the cartoon below?

ey
(. ATl dogs have uils,
I have a tail,
Therefore T ama

ﬂ dog. J
4]

i —e

e
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2.  Onceagain you are given four cards. Each card has a number printed on one side and
a letter an the other side. Which are the only two cards yvou need 1o turn over 1o check
whether the following rule holds?

“If a card has a consonant on one side, then i1 has an odd pomber on the other side.”

(] 3 U 8

A1l.4 Theorems, Conjectures and Axioms

So far we have discussed statements and how to check their validity. In this section,
vou will study how to distinguish between the three different kinds of statements
mathematics is built up from. namely. a theorem, a conjeciure and an axiom

You have already come across many theorems belore, So, what is a theorem? A
mathemartical statement whose truth has been established (proved) is called a theorem.
For example, the following statements are theorems, as you will see in Section A1.5,

Theorem Al.l : The sum of the interior angles of a rriangle is 1807,
Theorem Al.2 : The product of two even natural numbers is even.

Theorem ALY : The product of any three consecutive even natural numbers is
divisible by 16,

A corfeciure 13 a statement which we believe 15 trne, based on our mathematical
understanding and experience, that is, our mathematical intuition. The conjecturs may
turn out to be true or false. Il we can prove it. then it becomes a theorem.
Mathematicians often come up with conjectures by looking for patterns and making
intelligent mathematical guesses. Let us look at some patterns and see what kind of
intelligent guesses we can make,

Example 4 : Take any three consecutive even numbers and add them, say.
24+44+6=12,4+0+8=18,6+8+10=24,8+10+12=30.20+22+ 24 =60.

Is there any pattern you can guess in these sums? What can you conjecture about
them?

Solution : One conjecture could be :

{i) the sum of three consecutive even numbers is even.
Another could be ;

{it) the sum of three consecutive even numbers 13 divisible by 6.
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L

Ixample 5 : Consider the following pattern of numbers called the Pascal’s Triangle:
Line Sum of numbers
1 ] 1
1 1 2
4
1 3 3 1 8
1 4 ] 4 1 16
1 5 10 10 5 1 32

L . ]
—_—
()

L =

What can you conjecture about the sum of the numbers in Lines 7 and 87 Whai
about the sum of the numbers in Line 217 Do you see a pattern? Make a guess about
a formula for the sum of the numbers in line n,

Solution : Sum of the numbers in Line 7=2x32=64=2%
Sur of the numbers in Line8=2x 4= [2§=27

Sum of the numbers in Line 21 = 2%

Sum of the numbers in Line o = 27!

Example 6 : Consider the so-called triangular numbers T :

®
®
® ®
e ® ® & [ ] e
@ @ e @ @ ® o 2 @ ®
Tl TE T! T-l

Fig. Al
The dois here are arranged in such a way that they form a triangle. Here T, = 1.
T,=3T,=6,T,=10, and 50 on. Can you guess what T, is” What about T,? What
about T ?
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Make a conjecture about T .
It might help if you redraw them in the following way.

T1 T2 TE T4
Fig. AL2
; - Sx6
Solution :T!= | +2+3+4+5=15= T
Gy
T*=1+2+3+4+5+6=21=T
4 +1
T =2 L;! )

A favourite example of a conjecture that has been open (that is, it has not been
proved to be true or false) is the Goldbach conjecture named after the mathematician
Christian Goldbach (1690 — 1764). This conjecture states that “every even integer
greater than 4 can be expressed as the sum of two odd primes.” Perhaps you will
prove that this result is either true or false, and will become famous!

You might have wondered — do we need to prove everything we encounter in
mathematics, and if not, why not?

(\ﬁyﬁlm“ l
prove averything I
sayl

=
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The Tact is that every area in mathematics 15 based on some statements which are
assumed to be true and are not proved. These are ‘self-evident truths” which we take
to be true without proof. These statements are called axioms. In Chapter 5, you would
have studied the axioms and postulates of FEuclid. (We do not distinguish between
axioms and postulates these days.)

For example, the first posiulate of Euclid states:

A straight line may be drawn from any point to any other point.
And the third postulate states:

A circle may be drawn with any cenire and any radius.

These stalements appear (o be perfectly true and Euclid assumed them to be true.
Why? This is because we cannot prove everything and we need to start somewhere.
We need some staternents which we accept as true and then we can build up our
knowledge using the rules of logic based on these axioms.

You might then wonder why we don't just accept all statemenis o be true when
thev appear self-evident. There are manv reasons Tor this. Very often our intuition can
be wrong, pictures or palterns can deceive and the only way o be sure that something
i3 true 15 to prove it, For example, many of us believe that if a number is multiplied by
another, the result will be larger than both the numbers, But we know that this is not
always true: for example, 5 x 0.2 = 1, which is less than 5.

Also, look at the Fig. A1.3. Which line segment is longer. AB or CD?

& g
A\ ra=
Line segment AB

Line segment CD

Fig. A3

It tums ount that both are of exactly the same length, even though AB appears
shorter!

You might wonder then, about the validity of axioms. Axioms have been chosen
baged on our intuition and what appears to be self-evident. Therefore, we expect them
to be true. However, it is possible that later on we discover that a particular axiom is
not true, What 1s a safeguard against this possibility? We take the following steps:

(i) Keep the axioms to the bare minirum, For instance, based on only axioms
and five postulates of Euclid. we can derive hundreds of theorems.
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{if) Make sure the axioms are congistent,
We say a collection of axioms is inconsistent, if we can use one axiom (0
show that another axiom is not true. For example, consider the following two
statements. We will show that they are inconsistent.

Statement]: No whole number is equal o ils successor,
Statement 2: A whole number divided by zero is a whole number.

{Remember, division by zero is not defined. But just for the moment, we
assumne that it is possible, and see what happens.)

1
From Statement 2, we get — = a , where a i3 some whole pumber, This

0
implies that, 1 = 0. But this disproves Stalement 1, which states that no whole
number is equal to its snccessor.

{iii) A false axiom will, sooner or later, result in a contradiction. We sav that there
i5 a contradiction, when we find a statement such that, both the statement
and irs regation are true. For example, consider Statement 1 and Statement
2 above once again,

From Statement 1, we can derive the result that 2 = 1.
Now look at ¥* — x%, We will factorise it in two dilferent ways as lollows:
(i) x*—x=x(x—x) and
i) ¥ = =(x+x)x=21)
RO, atx =x)=(x + 2x =3
From Statement 2. we can cancel (x — x) from both sides.
We get x = 2x, which in tarn implies 2 = 1.
So we have both the statement 2 # 1 and its negation, 2 = 1, true. This is a

contradiction. The contradiction arose becanse of the false axiom, that a whole number
divided by zero is a whole number,

So, the statements we choose as axioms require a lot of thought and insight. We
must make sure they do not lead to inconsistencies or logical contradictions. Moreover,
the choice of axioms themselves, sometimes leads us to new discoveries. From Chapter
5, you are familiar with Enclid®s fifth postnlate and the discoveries of non-Euclidean
geometries. You saw that mathematicians believed that the fifih postulate need not be
a postulate and 18 actually a theorem that can be proved using just the first four
posiulates. Amazingly these attempts led to the discovery of non-Euclidean geometries.

‘We end the section by recalling the differences between an axiom, a theorem and
a conjecture. An axiom is a mathemalical statement which is assumed (o be tue



208 MATIEMATICS

without proof; a conjecture is a mathematical staternent whose truth or falsity is vet
to be established; and a theorem is a mathematical statement whose truth has heen

logically established.

EXERCISEALS3

1. Take any three consecutive even numbers and find their product; for example,

2xdx6=48 4x6x 8=192, and 50 on. Make three conjectures about these products.
2. (Goback to Pascal’s triangle.

Linel:1=1[0

Line2:11=11¢

Line3:1 2 1=112

Make a gonjecture about Line 4 and Line 5. Does your gonjecture hold? Does your

conjapture hold for Line 6 too?

3. Let us look at the triangular numbers (see Fig.Al.2) again. Add two conseculive
uiangular numbers. Forexample, T + T, =4, T +T,=9, T+ T,=16.

What about T, + T, 7 Make a comjectore about T_, +T,.
4. Look at the following patiem;
P=1
113=121
LT1E=12321
1111#=1234321
LL111%= 123454321
Make a conjecture about each of the following:
11111%=
11111113=
Check if your conjecture is true.
5. List five axioms (posinlates) used in thiz book.

Al.5 What is a Mathematical Proof?

Let us now look at various aspects of proofs. We start with understanding the difference
between verification and proof. Before you studied proofs in mathematics, you were
mainly asked (o verify stalements.

For example. you might have been asked to verify with examples thal “the product
of two even numbers is even”. So vou might have picked up two random even numbers,
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say 24 and 2006, and checked that 24 x 2006 = 48144 15 even, You might have done so
for many more examples.

Alzo, you might have been asked as an activity to draw several wiangles in the
class and compute the sum of their interior angles. Apart from errors due to
measurement, you would have found that the interior angles of a triangle add up two
1807,

What is the flaw in this method? There are several problems with the process of
verification. While it may help you to make a stalement you believe is true. you cannot
be supe that it is true in all cases. For example, the maltiplication of several pairs of
even numbers may lead us to guess that the product of two even numbers is even.
However, it does not gnsure that the product of all pairs of even nuinbers is even. You
cannot physically check the products of all possible pairs of even numbers. It you did,
then like the girl in the cartoon. you will be calculating the products of even numbers
for the rest of your life. Similarly, there may be some triangles which you have not yet
drawn whose interior angles do not add up to 180", We cannot measure the interior
angles of all possible triangles.

242 x 3002 = 3248 x 5468 =
726484, even 17760064 , even

At age 8 At age 16

12466 x 3474 = 43306884 x 45676
43306884, even =1978085233584 , even

At age 36 At age 86
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Moreover, verification can often be misleading. For example, we might be tempted
to conclude from Pascal's triangle (().2 of Exercise A 1.3), based on earlier verifications,
that 11%= [5101051. But in fact 11° =161051.

So, you need another approach that does nol depend upon verification for some
cases only. There is another approach, namely ‘proving a statement’. A process
which can establish the truth of a mathematical statement based purely on logical
arguments 18 called a mathematical proaf.

In Example 2 of Section A1.2. you saw thal to esiablish that a mathematical
staterment is false, it is-enough to produce a single counter-example. So while it is not
enough to establish the validity of a mathematical statement by checking or verilving
it for thousands of cases. it is enough to produce ong counter-example (o disprove a
statement (1.e., to show that something is false). This point is worth emphasising.

Girls don't ‘
climb trees. :

1o show that a mathematical statement is false, ji 15 enough io find a single
counter-example.

So, 7T+ 5 =12 is a coanter-example 1o the statement that the sum of tao odd
numbers iz odd,

Let us now look at the list of basic ingredients in a proof;
(i) To prove a theorem. we should have a rough idea as to how (o proceed.

(it} The information already given 1o us in a theorem (i.e.. the hypothesis) has o
be clearly understood and used.



Proors e WMATHIEMATICS a0

For example, in Theorem A 1.2, which states that the product of two even
numbers is even, we are given two even natural numbers, So. we should use
their properties. In the Factor Theorem (in Chapter 2}, you are given a
polynomial p(x) and are told that p(a) = 0. You have to use this to show that
(x—a) is a factor of p(x). Similarly. for the converse of the Factor Theorem.
you are given that (x— a) is a factor of p(x), and you have to use this hypothesis
to prove that p(a) =0,

You can also use constructions during the process of proving a theorem.
For example, to prove that the sum of the angles of a triangle 15 1307, we
draw a line parallel to ong of the sides through the vertex opposite to the side,
and usze properties of paralle] lines.

{iii} A proof is made up of a successive sequence of mathematical statements.
Each statement in a proof is logically deduced from a previous statement in
the proof, or from a theorem proved earlier. or an axiom, or ow hypothesis.

{iv) The conclusion of a sequence of mathematically true statements laid out in a
logically correct order should be what we wanted to prove, that is, what the
thearem claims,

To understand these ingredients, we will analyse Theorem Al.1 and its proof. You
have already studied this theorem in Chapter 6. But first, a few comments on proofs in
geomelry. We often resort to diagrams to help us prove theorems, and this is very
important. However, each statement in the proof haz to be established using only
logic. Very often, we hear students make statements like “Those two angles are
equal because in the drawing they look equal” or “that angle must be 90°, because the
two lines look as if they are perpendicular to each other”. Beware of being deceived
by what you see (remember Fig A1.3)! .

So now let us go o Theorem Al.1.

Theorem Al.l : The sum of the interior angles of a riangle iz 180°,
Proof : Consider a triangle ABC (see Fig. Al4).
We have to prove that «~ ABC + £ BCA + £ CAB = 180° (1

D A E

FigAld
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Construct a line DE parallel to BC passing through A, (2)
DE is parallel to BC and AB is a transversal.
So, £ DAB and £ ABC are alternate angles. Therefore, by Theorem 6.2, Chapter 6,

they are equal, i.e. Z# DAB = £ ABC (3)
Similarly, £ CAE = £ ACB (4)
Therefore, £ ABC + 2 BAC+ £ ACB = £ DAB +< BAC + £ CAE (5)
But £ DAB +.2 BAC + ~ CAE = 180", since they form a straight angle, (6)
Hence, £ ABC+ £ BAC+ ZACB=180°. ® {7

Now. we comment on each step of the proof,

Step 1 : Our theorem is concerned with a property of triangles, so we begin with a
triangle,

Step 2 : This is the key idea — the intuitive leap or understanding of how to proceed so
as (0 be able o prove the theorem, Very oflen geomelric proofs require a construction,

Steps 3 and 4 : Here we conclude that £ DAE = £ ABC and £ CAE = £ ACB, by
using the fact that DE is parallel to BC {our construction), and the previously proved
Theorem 6.2, which states that il two parallel lines are intersected by a iransversal,
then the alternaie angles are equal.

Step 5 : Here we use Eoclid’s axiom (see Chapter 5) which states that: “Tf equals are
added to equals, the wholes are equal” to deduce

£ ABC + 2 BAC+ £ ACB = # DAB +2 BAC + 2 CAE.

That is. the sum of the inlerior angles ol the triangle are equal to the sum of the angles
on a steaight Tine,

Step 6 : Here we use the Lingar pair axiom of Chapter 6, which states that the angles
on a straight line add up to 1807, to show that £ DAB +2 BAC + /£ CAE = 180°,

Step 7 : We use Euclid’s axiom which states that “things which are equal to the same
thing are equal to each other” to conclude that £ ABC + ~ BAC +
ZACB = Z#DAB +2 BAC + 2~ CAE = 180°. Notice that Step 7 is the claim made in
the theorem we sel out to prove.

We now prove Theorems A1.2 and Al1.3 without analysing them,

Theorem AL2 : The product of two even natwral numbers is even.
Prool :  Let x and y be any two even natural numbers,
We want Lo prove that xy is even,
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Since x and y are even, they are divisible by 2 and can be expressed in the form
x = 2m, for some natural number m and y = 2n, for some natural number i,
Then xy =4 mn. Since 4 mn is divisible by 2, so isxy.
Therefore, xy 15 even. m
Theorem ALY : The product of any three consecutive even natural numbers 1y
divizible by 16.
Proof : Any three consecutive even numbers will be of the form 2Zn, 2rn + 2 and
2n + 4, for some natural number n. We need to prove that their product
2n(2n + 2)(2n + 4) is divisible by 16,
Now, 20n(2n+ 21(2n+4) =2n = 2n +1) x 2n+ 2)
=2x2x2nn+ln+2)=8nln+ 1n+2)
Now we have two cases. Either n is even or odd. Let us examine each case.
Suppose n 15 even : Then we can write ;= Zmt. for some natural number #.
And, then 2n(2n + 2)(2n +4) = Bn(n + D)in + 2) = 16m(2m + 1)(2m + 2).
Therefore, 2n(2n + 2)(2r + 4) is divisible by 16,
Next, suppose # is odd, Then n + 1 is even and we can write n + 1 = 2, for some
natural number r,
‘We then have : 2n(Zn + D2n+ 4)=8nln + 1in + 2)
=R2Zr—1)x2rx(2r+1)
= l6r{2r— 1}2r + 1)
Therefore, 2nl2n + 2)(2n + 4) is divisible by 16,

5o, in both cases we have shown that the product of any three consecutive even
numbers is divisible by 16. W

We conclude this chapler with a [ew remarks on the difference between how
mathematicians discover regults and how formal rigorous proofs are written down. As
mentioned above, each proof haz a key intuitive idea {sometimes more than one).
Intuition is central to a mathematician’s way of thinking and discovering results. Very
often the proof of d theorem comes to a mathematician all jumbled up, A mathematician
will often experiment with several routes of thought, and logic, and examples, before
she/he can hit upon the correct solution or proof. It is only after the creative phase
subsides that all the arguments are gathered together to form a proper proof.

It 15 worth mentioning here that the great Indian mathematician Srinivasa
Ramanujan used very high levels of intuition to arrive at many of his statements, which
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he claimed were true. Many of these have turned
out e true and are well known theorems. However,
even to this day mathematicians all over the world
are struggling o prove (or disprove) some of his claims
(conjectures).

Srinivasa Ramanujan
(1887-1920)
Fig:AlLS

EXERCISEALA4
Find counter-examples to disprove the following statements:

i} I the corresponding angles in two triangles are equal, then the triangles are
CONERIEnt,

iy A quadrilateral with all sides equal 15 4 squace,
iiti} A quadrilateral with all angles equal is a square.

(v} For integers @ and b, .,ll'al + 5 =a+h
(v} Zr'+ |1 15 apnme for all whole numbers n.
tvi} n'—n-+41 iz a prime for all positive integers n.

Take your favourile proof and analbyse it step-by-step along the lines discussed in
Section AL1.5 {(what is given, whal has been proved, what theorems and axioms have
besn used, and o on),

Prove that the sum of two odd numbers is even.

Prove that the product of two odd numbers is odd,

Prove that the sum of thres conseculive even numbers is divisible by 6.
Prove that infinitely many points lie on the line whose equation 15 v = 24
i Hint ; Congsider the point (s, 2n) for any integer n.)

You must have had 4 friend who must have told you to think of & number and do
various things 1o it, and then without knowing vour original nomber, telling you what
number vou ended up with. Here are two examples, BExaming why they work.

iit Choose & number. Double it. Add nine. Add your original number. Divide by
three. Add four, Subtract your original number, Your result is seven.

iy Write down any three-digit number ( for example, 4231, Make a six-digit number by
repeating thess digits in the same order (425423), Your new number is divisible by
7,11 and 13,
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A LG Summary

In this Appendix, you have studisd the following points:

1.
2.

31

In mathematics, & stalement is only aceeptable if il is either slways tue or alwayvs false.
To show that a mathematical statement is false, it i5 enough to find a single counter-
example.

Axioms are statements which are assumed to be troe without proof,

A conjecture i8 4 slatement we believe i true bated on our mathematical intuition, but
which we are yet 1o prove,

A mathematical statement whaose truth has been established (or proved) is called a thearem.
The main logical wol in proving mathematical statements is deductive reasoning,

A proof is made up of 4 successive sequence of mathematical stalements. Each statement
in a proafis logically deduced from a previouly known statement, or from a theorem proved
earlier. or an axiom, or the hypothesis.
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INTRODUCTION TO MATHEMATICAL MODELLING
I

A 21 Introdoction

Right from your earlier c¢lasses, you have bheen solving problems related to the
real-world around you. For example, vou have solved problems in simple interest using
the formmula for finding it. The formula (or equation) is a relation between the interest
and the other three quantities that are related Lo it, the principal, the rate of interest and
the period. This formula is an example of a mathematical model. A mathematical
muodel is 4 mathematical relation that describes some real-life siluaton.

Mathematical models are used to solve many real-life situations like:
e launching a satellite.

= predicting the arrival of the monsoon.

= controlling pollution due to vehicles.

» geducing traffic jams in big cities.

In this chapter, we will introduce you to the process of constructing mathematical
models, which is called mathematical modelling. In mathematical modelling, we
take a real-world problem and write it as an equivalent mathematical problem. We
then solve the mathematical problem, and interpret its solution in terms of the
real-world problem. Aflier this we see to whal extent the solution is valid in the context
of the real-world problem. So, the srages involved in mathematical modelling are
formulation, solotion. interpretation and validation.

We will start by looking at the process you undertake when solving word problems,
in Section A2.2. Here. we will discuss some word problems that are similar to the
ones you have solved in vour earlier claszes. We will see later that the steps that are
used for solving word problems are some of those used in mathematical modelling
also.
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In the next section, that is Section A2.3, we will discuss some simple models.

In Section A2.4, we will discuss the overall process of modelling. its advantages
and some of its limitations,

A2.2 Review of Word Problems
In this section, we will discuss some word problems that are similar to the ones thal

vou have solved in your earlier classes, Let us start with a problem on direct variation.

Example 1 : I ravelled 432 kilometres on 48 litres of petrol in my car. Thave o go by
my car 0 a place which is 150 km away, How much peirol do I need?

Solution : We will list the steps involved in solving the problem.

Step 1 @ Formulation : You know that farther we travel, the more petrol we
require. that is, the amount of peirol we need varies directly with the distance we
travel,

Petrol needed for travelling 432 km = 48 litres
Peirol needed for ravelling 180 km =7
Mathematical Description : Let
x= distance | travel
¥ = petrol I need
¥ varies dirsctly with x.

So, y= kr. where k is a constant.
1 can travel 432 kilometres with 48 litres of petrol.
5o, y= 48, x =432,
48 1
Therefore, g= E = 4—32* = =
Since = k.
therefore, y= é x (L

Equation or Formula (1) describes the relationship between the petrol needed and
distance travelled,

Step 2 : Solution : We want to find the petrol we need to travel 180 kilometres:
s0, we have to find the value of ¥ whenx = 180, Putting x = 180 in (1), we have
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130
9

Step 3 : Interpretation : Since y = 20, we need 20 litres of petrol to travel
180 kilometres.

Did it oceur to you that you may not be able to use the formula (1) in all situations?
For example, suppose the 432 kilometres route 15 through mountains and the 180
kilometres ronie is through flat plains. The car will use up petrol at a faster rate in the
first route, 50 we cannol use the same rate for the 1580 kilometres route, where the
petrol will be used up at a slower rate. So the formula works il all such conditions that
affect the rate at which petrol is used are the same in both the trips. O, if there is a
difference in conditions, the effect of the difference on the amount of petrol needed
for the car should be very small. The petrol used will vary directly with the distance
travelled only in such a situation, We assumed this while solving the problem.

j= =20,

Example 2 : Suppose Sudhir has invested T 15.000 at 8% simple interest per vear
With the return from the investment, he wants to buy a washing machine that costs
T 19,000. For what period should he invest ¥ 15.000 so that he has enough money 1o
buy & washing machine?

Solution : Step | : Formulation of the problem : Here. we know the principal and
the rate of interest, The intersst 18 the amount Sudhir needs in addition to 15,000 to buy
the washing machine. We have to find the number of years.

P
Mathematical Deseription : The formula for simple interest is [ = %

where P = Principal,
n = Number of vears,
r % = Rate of interest
I = Interest earned
Here, the principal = ¥ 15,000
The money required by Sudhir for buying a washing machine =3 19,000
So, the interest to be earned = T (19,000 - 15.000)
= T 4,000
The number of years for which ¥ 15.000 is deposited = n
The interest on T 15.000 for n years at the rate of 8% = |

15000 % e x 8

Then, I=
100
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So, 1= 12000 (1)
gives the relationship between the number of years and interest, if € 15000 is invested
at an annual interest rate of 8%.

We have to find the period in which the interest earned is ¥ 4000.
Putting I =4000 in (1), we have

4000 = 1200= (2)
Step 2 : Solution of the problem : Solving Equation (2), we get
e 4000 _ .1
S 1200 3

1
Step 3 : Interpretation : Since n = 3; and one third of a year is 4 months,

Sudhir can buy a washing machine afier 3 years and 4 months.

Can you guess the assumptions that you have to make in the example above? We
have to assume that the interest rate remains the same for the period for which we

Prr
calculate the imerest, Otherwise, the formula [ = E will not be valid. We have also

agsumed that the price of the washing machine does not increase by the tme Sudhir
has gathered the monev.

Example 3 : A motorboat goes upstream on a river and covers the distance between

two towns on the riverbank in six hours. It covers this distance downstream in five
hours. If the speed of the stream is 2 km/h, find the speed of the boat in still water,

Solution : Step | : Formulation : We know the speed of the river and the time taken
to cover the distance between two places. 'We have to find the speed of the boat in
still water.

Mathematical Deseription : Let us write x for the speed of the boal, f for the time
taken and y for the distance travelled. Then

Il i1)
Let d be the distance between the two places.
While going upstream, the actual speed of the beat

= speed of the boat — speed of the river,
because the boat is travelling against the flow of the river,
So, the speed of the boat upsiream = (x — 2) km/h
It takes 6 hours to cover the distance between the towns upstream. So, from (1),
we get d=6{r-2) (2)
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When going downstream, the speed of the river has to be added to the speed of the
boat.

So, the speed of the boat downstream = (xr + 2) km/h
The boat takes 3 hours o cover the same distance downstream. So,
d=5(x+12) (3
From (2) and (3), we have
S(x+2)= 6{x-2) 4)
Step 2 : Finding the Solution
Solving for x in Equation (4), we get x = 22,
Step 3 : Interpretation
Since & = 22, therefore the speed of the motorboat in still water 1s 22 kn/h,

In the example above, we know that the speed of the river is not the same
everywhere. It flows slowly near the shore and faster at the middle. The boat starts af
the shore and moves to the middle of the river, When il is close to the destination, it will
slow down and move closer to the shore. So, there is a amall difference between the
speed of the boat at the middle and the speed at the shore. Since it will be close to the
shore for a small amount of tirne, this difference in speed of the river will affect the
speed only for a small period. So, we can ignore this difference in the speed of the
river. We can also ignore the small variations in speed of the boat. Also, apart from the
speed of the river, the friction between the water and surface of the boat will also
affect the actual speed of the boat. We also assume that this effect is very small.

S50. we have assumed that
1. The speed of the river and the boat remains constant all the time.

2. The effect of friction between the boat and water and the friction due (o air is
negligible.
We have found the speed of the boat in still water with the assumprions
(hypotheses) above.

Ar we have seen in the word problems above, there are 3 steps in solving a
word problem. These are

1. Formulation : We analyse the problem and see which factors have a major
influence on the solution to the probler. These are the relevant factors. In
our first example. the relevant factors are the distance travelled and petrol
consumed. We ignored the other factors like the nature of the route, driving
speed, etc. Otherwise, the problem would have been more difficult to solve,
The factors that we ignore are the irrelevant factors.
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2.

3.

We then describe the problem mathematically, in the form of one or more
mathematical equations.

Solution : We find the solution of the problem by solving the mathematical
equations obtained in Step | using some suitable method.

Interpretation : We see what the solution cbtained in Step 2 means in the
context of the original word problem.

Here are some exercises for you. You may like to check vour understanding of
the steps involved in solving word problems by carrying out the three steps above for
the following problems.

EXERCISE A 2.1

In each of the following problems, clearly stale what the ralevant and irrelevant factors are
while going through Steps 1, 2 and 3 given above.

1.

Suppose a company nzeds a compuier for some period of ime. The company can
either hire a computer for ¥ 2,000 per month or buy one for T 25,000, 11 the company
has to use the computer for a long period, the company will pay such a high rent, that
buying a computer will be cheaper, On the other hand. if the company has to use the
computer for say, just ome monih, then hiring a computer will be cheaper. Find the
number of months beyond which it will be cheaper to buy 5 computer.

Supposze acar starts from 2 place & and wavels at a speed of 40 kmv'h towards another
place B. At the same instance, another carstarts from B and travels towards A at a
speed of 30 km/h. If the distance between Aand B is 100 km, after how much time will
the cars meat?

The moon is aboot 384,000 km from the earth, and its path around the sarth 13 nearly
circular. Find the speed al which it orbits the earth, assuming that it orbits the earth in
24 hours, (Usen =3.14)

A family pays ¥ 1000 for electricity on an average in those months in which it does not
use 3 water heater, In the months in which it uses a water heater, the average electricity
bill is ¥ 1240. The cost of using the water heater is ¥ 8.00) per hour, Find the average
number of hours the water heater is vsed in a day.

A2.3 Some Mathematical Models

So far, nothing was new in our discussion, In this section, we are going to add another
step to the three steps that we have discussed earlier. This step is called validation.
What does validation mean? Let us see. In a real-life situation, we cannot accept a
model that gives us an answer that does not match the reality. This process of checking
the answer against reality, and modifying the mathematical description if necessary, is
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called validation. This is a very important step in modelling. We will introduce you to
this step in this section.

First, let us look at an example, where we do not have to modify our model after
wvalidation.

Example 4 : Suppose you have a room of length 6 m and breadth 5 m. You want to
cover the floor of the room with square mosaic tiles of side 30 cm. How many tiles
will you need? Solve this by constructing a mathematical model.

Solution : Formulation : We have (o consider the area of the room and the area of
a tile for solving the problem. The side of the tile is 0.3 m. Since the length is 6 m, we

5}
cun fit in =— = 20 tiles along the length of the room in one row (see Fig. A2.1.).
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3
Since the breadth ol the room 1 5 metrex, we have E =16.67. So, we can fil in

16 tiles in a columin. Since 16 % 0.3 = 4.8, 5 — 4.8 = 0.2 metres along the breadth will
not be covered by tiles. This part will have to be covered by cutting the other tiles. The
breadih of the floor left uncovered, (.2 metres, is more than half the length of a tle.
which is 0.3 m. So we cannot break a tile into two equal halves and use both the halves
to cover the remaining portion,

Mathematical Description : We have:
Total number of tiles required = (Nomber of tiles along the Tength

» Number of tiles along the breadth) + Number of tiles along the uncovered area
()
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Solution : As we said above, the number of tiles along the length is 20 and the
number of tiles along the breadth is 16. We need 20 more tiles for the last row. Substituting
these values in (1), we get (20 = 16) + 20 = 320 + 20 = 340

Interpretation : We need 340 tiles to cover the floor

Validation : In real-life. your mason may ask you to buy some extra tiles to
replace those that get damaged while coiting them to size. This number will of course
depend upon the skill of your mason! But, we need not modify Equation (1) for this.
This gives you a rough idea of the number of tiles required. So, we can stop here.

Let us now look at another sitnation now,

Example 5 : In the year 2000, 191 member countries of the UIN. signed a declaration,
In this declaration, the countries agreed to achieve cartain development goals by the
year 2015, These are called the millennium development goals. One of these goals
is to promote gender equality. One indicator for deciding whether this goal has been
achieved is the ratio of girls to boys in primary, secondary and tertiary education.
India, as a signatory to the declaration, is committed o improve this ratio. The data for
the percentage of girls who are enrolled in primary schools is given in Table AZ. 1.

Table A2.]
Year Enrolment
(in %)
199192 41.9
199293 426
1993-94 42,7
1994-95 429
1995-96 43.1
199697 432
1997-95 435
1998-90 435
1999-2000 43.6"
2000-01 437
200102 A4 1

Source : Educational statistics, webpage of Department of Edwcation, GOI

* indicates that the data iy provivienal,
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Using this data, mathematically describe the rate at which the proportion of girls enrolled
in primary schools grew. Also. estimate the vear by which the enrolment of girls will
reach 50%.

Solution : Let us first convert the problem into a mathematical problem.

Step 1 : Formuolation : Table A2 1 pives the enrolment for the years 1991-92,
1992-93, elc. Since the students join at the beginning of an academic year, we can
take the years as 1991, 1992, etc. Let us assume that the percentage of girls who join
primary schools will continue to grow at the same rate as the rate in Table A2.1. So.
the number of years is important, not the specific years. (To give a similar situation,
when we find the simple interest for. say. ¥ 1500 at the rate of 8% for three years. i
dioes not matter whether the three-year period 15 from 1999 1o 2002 or from 2001 o
2004. What is important is the interest rate in the years being considered). Here also,
we will see how the enrolment grows after 1991 by comparing the number of yvears
that has passed afier 1991 and the enrolment. et us take 1991 as the Oth year, and
write 1 for 1992 since | vear has passed in 1992 after 1991, Similarly, we will write 2
Tor 1993, 3 for 1994, ele, So, Table A2.1 will now ook like as Table A2.2,

Table A2.2
Year Enrolment
(in %)
0 419
L 42.6
2 42.7
3 429
4 43.1
5 43.2
6 43.5
T 435
8 43.6
9 43.7
10 44.1
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The incredse in enrolment is given in the following table ;

Table A2.3
Year Enrolment Increase
(in %)

0 41.9 {

1 42.6 0.7
) 427 0.1
3 429 0.2
4 431 0.2
5 432 0.1
Li] 43.5 03
7 435 0

b 43.6 0.1
9 437 0.1
10 441 0.4

Al the end of the one-yeur period from 1991 to 1992, the enrolment has increased
by 0.7% from 41.9% to 42.6%. At the end of the second vear, this has increased by
0.1%, from 42.6% to 42.7%. From the table above, we cannot find a definite relationship
hetween the number of years and percentage. But the increase is fairly steady. Only
in the first year and in the 10th year there is a jump. The mean of the values is

0.7+01+02+02+01+03+0+01+01+04
10 K

Let us azssume that the enrolment steadily increases at the rate of 0.22 per cent.

Mathematical Description : We have assumed that the enrolment increases
steadily at the rate of 0.22% per vear

So, the Enrolment Percentage (EP) in the first year = 41.9 + 0.22

EP in the second year =419+ 022+ 022=419+2x 022

EP in the third year=419+ 0224+ 0224+ 022 =419+ 3 x 0.22

So, the enrolment percentage in the nth year=41.9 + 0.22n, forn = L. (1)
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Now, we also have to find the number of years by which the enrolment will reach
50%. So, we have to find the value of n in the equation or formula

S50=419+0.22n i2)
Step 2 : Solution : Solving (2) for r, we get

50-419 &1
= =

022 022

Step 3 : Interpretation : Since the number of years is an integral value, we will

take the next higher integer, 37. So, the enrolment percentage will reach 50% in
1991 + 37 = 2028.

In a word problem. we generally stop here. But, since we are dealing with a real-
life situation, we have (o see to what extent this value matches the real situation.

=36.8

Step 4 : Validation: Let us check if Formula (2) is in agreement with the reality.
Let us find the values for the years we already know, using Formula (2), and compare
it with the known values by finding the difference. The values are given in Table A2 4.

Table A2.4
Year Enrolment Values given by (2) Difterence

{in %) (in %) (in %)
0 419 41.90 0
1 42.6 4212 .45
2 427 42.34 0.36
3 429 42.56 0.34
4 431 4278 0.32
5 432 43,00 0.20
s] 43.5 4323 028
7 43.5 4344 0.06
8 43.6 43.66 .06
9 437 43.88 —0.18
10 44.1 44.10 0.00

As vou can see, some of the values given by Formula (2) are less than the actual
values by about 0.3% or even by 0.5%. This can give rise to a difference of about 3 to
5 years since the increase per yvear is acmally 1% w 2%. We may decide that this
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much of a difference is acceptable and stop here. In this case, (2) is our mathematical
model.

Suppose we decide that this error is quite large, and we have to improve this
model. Then we have o go back 1o Step 1, the formulation, and change Equation (2).
Let us do so.

Step | : Reformulation : We still assume that the values increase steadily by
0.22%, but we will now introduce a correction factor to reduce the error. For this, we
find the mean of all the errors, This is

0+048+0.36+034+0324+02+028+ 006 -006-0.18+0
10

=018

We take the mean of the errors, and correct our formula by this value.

Revised Mathematical Description : Let us now add the mean of the errors o
our formula for enrolrent percentage given in (2). So, our corrected formula is:

Enrolment percentage in the nth year =41.9 + 0.22n + 0L18 = 42.08 + (.22n, for
nz1 (3

We will also modify Equation (2) appropriately. The new equation for » is:
50=42.08 + 0.22n (4)
Step 2 : Altered Solution : Solving Equation (4) for n, we get

504208 _7.92 _

. = =36
0.22 0.22

Step 3 ¢ Interpretation: Since n = 36, the enrolment ol girls in primary schools
will reach 50% in the year 1991 + 36 = 2027,

Step 4 : Validation: Once again, lel os compare the values got by using Formula
{4) with the actual values. Table A2.5 gives the comparison.
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Table A2.5
Year Enrolment Valoes | Difference Values Difference
(in %) given between given hetween
by (2) values by (4) values

0 419 41.90 0 419 0

1 42.6 42.12 0.48 423 0.3

2 42.7 42.34 (.36 42.52 018

3 429 42,56 0.34 42.74 0.16

4 43.1 4278 0.32 42.96 0.14

5 432 43.00 0.2 43.18 0.02

Li] 43.5 43.2‘1 0.28 43.4 0.1

7 43.5 4344 0.06 43.62 -0.12

8 136 43.66 - 0.06 43,84 - 0.24

9 437 43.88 -0.18 44.06 - 0.36
10 4.1 44.10 0 44.28 - 018

Az you can see, many of the values that (4) gives are clozer to the actual valug
than the values thai (2) gives. The mean of the errors s O in this case.

We will stop our process here. 8o, Equation (4) is our mathematical deseription
that gives a mathematical relationship between years and the percentage of enrolment
of girls of the toral enrolment. We have constructed a mathematical model] that deseribes
the growth.

The process that we have followed in the situation above is called
mathematical modelling.

We have tried to construct a mathematical model with the mathematical tools that
wie already have. There are betier mathematical tools for making predictions from the
data we have. But, they are beyond the scope of this course. Our aim in constructing
this model is to explain the process of modelling to you, not to make accurate predictions
at this stage.

You may now like to model some real-life situations to check vour understanding
of our discussion so far Here is an Exercise for you to try.
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EXERCISEA22

1. We have given the limings of the gold medalists in the 400-metrs race from the bme the
event was included in the Olympics, in the table below. Constroct a mathemafical model
relating the years and Gmings. Use it to estimate the iming in the next Olympics.

Table AZ.6
Year Timing (in seconds)
1964 32
1968 5203
1972 5108
1976 4928
1980 4858
1984 4853
1988 48A5
1992 4883
1996 4825
2000 40711

A2.4 The Process of Modelling, its Advantages and Limitations

Letus now conclude our discussion by drawing out aspects of mathematical modelling
that show up in the examples we have discussed. With the background of the earlier
sections, We are now in a position to give a brief overview of the steps involved in
modelling.

Step 1 : Formulation : You would have noticed the difference between the
lormulation part of Example 1 in Section A2.2 and the formulation part of the model
we discussed in A2.3. In Example 1, all the information is in a readily usable form. But,
in the model given in AZ.3 this is not so, Further, it took us some time to find a
mathematical description. We tested our first formula, but found that it was not as
good as the second one we got, This is usually true in general, i.e. when trying to
miodel real-life situations: the first model usually needs to be revised. When we are
solving a real-life problem, formulation can require a ot of time. For examiple, Newton's
three laws of motion, which are mathematical descriptions of motion. are simple enough
to state. But, Newton arvived at these laws after studying a large amount of data and
the work the scientists before him had done.
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Formulation involves the following three steps |

(i} Stating the problem : Often, the problem is stated vaguely. For example,
the broad goal 1s 1o ensure that the enrolment of boys and girls are equal, This
may mean that 50% of the total number of boys of the school-going age and
50% of the girls of the school-going age should be enrolled. The other way is
to ensure that 50% of the school-going children are girls. In our problem, we
have used the second approach.

{ii) Identifying relevant faciors : Decide which quantities and relationships
are impartant for our problem and which are unimpaortant and can be neglected.
For example, in our problem regarding primary schools enrolment, the
percentage of girls enrolled in the previous year can influence the number of
girls enrolled this year. This is because, ag more and more girls enrol in
schools, many more parents will feel they also have to put their daughters in
schools. But, we have ignored this factor because this may become importan|
only after the enrolment crosses a certain percentage. Also, adding this factor
may make our model more complicated.

(iii) Mathematical Description : Now suppose we are clear about what the
problem is and what aspects of it are more relevant than the others. Then we
have to find a relationship between the aspects involved in the form of an
equation, a graph or any other suitable mathematical description, If 1t i5 an
equition, then every important aspect should be represented by a variable in
our mathematical equation.

Step 2 : Finding the solution : The mathematical formulation does not give the
solution. We have to solve this mathematical equivalent of the problem. This is where
your mathernatical knowledge comes in nseflul.

Step 3 : Interpretating the solution : The mathematical solution is some value
or values of the variables in the model. We have to go back to the real-life problem and
see what these values mean in the problem.

Step 4 : Validating the solution : Az we saw in A2.3, after finding the solution
we will have to check whether the solution matches the reality. If it matches, then the
mathematical model is acceptable. If the mathematical solution does nol maich, we go
back o the formulaiion step again and try to improve our model.

This step in the process is one major difference between solving word problems
and mathematical modelling. This is one of the most important step in modelling thatis
missing in word problems. Of course. it is possible that in some real-life situations, we
do not need to validate our answer because the problem is simple and we get the
correct solution right away. This was so in the first model we considered in A2.3.
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We have given a summary of the order in which the steps in mathematical modelling
are carried out in Fig. A2.2 below. Movement from the validation step to the formulation
step 1s shown using a dotted arrow. This is because it may not be necessary to carry
out this step again.

Formulation of the Solution of the
problem — problem
] l
L)
L]
Checkingfvalidating Interpretation of the
the salution — solution
Fig.A2.2

Now that you have studied the stages involved in mathematical modelling, let us
discuss some of ifs aspects,

The aim of mathematical modelling iz to get some vseful information aboat a real-
world problem by converting it into a mathematical problem. This is especially useful
when it is not possible or very expensive to get information by other means such as
direct observation or by conducting experiments.

You may also wonder why we shoold undertake mathematical modelling? Let us
look at some advantages of modelling. Suppose we want to study the cormosive
effect of the discharge of the Mathura refinery on the Taj Mahal. We would not like to
carty out experiments on the Tay Mahal directly since it may not be safe to do so0. Of
course, we can use a scaled down physical model, but we may need special facilities
for this, which may be expensive. Here is where mathematical modelling can be of
greatl use,

Again, suppose we want to know how many primary schools we will need after 5
years. Then, we can only solve this problem by using a mathematical model. Similarly,
it is only through modelling that scientists have been able to explain the existence of so
many phenomena.

You saw in Section A2.3, that we could have tried to improve the answer in the
second example with better methods. But we stopped because we do not have the
mathematical tools. This can happen in real-life also. Often, we have to be satsfied
with very approximate answers, becanse mathematical tools are not available. For
example, the model equations used in modelling weather are so complex that
mathematical tools to find exact solutions are not available.
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You may wonder to what extent we should try to improve our model. Usually, to
improve it, we need to take into account more factors, When we do this, we add more
variables to our mathematical equations, We may then have a very complicated model
that is difficult to vse. A model must be simple enough to use. A good model balances
two factors:

1. Accuracy, i.e.. how close it is to realitv.
Z. Ease of use.

For example, Newton’s laws of motion are very simple, but powerful enough (o
model many physical situations.

So, is mathematical modelling the answer to all our problems? Not quite! It has its
limitations.

Thus, we should keep in mind that a model is only a simplification of a real-
waorld problem, and the two are not the same. It is something like the difference
between a map that gives the physical features of a country, and the country itself. We
can find the height of a place above the sea level from this map, bul we cannot find the
characteristics of the people from it. So, we should use a model only for the purpose it
is supposed to serve, remembering all the factors we have neglected while constructing
it. We should apply the model only within the limits where it is applicable. In the later
classes, we shall discass this aspeet a little more,

EXERCISEA23

1. How are the solving of word problems that wou come across in textbooks different
from the process of mathematical modelling?

2. Supposs you want to minindse the waiting time of vehicles at a traffic junction of four
roads. Which of these factors are important and which are not?

(i) Price of petrol,
(il The rate at which the vehicles arrive in the four different roads.
i) The proportion of slow-moving vehicles like cycles and rickshaws and fast moving

vehicles like cars and motoreycles,
A2.5 Summary
In this Appendix, you have siudied the following points :

1. The steps involved in solving word problems.
2. Construction of some mathematical models.
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3. The steps involved in mathematical modelling given in the box below.

'l'l

Formulation :

i Stating the question

(i) Identifying the relevant factors:

(iii) Mathematical description

Interpretation of the solution in the context of the real-world
problem.

Checking/validating to what extent the model is a good
representation of the problem being stmdied.

4. The aims, advantages and limitations of mathematical modelling,






Appenpix 1
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EXERCISE 1.1

|—-|l:-

0 0
~4. &
There can be infinitely many rationals betwen numbers 3 and 4, one way is to take them

Yes. 0= etc., denominator g can also be taken as negative integer.

2, 4=£-Th:utht5mm:mhmm E E,E.ﬁ,ﬁ.ﬂ-

T6+1 6+ S R S T e

3_30 4_40 3132333435

- + — = — Therefore, fiverationalsare : ——» =+ o -+ 7

5 505 30 50" 50 50 50 50

(i} True, singe the collection of whole numbers containg all the natural numbers,
ity False, for example —2 is not a whols nomber,

1. .
(i} False, for example 3 i8 @ ratignal number but not a whole number,

EXERCISE 1.2
i} True. since collection of real numbers it made up of rational and irrationad numbers,
(i} False, no negative number can be the square root of any natural number,
i) False, for example 215 real but not irrational.,

No. For example, J4 =2 is a rational numbet.

Repeal the procedure as in Fig. 1.8 several times. First obtain V4 and then 5 .
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L

1+

EXERCISE 1.3
(i} 036, erminatimg, (i) 009, non-terminating repeating.
(i) 4.125, terminating, (iv) 0230769 , non-terminating repeating.

(v} 018 non-lerminaling repealing. (vi} (LB225 lerminating.

_axl _paEsTia, ';’- =95 ; — 0428571, = 4 X+ = 0571438,

b B
|-

6

= 5%+ = 0714285, Fz&x%zasﬂlﬂ

-3 |wh =1}
== ] -

=Nl
[

L | 3
2y

2
(i} E[L.Etx=ﬂ.5rﬁﬁ...50|E1x=ﬁ.ﬁﬁrﬁ...ur,lﬂx=6+x or, =

[ E l"“':l L
a} Lm 999

| letx=0.9999.  _Sol0x=9999 . or, 0r=9%+x or z=1]

0.0588235294117647

. The prime factorisation of g has only powers of 2 or powers of 5 or both.

(L 00T000100001. . ., 0.202002000200002. . ., 0.003000300003. . .
0.75075007500075000075. . ., 0.76T0T0T007GTO00747. . ., 0.B0RN0ED00E0000E. . .
(1) and {v) irrational; (ii), (iii} and {iv) rational.

EXERCISE 1.4

Procead as in Section 1.4 for 2,663,
Proceed as in Exumple 11.

EXERCISE 1.5
(it Trational (i} Rational (i) Rational {iv} Trrational
iv) Irrational

M 6+32+23+46 (i) 6 i) 7+ 2410 {iv) 3

There 15 0o contradiction. Bemember that when yvou mieasure a length with a scale or any
other device, vou only get an approximale rational valus, So, vou may not realise that
either £ or d 15 irrational.

L
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4. ReferFig. [.17.
7 5 -2 7 +2
5. ) '—"'T: (M 7 +6 i) _{_3{ (iv) J-;

EXERCISE 1.6

1 -4 - —_—
L@ B M2 G5 2027 ()4 @Ghs W 5[{1'25,} P=(sf)i=5"|

1 1. 1
A am {iiy 32 (i) 114 (vl 56d

EXERCISE 2.1
1. (i1 and (7i} are polynomials in gne varizble, (v) is a polynomisl in three varizbles,

{iii), (v} are not polyoomials, becanse in each of these exponent of the variable is not a
whole number,

iy

2Zm 1 {iiy —1 i) Y L RY

3 ¥ -4 2 ¥ (You can write some mors polynomials with different coefficients. )

4. i 3 iy 2 fiiiy 1 (iv) 0
5. (i} guadrane (T} cubic (i} gquadratic (iv) hincar
vy linear (vi} quadratic ivii) cubic

EXERCISE 2.2

L 3 {ii) —6 i) —3
2.6 1,13 iy 2.4.4 iy 01,8 (v) =1,0,3
W Yes (i) No (i) Yes v} Yes
(v} Yes (vi} Yes
RS A is a Zero, but -%— i not a zero of the polynomaial (viit) Mo
V3 NE]
4. 1) =5 (@) 5 (T _—5 v E
2 3

vl 0 ivi) 1 Lvii) —g



328 MATHEMATICS

EXERCISE 2.3

1L 0 (i) 2—; {iif) 1 {v) 4+ 3 -3n+ | t‘vr—%
p T 3. No, since remaincer is not zero.
EXERCISE 2.4
1. (x+ 1)igafacter of (i), but not the Factor of (i), (iii) and (iv).
2, (0 Yes {iiy No iy Yes
3

LW -2 i) ~(2++2) (iil) +Z -1 v) 5
4. 1 Ge-1)(4e-1) ) x+3(2e+1) G R+ 0x-2) O + 1D {804
5. ) (x=2)(x-Dix+1) (@) (x+ L) x+1){x-5)

i) (o Lhix+2) G+ 10) vy (y=10y+ 12+ 1

EXERCISE 2.5

Lo a4 1da+40 i) 4% —2e—H0 (i) 95220
) g
fivy yr— — vy 9-457
4
2. 11021 (i} 9120 (i) 9984

; . i ¥ ¥
3o CGx+w(Gx+y) @ Zy-1032%-1)  (m) [I+ﬁ)[5—ﬁ]

4. (i) A+ 1622+ day+ 16yr + Bar
() a2t — sy — Dz o+ dar
(iif) e’ + 9y + 422 — 12y + [2yz - Bur
(v} 9a*+ 495 + cf - 42ab + 14bc ~ Gac
(v} &+ 257 + 928 — 20y — 30yz + 120z
a’ » al

i1
) —+—t+l=———b+—
™M 167 s 4 2

5.0 Qeedy-dnedy-dn ) (V2x+y+2V22)(V2r+ v+ 222
6. () 82+127+6x+1 (i) 8a®—27h* -~ 36a% + 54ab?
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10.
1.
12.
13,
14.

15.

16.

(i} RS TR
8 4 2
iy S702sy iy 1061208
i (2a+bZa+bi(2a+ b
(i} (3-5a)(3-S5a)i3-35a)

@ (o= g)or-4r-3)

U 3y + 320+ 2520~ [Spr)

G p+n (9 + ¥+ 2= 3ay —yo—3az)
Simplify RHS,

Putx+ y+z=0in Identity VIII.

2

8 4
e = -2ty + '”3:”

(i) 99401 1992
(i) (Za=bn2a<Dbi2a<b
(v} (da—3bnda—3byda -3

Gy (dem—Try (1Ge + 490 + 28w

() =1260.Leta=-12,b=T7,c=5. Here g+ +c =10, Use the result given in Q13,

iy 16380

i} One possible answer is ; Length =32~ 3, Breadth =5a -4

(i} One possible answer 15 Length = Ty -3, Breadth = 5y + 4

(i} One possible answeris @ 3, xand x - 4.

(i} One possible answer 15 4k, 3y + S and y— 1.

EXERCISE 3.1

. Congider the lamp as a poin{ and table as a plane.
Choost any two perpendicular edges of the table.
Measore the distance of the lamp from the longer
edge, suppase it is 23 cm, Again, measure the
distance of the lamp from the shorter edge. and
suppose it is 30 on1. You can write the position of the
lamp as (30, 25) or (25, 30), depending on the order

you fix.
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2. The Street plan is shown in figure given below.

s DL
N e 8 B e D
R T R
I~ - -
£ oA AR eh
AA A KA
1 —',1‘—'5-—1 ——= Siredt 5
1.4
< ! > Seet 4
ﬁz. EY s L
~. > Streef 3
< i T > Strest 2
< - > Bireol 1
We ? >E
L V. ¥V v ¥
W
8

Bath the cross-streets are marked in the figure above. Thay are uniguely found becanse
of the two reference lines we have used for locating them.

EXERCISE 3.2
1. ) Thex-axisand the w-axs (i) Quadrants  (iii) The origin
2, (i) =52y (i)(53,-5) mnE (iviG {6 (vi)=-3  (vupiQ,5) (i {-3,0

EXERCISE 3.3 y
1. The point (-2, 4) lies in &
quadrant IT, the point (3. -1) (2. 4) A
lies in the quadrant TV, the point ' i
(— 1, O liez on the negative T
% - axis, the point (1, 2) lies in 2¢ -(L3)
the quadrant [ and the point (1,011
(-3,~5) liesin the quadrant 1Tl v '« 3 sy
Locations of the points are 54 -3-2 -1 i—’ 1 2°8 4§
shown in the adjoining figure, ) | @ I‘f‘ B
3
4
(=% =5 a1
W
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2. Paositions of the points are shown Y
by dots ir the adjoining figure. ;i
(-2, 8} a4
(=1 Tye T2
& 1
4l
3 *(1, 3)
g
14
" —t * —t 4
4 -3 -2 -10 1 & F 4 3
10,129 BN
2
L
v
EXERCISE 4.1
1. I—Z-}’:ﬂ
2 ) Zx+3y-935=0;a=2,b=3,c=-935

. S~ T
fiy A— 5 ~10=0;a=1,b= 3 c=-10

i) 2e+3y—6=0,a=-0,b=3,¢=-0
v} lx—3y+0=0;a=1 b=-3,¢c=0
(v) 2x+5y+0=01a=2b=5 c=10
fvit Jx+0y+2=0,9=3,b=0,c=2
i Ox+ Ly-2=0;a=0,b=1,c=-12
(viil)<2e+0.y+5=0;a==2.b=0,c=35

EXERCISE 4.2

1. (iii), becavse for every value of x, there is a corresponding value of y and vice-versa,
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2. @ (0,7),(1,5),(2,3),(4,-1)

(i) (1,9-mh (0,9}, (-1.9+ ). [% u)

(i) (0,00, (4, 1) (-4, 1, [2, %J

3 W No i) No i)y Yes {iv) No V) No
4. 7
EXERCISE4.3
L ) Y (ii} 3
(0. 4)
&
Hﬁ:-c X' < . * /; X
(2.0
id, -
3
(i} (v} Y
L
L .0
--f._r._'.,_,.? 2
X x . 0 > 0
k4
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2. Tx—y=0andx+y=16; infintely many [Through a
point infinitely many lines can be drawn]

5
k E 4, Sx—y+3=0

5. ForFig. 4.6, r+y=0and forFig. 4.7, y=—x+1.

fi. Supposing x is the distance and ¥ is the work done,
Therefors according (o the problem the equation will
bey=15x

(i) 1lunits (i} Dunit

¥

s

W
L3
¥

[&]

(-1, =5)

7. z+y=100

40

20

o |-||—|-||-Ej L Bl e B e e R e el = T

A 0 B0 LY
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8. (i} Seeadjacent figure. :f
(i) 86°F 541 /r-fca)
i) 35°C B497
fiv) 32°F,~17.8° C (approximaiely) = 328 (0,39)
(v} Yes,~40° (bothin Fand C) 1
6
E..
-48-40-32-2 m—a_EU" 8 16 Celsius
.lﬁ..
.24
=32
(—40.—-40) 40 ¢
__.13
L 3
s
EXERCISE 4.4
L 60
¥=3
EEEEE T E R
i

W

T
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EXERCISES.1

1. (i} False. This can be seen visually by the student,

tiiy False. This contradicts Axiom 5.1,

iiii} Trize, ( Postulate 2)

(v} True. If vou superimpose the region bounded by one circle on the other, then they
coincide, So, their centres and boundaries coingide, Therefore, their radii will
coincide,

(v} True. The first axiom of Euclid.

3. There are several undefined terms which the student should list. They are consistent,
becanse they deal with two different situations — (i} says thar given two poinis A and
B, there is a point C lying on the line in between them; {ii) says that given A and B, you
can taks C not lying on the line through A and B,

These “postulates” do ool follow from Euclid’s postulates. However, they follow from

Axiom3.1.
4. AC=BC
So, AC+AC= BC+AC (Equals are added (o egualz)
ie, 2AC= AR (BC +AC coincides with AB)
1
Therefors, AC= -i AR
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Make a temporary assumption that different points C and D are two mid-points of AB.
Now, vou show that points C and D are not two different points.

AC=BD (Giver) (1)
AC= AB+BC (PowntB lies between Aand Oy 123
BD= BC4+CD (PointCliesbetween Band Dy §3)
Substituting (2) and (3} in (1), you gt
AB+BC=RBC+CD
So, AB=CD (Subtracting equals from eguals)
Since thaz is true lor any thing in any part of the world, this is a omversal roth,

EXERCISES.2
Any formulation the student gives should be discussed in the class for its validity.

1If a srraight line [ falls on two strayght lines m and n such that sum of the mtenior angles
on one side of [ 15 two right angles, then by Enclid’s fifth postulate the line will not meet
on this side of 1. Next, you know that the sum of the interior angles on the other side of
line I'will also be two right angles, Therefore, they will not meet on the other side also.
Sa, the lines m and » never meet and are, therefore, parallel.

EXERCISE 6.1
30¢, 250° 2. 126° 4. Sum of all the angles at & point = 260"
L2008 = £ 850R + £ RO and £ POS = £ POR - £ S0R. 6. 1227, 302"

EXERCISE 6.2
1300, 1300 2. 126° 3. 126%,36°, 54" 4. 407 8, 38,770

Angle of incidencs = Angle of reflection. Al point B, draw BE L P() and at point C,
draw CF L RS,

EXERCISE 6.3
as° 2. 32=.131° 3 9r 4. alF 5037537

Sum of the angles of APQR = Sum of the angles of AQTR and
LPRS=20QFR+.2POR.

EXERCISE 7.1
They are squal. 6. ZBAC=//DAE
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EXERCISE 7.2
LBCD=LBCA+2DCA=LB+£D 7. eachisof 45"

EXERCISE7.3
(i} From (i), £ ABM =2 PON

EXERCISE 7.4
Join BTY and show 2 B > 2 TN Join AC and show &£ A= 2 C.
ZQ+20PS> 2R+ RPS, sic.

EXERCISES.1
36" 607, 108 and 156°,
(1) From A DAC and A BCA. show / DAC = BCA and £ ACD = .~ CAB, etc.
(it Show £ BAC =2 BCA, using Thegrem 8.4,

EXERCISER.2

Show PORS 15 a parallelogram, Also show PO IAC and PS | BD. 5o, < P=580°,
ABCFis a parallelogram. So, AF || CE, eic.

EXERCISEY.1
i} Base DC, parallels DC and AB; (i1} Base QF, parallels QR and PS:

iv) Base AD, parallels AlD and B

EXERCISEY.2
12.8 cm. 2. Join EG; Use reault of Example 2.

Wheat in A APQ and pulses in other two riangles or pulses in A AP and wheat in
other two triangles,

EXERCISES9.3
Draw CM _L AR and DN L AB, Show CM =DN. 12, Se=Example 4.
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EXERCISE94 (Optional)
7. Useresult of Exampls 3 repeatedly.
EXERCISE 10.1

1. iy Inberor (i) Exterior i) Miameter
(iv) Semicircle i{v) The chord {vi) Three

2. iy True (i} Falge diiiy False
(v} True (v} False ivi) True

EXERCISE 10.2
1. Prove exactly as Thearem 10.1 by considering chords of congruent cireles.
2, Use SAS axiom of congruence to show the congruence of the two triangles.
EXERCISE 10.3

1. 0,1,2.Two 2. Proceed as in Example 1

3. Join the centres O, O of the circles (o the mid-point M of the common chord AB.
Then, show < OMA =90 and « O'NMA =907,

EXERCISE 104

1. 6 cm. First show that the line joining centres is perpendicolar {o the radius of the
gmaller circle and then that commaon chord 15 the diameter of the smaller circle,

2. If AB, CD are equal chords of a circle with centre O intersecting at E, draw
perpendiculars OM on AB and ON on CD and join OF. Show that right triangles OME
and ONE are congrusnf,

3. Proceed as in Example 2. 4. Draw perpendicular OM om AD,

5. Represent Reshma, Salma and Mandip by R, 8
and M respectively. Let KR = x m (see figure}.

1
Area of AORS = SxX 5. Also, area ol AORS =
-l- RSx0OL= -%- Gxd
; RSx0L= 7 xox4.
Find x and hence RM. S
6. Use the properties of an equilateral triangle and also Pythagoras Theorsn,
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EXERCISE 10.5
45° 2, 1507 307 3 1r
a0# 5. 117 6. A BCD=80"ad .~ ECDy=50°

Diraw perpendicolars AM and BN on CD {AB || CD and AB < CD). Show
AAMD = ABNC. This gives - C =« D and, therefore, £ A+.£ C= 1807,

EXERCISE 10.6  (Optional)

Let O be the centre of the circle, Then perpendicular bisector of both the chords will

1y
biz same and passes through O. Let r be the radius, then = (EJ + 51

i
3
= (E] +1(6—x)" where x is length of the perpendicular from O on the chord of

length 11 cm. This gives x=1. S0, r= Tﬂ Cin. 3. Jcom.

Let A AOC =xund £ DOE=v. Let £ AOD =z Then £ BOC =z and x + y+ 2z = 360"

Z0DB =2 0AD+ ZD0A=90"- % r4+z=90°+ é 1, Also ZDEB=90°+—:I£:
1
ZABE=2ADE, ZADF=/ACF= 3 L,

1 1 1
Therefore, LEDF=2LABE+.£ -*"n.[!lF:E {(£B+.20) =3 L1830 - £ AY=00P- 2 LN,

Uze Q. 1, Ex. 10.2 and Theorem 10.8.

10. Letangle-bisector of £ Ainersect circumcircle of AABC at D, Join DC and DB. Then

L

4.

1 1
ZBCD=£BAD= E 24 and L DBC=2DAC= E £ A_Therefore, « BCD =
ZLDBCor, DB =DC. S0, D lies on the perpendicular bisector of BC.

EXERCISE 12.1
3

-4—::"", 900, 3em’ 2. T 1650000 3. 20nf2m?

2111 cm? 5. Y0O0cm? 6. 015 cm®



340

MATIEMATICS

11

ol B

n

=

EXERCISE 12.2
65.5 me* (approx.) 2, 152cm*(approx.) 3. 19.4 cm’ (approx.)
12em 5, 48m® 6. 100046 cm?, 10006 cmt
Area of shade T = Area of shade [T = 236 cm® and area of shade T1T = 17.92 om?

T703.60 9. 196m’
[See the figure. Find area of ABEC = 84 m?, then find the height BM. |

A 10m B

E Ml
15m

EXERCISE 13.1
([i1545m? (i) T109 2. T555 36m 4, 100 bricks.
t11 Lateral surface area of cubical box is greater by 40 cm?,
(ii) Total surface area of cuboidal box is greater by 10 om?.

(114250 cm’® of glass (i) 320 cmof tape. [Calculate the sum of all the
edges (The 12 sdges consist of 4 lgngths, 4 breadihs and 4 heights)].

T2154 LR E

EXERCISE 13.2
2em 2. 748m* 3 () 968cm® (i) L0648em® (i) 203808 om?

[Total surface area of a pipe is {inner curved surface area + puter curved surface
area + areas of the two bases). Each base 15 a ring of area given by n (R2— #),

whers B = onter radius and r = inner radius].

1584 m? 5. Rs68.79 6. lm
{111 10m? iy Rs4400 B 44m?
(i 594 mt (i) 95.04m*

1
[Let the actual avea of steel used be x m* Since ) of the actual steel used was
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11
wasted, the area of steel which has gone into the tank = 2 of x. This means that the

12
actual area of steel used = ﬁx 87.12m*]

10, 2200 cm?; Height of the gylinder should be teated as (30 +2.5+ 2.5) cm
1. 7920cm?
EXERCISE 133
L 165cm? 2, 124457 m? 3 (i Tem (U)462cm?
4, (1y26m {1y ¥ 137280 5. 69m 6. T1155
5500 cm? B. T384.34 (approx.)
EXERCISE 134
1. () 1386en® (i) 394.24cm? (i} 2464 cn?
2. ) 6leem? (i) 138G end {iif) 33.5m?
3. Mlem® 4. 1:4 5 %2172
6. AS5em 7. 1:16 8. 17325 em?
Y. (i) dm i) drr? (mir 1:1
EXERCISE 135
1. 180cmd 2, 135000 litres A 475m 4. 4320 5. 2m
6. 3 days 7. 16000 8 com4:1 9. 4000m°
EXERCISE 13.6
1, 3465lies
2. 3.432kg [Volume of a pipe = h x (R? — %), where R is the outer radiug and r i3 the inner
radius],
3. The cylinder has the greater capacily by 85 cm?,
4. (D13cm (iiy 141 3emt
5 rllom? (i) 1.75m (iii) 9625 K 6. 04708 mé
7. Volume of wood = 5.28 e, Volome of graphite = 0.11 cm?,
8. 38500 cny' or 38.51 of soup
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EXERCISE 13.7
i i , ORI |
1. i2edom’ (i} 154 cm® 2. {12327 {1t} 35 i
3. 10em 4. fcm 5. 385H
6. (1148 emfin) 50 em (i) 2200 em® 7. 100mwem? 8. 240memt 512
9. BA625 m} 99825 m?
EXERCISE 13.8
. 1 z :
L (1) 1437 3 om® (i) 1.05 m’ {(approx.)
) 2 . 1
2. (111498 3 cem  (HI0004851 w3 34530 g (approxy 4 P
5. 03031 (approw.) 6. 0.06348 m® (approx.)
2
7 1?'-)5 cmd 8. (124948 m*  (i1) 323.9md (approx. ) 9 137 [@myl:9
1. 22,46 mm® (approx. )
EXERCISE 13.9 {Optional )
1. #6275
2. T2784.32 (approx.) [Rememeher to subtract the part of the sphere that is resting on the
support while caleulating the cost of silver paint]. 3. 43.75%
EXERCISE 14.1
1. Five examples of data thal we can gather from our day-to-day life are

(i) Mumber of students n our class.
it Number of fans in our school.
(i} Blectricity bills of our house for last two vears,
iivy Election results obtained from television or newspapers.
iv} Literacy rare figures obrained from Educational Survey,
Of course, remember that there can be many more different answers,
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2. Primary data; 0, 1) and i)
Secondary data; (iv) and (v)

EXERCISE 14.2

Most common — O, Rarest— AB

a3
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(i) The data appears to be taken in the rainy season as the relative humidity is high.

ﬁﬁ ﬁeml‘ﬁsi;nl ﬁatwemdrmfmm the above table is that more than 50% of
students are shorter than 165 cm.

(i) 'Ihﬁmunemmﬁundhﬂp&n dioxide was more dlanl.j.llippm for 8 days.
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iif) 2 children.
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9.

EXERCISE 14.3

Now, you can draw the histogram, using these lengths.

&

@ 6.8 |

5. i) 134



AnawERsMHinTs 347

EXERCISE 14.4
1. Mean=2.8; Median=73; Mode=3
2, Mean=54.8; Medign=352; Mode =352
3. x=62 4 14
5. Meansalary of 60 workers iz Rs 5083.33,

EXERCISE 15.1
n4 4 19 a4 20l 3 9
1. i}'- !,E'..—S' ] &0 (i) 750 L) 1500 A 20 4. 25
_ .2 519 1 ; Ey 1031 il 23
S0 g0 W g 0 p M g W ogpp G WG 00 G
N P o B 7 I 1
7. (i) a0 (i a0 8 10 (i) 0 iy 0 11, I 12, 5 13. m

EXERCISEALL
1. (i) False. There are |2 months In a vear.
i)  Ambigoows, In a given vear, Divwali may or may not fall on a Friday.
(i) Ambiguous. Al some Ume in the year, the temperatuee in Magadi, may be 267 C.
(v} Alwaye troe,
v} False, Dogs cannot fly,
vl Ambiguous. In & leap year, February has 29 days.
2. (i} False, The sum of the interior angles of 4 quadrilaterd is 3607
(i) Troe {iii} True iiv) True
iv) False, for example, 7+ 5 = 12, which is not an odd number,

3. (i) All prime numbers greater than 2 are odd. (i) Two times a natural numbes 15
alwayscven. (iii} Foranyx>1,3x+1>4. (iv) Foranyx=0, =0

iv) In an equilateral lrigngle, a median ig alzo an angle bizector

EXERCISEALZ2

1. (i) Homans are verlebrates, (i) No. Dingsh could have got his hair cut by anybody
elee.  (ii1) Gulaghas a red topgoe.  (iv) We conclude thal the guttess will have to
be cleaned tomorrow,  (v) All animals having tails need not be dogs. For example,
animals such as buffaloss, monkeys, cats, ele. have tails but are not doge.

2. Yoaneed totum over B and &, If B has an even number on the ather side, then the role
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hag bean broken. Simalarly, if & has 3 consonant on the other side, then the mle has
been broken.

EXERCISEALS3
Three possible conjectures are:

(i} The product of any three consecutive even numbers is even. {ii) The prodoct
of any three consecative even numbers is divisible by 4. (it The product of any
three consecutive even numbers is divisible by 6.

Lined: 1353 1=11% Line5: | 464 |=1!*the conjecture holds for Line < and Line 5;
Mo, because | 5= 13101051,

T+T,=25=5 T  +T =
L E=12345654321 ; 1111111%= 1234567654321
Student’s own answer. For example, Euclid’s postulates.

EXERCISEAL4
(it Youcan give any two triangles with the same angles but of different sides.
ti} A rhombus haz equal sides but may not be a square,
(iit) A rectangle hag equal engles but may not be a sgoare,
iivi Fora=3 and k=4, the statement is not true.,
(v} Fora=11,2+"+ 11 =253 which is not a prime,
iviy Forn=41,n*=n +41isnota prime.
Student’s own answer,

Let £ and v be two odd numbers. Then z = 2m +1 for 3ome natural nomber e and
w=12n 4+ 1 for some natuial number 5.

z+y=2 (m+n+ 1) Therefore, x + y 15 divizgible by 2 and iz even,
Sea Q3 xy=(2m+ 1U2n+ DN=212mn+m+r)+ 1.
Therefore, x » is not divisible by 2, and 30 it is odd.

Let 2n, 2n + 2 and Zn + 4 be tlree consecutive even numbers. Then their sum is
G(n + 1), which iz duiyizible by 6.

it} Letyour original number be . Then we are doing the following operations:

In+ 9

A=2n—=2n+9<22n+ Y4+n=3n+9— =n4+d=n+l4+d=n+7-=

n+T=-m=T,
fi} Note that 7 % 11 % 13 = 1001, Take any three digit number say, abc, Then

abe » 1001 = abcalbe. Therefore, the six digit number abgale 15 divisibleby 7, 11
and 13,
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EXERCISE A2
Step 1: Formulation :

The relevant faclors ave the time period for hiring a computer, and the two costs given
Lo ug. We assume that thers is no significant change in the vost of purchasing or
hiring the computer: So, we treat any such change as irrelevant. We also treat all
brands and generations of computers as the same. ie. thege dilferences are also
irrelevant,

The expense of hinng the computer for x months is 3 2000k 1f thes becomes more than
the cost of purchasing a computer, we will be better off buying a compuier. 5o, the
equation 1s

2000 x =25000 il

itep 2 : Solution : Solvi o 29000

Step 2 : Solution : Solving (1), x= 2000 12.5
Step 3 : Interpretation : Since the cost of hiring a computer becomes more after 12.5
memths, itis cheaper 0 buy a compules, i you have Lo use it for more than 12 months.

Stepl : Formulation : We will assume thal cars travel al a constant speed. So, any
change of speed will be ireated as irrelevand, If the cars meet afier xhours, the first car
would have tavelled a distance of 40x km from A and the second car would have
travelled 30x km, 5o that it will be at a distance of (100 - 30x) km from A, So the
egquation will be 40x= 100 - 30x, Le., T0r= 100.

. i 100
Step 2 @ Solution : Solving the equation, we getx = 0
e R 1,1, ; .
Step 3 : Interpretation = oy is approximately 1.4 hours, So, the cars will meat afier
L4 howes,
Stepl: Fermulation : The speed at which the moon orbits the earth is
Length of the orbit
Time taken
Step 2 : Solution : Since the orbit is nearly circular, the length ix 2 % 7 x 384000 km
=2411520km

The moon takes 24 hours to complete one orbit,

2411520
So, speed = TR 100480 kev/hour.

Step 3¢ Inferpretation : The speed is 100480 km/h.

Formulation : An assumplion is that the differsnce in the bill i2 only because of using
the water heater,
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Let the average number of hours for which the water heater is used = »
Difference per month due to using water heager =% 1240 - [000 =% 240
Cost of using water heaier for one hour =% §
So, the cost of using the water heater for 30 days =8 x 30 =z
Also, the cost of using the water heater for 30 days = Difference in bill due to using
water heater
Sa, 240e= 240
Solution : From this equation, we get e =1,
Interpretation : Since x= |, the water heater is used for an average of | hour v a day.
EXERCISEA2.2
1. We will not discuss any particular solution here. You can use the same method as we
used in last exampls, or any other method you think is suitabls,
EXERCISEA23
1. We have already mentioned that the formuolation part could be very detailed in real-
life sitvations. Also, we do not validate the answer in word problems. Apart from this
word problem have a “correct answer’. This need not be the case in real-life sitnations.
2, The important factors are (i} and (iit). Here (i) is not an impaortant factor although it

can have an effect on the number of vehicles sold.



